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Introduction

We continue the investigation of the lower bound estimates for the maximum of
modulus of the Riemann zeta-function {(s) in the short segments of the critical

line Re s = 0.5.
The theorem of R. Balasubramanian [1] states that the function

F(T: H) = 0.5+ it
(T; H) \t?}?&k( +it)|

satisfies the inequality

F(T; H) > 3,/ nH (1.1)
: PV nmA '
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forlnInT < H < 0.1T. It is supposed that this bound is close to the best possible (at

least, for H < T'; see [2,3])). In the case of “very small” H, 0 < H < InInT, there

is a series of lower bound estimates for F(T'; H), but all of them differ essentially

from (1.1), because their right hand side decreases when T' grows (see [4]—[11]).
In particular, it was proved in [7] that

1 5InT
F(T;H) > 16 exp{— 6(m/ac — 1)(cosh (aH) — 1)} (1-2)

forany fixed o, | <a<m,2<aH <InlnT - ¢, where ¢; > 0 is some absolute
constant. Given € > 0, it follows from (1.2) that for any T > Ty(e) > 0 and for
H>7n"'(1+¢€)InlnT — ¢, the function F(T; H) is bounded from below by some
constant:

1
F(T;H) > ¢ = - e (- 1.7¢ ' e) > 0.

In [7], A.A. Karatsuba posed the problem of proving F(T; H) > 1 for the values
of H essentially smaller than InIn T, namely, for H > InIlnlnT. The conditional
solution of this problem was obtained in [12]. Namely, it was proved that for an
arbitrary large but fixed constant A > 1 there exist (non-effective) constants ¢, T
such that

F(T;H)>A forany T>T, and H> 7 'InlnlnT + . (1.3)

The comparison of (1.1) and (1.3) leads us to the following questions:

1) for what size of H, H < InInT, the inequality F(T;H) > exp ((In H)**~¢)
holds?

2) for what size of H, H > InInIn T, the inequality F(T; H) >> f(H) holds for
some unbounded function f(u)?

The main goal of the present paper is to prove the following assertions based
on the Riemann hypothesis (RH).

THEOREM 1. Suppose that RH is true, and let m > 1 is any fixed integer. Then

F(T; H) > exp (M)

(2mInln H)™

1
for T>Ty and InlnT)> < H < InInT.
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THEOREM 2. Suppose that RH is true, and let 0 < € < 0.1 be any fixed number. Then
1-0.5
F(T; H) > exp (\/lnHe_c(l"'“H) )

for any T > Ty(e), H > (InlnlnT)>*¢ and for some constant ¢ = c(g) > 0.

THEOREM 3. Suppose that RH is true, and let 0 < € < 0.1 be any fixed number. Then
F(T; H) > exp ((n H)' )

forany T > Ty(¢), H> (InlnInT)?,

1
046862145
7T 3 (mo)!

where o = 2.37689234 ... stands for the least positive root of the function
+00
h(X\) = / g~ (coshVueosvit) o6 (Au) du.
0

THEOREM 4. Suppose that RH is true, and let 0 < € < 0.1 be any fixed number. Then
0.5
F(T; H) > exp (0.5 elnin H) E)

forany T > Ti(e), H> (InlnInT)'*¢,

The proof of all the above assertions is based on a general Theorem A below.
Its particular cases are used in [13]—[20]. At the same time, the proof of Theorem
A is based on the convolution formula (Lemma 1 of present paper) going back to
A. Selberg (see [13] and [15]) and on the lemma of prof. K.-M. Tsang (see lemma
2 below). The original parts of paper are the upper bound estimates for the rate of
decreasing for Fourier transforms of some rapidly decreasing functions (Lemma 4).
The idea of varying of the function f(u) in convolution formula for minimization
of H belongs to R.N. Boyarinov [18], [19].

1. Auxilliary assertions

In this section, we give some auxilliary assertions needed for the proof of Theorem A.
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LEMMA 1. Suppose that the function f(z) is analytical in the strip |Im z| < 0.5 + a,
where it satisfies the inequality |f(z)| < c(|z| + 1)"U+P with some positive o, B and
c. Then the identity

+o00 oo
/ f(u) In C(O.S +i(t+ u)) du = Z AIT(Z) n_itf(ln n) +

$-0.5 0.5
+ 271'( Z f(y—t—iv)dv — f(—t—z'v)dv),
£>0.5 / !

holds for any t, where o = 3+ iy in the last sum runs through all complex zeros of
(s) to the right from the critical line, A1(n) = A(n)/Inn.

This assertion goes back to A. Selberg (see for example [13, Lemma 16]). In
[14, Ch. 11, §11], [21, Ch. II, §2], [15], there are some variants of this lemma,
where f(z) satisfies slightly different conditions. These proofs can be easily adopted
to the case under considering.

LEMMA 2. Let H > 0,M > 0, k > 1, and suppose that the real function W(t)

satisfies to the following conditions:

T+H T+H
/ w*(@) dt > HM™, ‘ / w2t (t) dt‘ < 0.5SHM* !,
T

Then

max (+W(t)) > 0.5M.
T<t<T+H

This is a small modification of Lemma 11.3 from [14, Ch. II, §11] (see also
Lemma 4 from [15]).

LEMMA 3. Let wy = 2,w, = 3, w3 = 5,...,... are all the primes indexed in
ascending order. Then w, < n(Inn + Inlnn) for any n > 6. Next,
1

— =Inlnz + m + 3
TWn In“ z

b

where m = 0.261497 ... is Mertens’ constant and —0.5 < 0 < 1 for any x > 1.
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These assertions follows from Theorems 3, 5 and 6 of [22].

2. General theorem

This section is devoted entirely to the proof of one general assertion, which implies

all Theorems 1—4.

THEOREM A. Suppose RH is true, and let the function ®(u) satisfies the following
conditions:

1) ®(u) > 0 for real u and f(z) = ®(7z) is analytic in the strip |[Im z| < 0.5+ §
for any T > 0 and satisfies the inequality |f(z)| < ¢ (1 + |z])~ 4P for some
positive ¢, B and & (both  and § may depend on T);

2) |®(u)| < e~ CUD for any real u, |u| > g, where the functions G(u), G'(u) are
positive and unboundedly increasing and such that the functions g'(v), g'(v) In g(v)
are positive and decreasing for v > vy > 0 (here g(v) stands for the inverse
Sunction to G(u));

3) 5()\) is real for real \, strictly positive and monotonically decreasing on |0, o]

Jor some o > 0; moreover,
BN < e HFID 2.1)

Jor some increasing function F(u) and for any real X, |\| > Ao;

4) the function @(v), which is inverse to F(u), is increasing for v > vy and satisfies

the inequalities

Inv < Inpw) < ", (2.2)

Suppose also that T\ is a root of the transcendental equation

ar + lngo(% n 1) — InlnH, (2.3)

which is unique when H is sufficiently large. Finally, let T > To(®; ) > 0 and
Hty > g(InInT). Then

In|c(0.5+4t)| > u* 2.4
TfHISI}?I(“—i-an‘C( +it)| > pt, (2.4)
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1 d(a Ink €037
po= —Q\/— , Kk =max (61,4a7").
10 @(0) K To

If, in addition, the function @(v) satisfies the condition

where

In p(v) < 0.5v, (2.5)

and T\ denotes the root of the equation

%+lngo(%+l) = Inln H, (2.6)

then the inequality

In |¢(0.5 +it)| > ™ 2.7
T_Hggv;HHnK( +it)| > p (2.7)

holds for T\(®; ) > 0, Hry > ¢g(InInT) with
. 1 5((1) e0-25am
- 6Var 2(0) VT

COROLLARY. Suppose that all the conditions are satisfied and let o > 0 be the least
positive root of @()\) If 5()\) decreases on |0, g|, then the inequality (2.4) holds with

% = max (0.5, 40 ").

.1 iR [#(g)] e'5em

= — —_— , Kk = max 32,5_1,
SeoV K B(0) T (32.5¢7)

where T denotes the root of (2.3) corresponding to o = . If, in addition, the condition
(2.5) holds true, then the inequality (2.7) is true for

P O )|
b= S/en 30) T

where T| denotes the root of (2.6) corresponding fo o = p.

k = max (4, 0.5p),

PROOF. Let 7y be a root of (2.3), and suppose that Hty > g(InInT), T > To(P; ).
By lemma 1, I(t) = A(t) — B(t), where

+00

Itt) = / B(ryw) In [¢(0.5 + i(t + )| du.

—00
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A(t) = i Z Al (lnn> cos (tInn),

To
0.5
B(t) = 2w / Re @ (—(t + iu)7o) du. (2.8)
0
Transforming I(t), we get
H +00 -H
I(t) = (/ + / + /)...du = L) + I () + D).
-H H -0

Estimating I;, I, from above, we note that if ‘C(O.S +i(t + u))‘ < 1 for every u,
u; < u < uy, then the integral over (u;,uy) is negative. Hence, it is sufficient to
estimate the integrals over the set of u such that [((0.5 + i(t +u))| > 1. Thus, the
trivial bound

|€(0.5+i(t+u))| < |t +ul+3
yields

—+00

+00 ¢
Il(t):/<I>(Tou)1n(t+u+3)duSln(2t+3 /<I> ToU du—|—2/ ®(Tou)(Inu) du.
H H

Standing ji, j, for the last integrals, we get

! 400 1 +00 | +00
j1=— [ ®@dv < — [ ey = — / e "g (u)du <
To To To
T()H TUH G(T()H)

IA

ToH) / oty — (G(TOH)) o—GH)

Since ¢(G(u))G'(u) = 1 then

e G(TOH)

< —
= ’ToGI(T()H)
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Similarly we have

1 3 1 3
< — | @(v) (ln —)dv < — [ €W (ln E)d’u =
To To To To
T()t T()t
1 3
= — e “g(u) In <M>du <
To To
G(mot)
g(G(ot)) 1 gy _ € 9™ Int
—— In{ — g(G(1ot "= .
- o ! Qi 9(G(mt)) e 7o G'(ot)
Hence,
2(In t)e= G(0H)
L < ———F—
ToG'(ToH)
The same bound holds for I,. Thus,
4(Int) e G(oH)
I(t) < I e . 2.9
0 <D+ =2 G 29)
Further we have
0.5 J
cdu mc
Bt)| <2 < —. 2.10
BOI< 2 [ G < (.10

0

We split the sum A(t) to the parts A;, A, and Aj; according to the conditions
p< X,n=pF< X, k>2(pisprime) and n > X, where

To
X = eXp (7’0(,0(34-]))
1 1
A <—E —
Al < 2 vn

St () a S me (T HE) -

SIX 2 e(e(E) e

m=0 Xem <n< Xem+mo

First we have
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Since F' is monotonic, we have
Inn 1

Fl)>F( =m(xe™) ) =F(o( 2+1)+m ) >F( o 2+1) ) =241
To To 2 2 2

for any m > 0 and for Xe™" < n < Xe™+U™_ Hence, the sum over n in (2.11)

does not exceed

s 2 (e (5 )
- ——CXpy —\ ¥l = m ~ >
70 Xemm <n< Xelm+1D1o \/ﬁ 2 2

3 0.5 To To
< X(m+1)To . B S _
_TO( e ) Texps— (o S L) +m) S+
3 To To To T0 To
= Zexpd 2ol 21 )+ 2ma1) - I 1) b=
exp{zgo(z—i—)—i—z(m—i—) (tp(z+)+m>(2+)}
T 3e

To

Finally we get

3 I 5
43] < =D e < = (2.13)
To 0 To

Since ®(u) is non-negative, |®())| < (0) for real A. Hence, Lemma 3 implies

R ) el

k>2 pk<X p<\/> k>3 p

|4y < —

< (O)(IIX In2 + +2Z : +4)<
—~ |InlnX — In m+ -
279 34 p(yp—1) In*X

@(0) 70
< — 11 —+1 2 2.14
27y (n(70¢(2+))+ ) @19
Summation of (2.10), (2.13), (2.14) yields:

3(0
4ol + 1)+ 18 < 2 1 (¢(5+1)) 2.15)
0
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Now we set

eaT()
QKT

where k > 0 will be chosen later. Denote

o) = B(Z2). v = X ph At = 05 + Vo),
p<X
and define the integrals
T+H T+H
I(k) = / AF@ydt, J(k) = / AN () dt
T T

Thus we find that

2k T+H
—2‘2’“2(2f)j<v>, iw) = / VOV dt, p=2k-v.

Setting for brevity P =p;...p,, @ = q; ... q,, in the case p # v we get

T+H "
i) = / ( ) dt‘ <
() %q —1.
q1 <X

< 22 la(p1)| |a(qﬂ)| m B 2¢2k<0 Z ‘ ‘

- \/ PQ Q VPQI Q
If P < @ then

P P+1 1 1

ln—‘ = ln9 > In + > —; otherwise, ln—‘ > —.

Q P P 2P Q 2Q

Hence,

|(>|<2<1>2’“0>(PZ Z\/Q—)
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3462’“(0)< Yo ) D (@eq)

Piye - Py <X qise - qu <X
Y ™ X @ea)”) -
Dise Py <X Qs qu <X
_ 462]6(0)(51/02]{:—1/ + SZk—I/CV)’ (216)

where

S = ZPO.S’ C = Zq—O.S.

p<X <X

The same bound is true for the non-diagonal terms in the case v = k. Summing
(2.16) over 0 < v < 2k we get

2k N
I(k) = 2_2k<k>H6k + 809°%(0)5, (2.17)
where
2 2
O R LA TP
D1 -DR=q1- - -k bi-.-DPk
Since

2 X1
- (Z ) Z—
s (3 + of )) Inx’

then the last term in (2.17) is less that (X'3(In X)~°3)?* in modulus.
Estimating &;, from below, we retain in &, all the terms corresponding to the

tuples (pi, ..., pr) without repetitions. Thus we get
a? ...a?
S, > k! T (p1) (P) 2.18)
D1 -Pk=q1-- -Gk pl "‘pk

D1, - .,px are distinct

Since @(v) is monotonic, we have X > e®™ for sufficiently large H. Replacing the
upper limit for py, ..., pg in (2.18) by e*™ and noting that

$(m_p> > B(e) > 0

To
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for 2 < p < e?, we have

Gk > k™) D, (i-p) 2

Pise - PE<e
P1,- - -,Pk are distinct

~ 1 1 1
ROD D ST D
pi<en Pl p2<e™™ P pp<e’ Pk
D2FPI DFEP1 s - 5Ph—1
~ 1 1 1
> i) Y LY e Y o
p1<ea b 1<t Y 2) pp<et™ Pk
PrFw) PEFED L5 - W1
~ 1\
> k!<1>2k(a)( > —) :
g <p<LeT p
Let us take kK = max (61, 4&‘1). Then, by Lemma 3 we get
QT eaT()
g1 < k(lnk+Inlnk) < (aty — In (akTo) + In (am)) < ,
QKT K

e(lT() eOlT(] eaTO eaTO
kink > —1)In - 1) > In =
aKT) QKT 200K Ty 200KTy
e (1 In (20457'0))

2K QaT

and hence

1 1 1 1 3(1 1
ln(klnk)>a70(1— e ), n ( < 2(1+M>_
n

Ty klnk) (o) Ty

Using Lemma 3 again, we obtain

1 1 or e 1.5 3(Ink+1)
Z -> Z —>Inlne™"’ —Inln — (om'o)2 (1—1— ):

K AT
W1 <p<e®T0 p kink<p<e®™ 0

1 1.5 3(1 1
:—1n<1—ﬁ)— (1+ (It )>:
aTy (arp)? aT
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Ink 1 ) 1 3 27 Ink
=—+——((nk)" -3)+———= 1| (Ins) ——=(Ink+1) | >—.
aTy * 2(arp)? ()" =3) + 3(ag)? (( ) 2 (In+ )) aTy
. L . 1 InH
Passing to the estimation of I(k) and noting that k = | — —— |, we find:
ak In X

X5 \* 3k 3InH 0.75
< X" < ex < H',
(\/lnX> - p( akK > -

2k N In &\ X5\
I(k) > 27 % HEID* (—) - ( ) >
B (k) (i) - (2

> (2k)! H (6(0‘) ln_"é>2k _ g s

k! 4 aTy
kEoos 2k
> € 4_k H 2(a) Ink _ B s HM
2\ e 4 Ty ’

where

®(a) [klnk
M= —— >
2 eaT)

Repeating word-by-word the estimation of the non-diagonal terms of I(k), we get

Xl.S
vVIin X

and hence |J(k)| < 0.5HM?*!. By Lemma 2, there exists t; such that T < ty <

< T+ H and Ay(ty) > 0.5M. Setting t = t, in (2.8) and taking into account (2.9),
(2.15) we find that

2%+1
) < xFkO+1/(28) < x4 < AR < H,

i < (

Iy(tg) = A(ty) — B(to) — I (to) — Ly(to) >
> M _20 In (7'0<P (% + 1)) _ 4(into) e~ ¢t S

0 G'(roH) ~
. d(a) ( e Ink )“ _3(0)

419 \ 20KkT) eaTy To

0.25(17’0) _ 4(lnt0)6_lnlnT
’T()GI(T()H)

®(e) [Ink ed3om
> 10a T 7—2 . (219)
0

(ll’lTo +e
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The inequality (2.19) and the definition of I implies that the maximum M, of the
function In |¢(0.5 + i(ty + u))| on the segment |u| < H is strictly positive. Hence,

H —+00 —~
®(0
7o
-H -

Comparing (2.19) with (2.20) and noting that the point t, + u of maximum is
contained in [T —H,T+2H } , we find that

, 1 [Ink ®(a) e5om
max  In|¢0.5+idt)| > My > —/— =—
T—H<t<T+2H 10 K ®0) 7o

(2.21)

Thus, (2.4) is proved.
Suppose now that ¢(v) satisfies (2.5). Then, setting

T 0.5a1 1 nH
X = emo(ﬁl), k= c = |— —|, n:max(0.5,4ofl)
QKT ak InX

and repeating word-by-word the above arguments, we find that

4.5 2
wp < e, Z > Inlne®™ — Inln ™" — > -,
(aT)? 3
-1 <pLeTl :
2k)! 2\ "

where M = 6((1) %—lz, and, similarly,

(k)| < XSEA < 116 o 0 sEAPR

By Lemma 2, A(ty) > 0.5M for some ty, T <ty < T + H. Since (2.5) and (2.15)
imply the bound

3(0 -
[As| + |As] + [B| < ¥ In (7'1 90(% + 1)) < 0.59(0),
1
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we get
. 5(0[) 6(01) e-25a7
1 0.5+t —= vk —_— .
T—H%?%-&-ZH n[¢(0.5 +at)| > v6e vk > 6/ ak /T

Theorem is proved.

To prove the Corollary, we use (2.21) with @ = p—¢, € = 27 ' For sufficiently
large H we have ®(a) = —®' (0 —fe)e > 0.5¢|®(0)| = |®'(0)|7 ",

1 Ink 2 | 1
max In|¢(0.5+it)| > —14/— — |A(Q)| — 0-5mole=2/m) >
T-H<t<T+2H 100 K T (0) 7o
1 Ink, @I(Q)

where k; = max (62, 507!). The second assertion of the Corollary can be proved
similarly. O

3. The rate of decreasing of some Fourier transforms

In order to apply Theorem A for given function ®(u), we need an estimate of type
(2.1) for the rate of decreasing of 6()\) when A — £oo. In what follows, we obtain
some bounds of such type.

2m
LEMMA 4. Suppose m > 1 is any fixed integer, ®(u) = exp (— g—m) Then the

inequality

=~ 5 Al
2(N)| < ﬁw*ﬂ exp (— |01 Sil’l?‘(‘lﬁ:)

holds for any real X, |\| > A\, with

2m m—1 1

=t P T F T 2omo)

PRrROOF. The case m = 1 is obvious. If m > 2, this assertion follows from the
asymptotic formula for 6()\) from [23, Ch. 1V, §7]. O
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LEMMA 5. Let p, q be integers, 1 <p <gq, (p,q) =1, 7 =p/q, € = €™/, and let
q—1
cosh (¥ 27%),  @,(2) = exp (=G, (2)).

k=0

Then the estimate |®,(\)| < exp (=IAl E-(I\])) holds for any real X, |\| > o, with

1,
3 A\?

PROOE. Suppose that A > Ao > 0 (the case of negative A is treated in the same
way). Since the function

is entire function of order r, then, for any y > 0, we have

400

)\) / —G,(2)— Mzdz / G, (z—iy)— z'/\(miy)dx:e)\y/eG,«(acz'y)i)\acdaj

—00

and hence
—+00

13,(\)] < e M / e~ ReCGr@=w) g

—00

In what follows, we suppose y > yo(p, ) to be sufficiently large and set

r—1y = Pe_wn where p = \/z?+79y?, @ = arctan g.
x

Then

q—1
Re G.(x —iy) = Re Gr(pe = ReZCosh pqeq(rk pga))
k=0

g—1
k- k-
= E cosh (pg cos w) cos (pg sin w) (3.1)
q q

k=0
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Let

p 3v2 T p
‘,E]_ _iy’ OSSDSE__I_(I’
T T 3v2
PPy 2, a3 DY nae W o_p W
Isin— < (z +y )2 = < 22)%4 —27 9 < —,
p . (" +9) @ (2z°) 35 3
and hence
p py s 1
cos | p¢sin— ) > cos - = —,
q 3 2
P pp _ » L/pp\ P o
picos— > p7 {1 — -| — >zl — — | >
q 2\ ¢ 2
P 1 -2 D _p
>xQI—Ex24 > x99 —x 4
0

Denote by A, the term with k =
p p 1 p p p
A, =cosh (pq cos@) cos (pq sin@> > Ecosh (xﬁ —x_ﬁ) > gexp (:ﬂ)
q q

Suppose now that 1 < k < g— 1. Then

Tk —po k. pe . wk . po
cos — | = |cos — cos — + sin — sin —| <
q q q q q
< Wk‘ b < Wk‘ N TP
< |cos — © cos — —1x 9.
q q 3V2
Since
p P e N p _p P p p -2 _p
pq:xq(1+—2) <zi(l+z 2‘1)2Q<xq(1+2—x 2‘1)<a:‘1+05a: q,
z q
we get
p  wk—py P P Tk ™ _D P mk| 3
p4cos ( 740.5z ‘1) cos — +ﬁx 7)<xzi|cos— +Z.
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Thus,

P P
cosh (pq Ccos w) < cosh (xq
q

Denote by B, the sum in (3.1) of the terms with k > 0. Then

wk P m
cos—D < 2.2exp (wq Cos —).
q q

Tk

)

COoS —

wk 3
cos—| + — ] < 1.06exp xq
q 4

q—1
|B,| < 1.06Zexp (wz

k=1

Hence,

S1aS]

)

1 p 11 P 1
Re G (z—iy) > A, —|B,| > 3 exp (mg) s exp (xg cos z) > gexp (x
q

for any z > (. The similar bound (with |z| instead of z) holds for x < —z. If
|z| < z( then

2p 0.5
3v2 q- :
p < (x5 +y)" = {(—W y) - yz} =
2q
4 (/3V2\ e _ 2 )03 q
— yq—p{(7> + Y q—p} (y\/_) p

so we have
[Re Gy(a — ig)| < geosh (p1) < geosh ((yv/2)77).

Passing to the estimate of ®(\), we obtain

3| < e ( p{qcosh (wv2)7 pp)}da;Jr

(/)
< (2x exp{qcosh ((yv2)1 pp)} + exp{—éexp (x?)}))

OO
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Since V2 < 1.5, we have
R P
[®(A)| < exp ( Ay + 0.5 p).

q_
(ln()\/q)) P we finally get

WO

Setting y =

q_
—~ A 3 A\ P
‘@(A)| <exp (—)\y+0.5qelnq) =exp(—A(y—0.5)) <exp (— g)\ (ln—) ) )

Lemma is proved. U

LEMMA 6. Let G(u) = G5(u), ®(u) = ®y/5(u) (in the notation of Lemma 5). Then
the inequality

~ m
BOV] < e (- 15 n A

holds for any fixed §, 0 < § < 6y < 0.5, and for any real X, |A| > Xo(9).
PROOF. Applying the same argument as above, we get

+o0
‘5()\)‘ < e / e ReGE=w)go

—00

Let 4§y, 95, ... denote some positive constants depending on 4 and such that §; — 0

when § — 0. Taking p = /2% + ¥, ¢ = arctan (y/z), o = (1 + §;)(y/7)?, we
get for ¢ > x:

0<\/ﬁsin§ < ﬂ(l + (%)2)0'25% < 7(1+52) -9,
)

0<p< =<
X

§_|*

Hence,

2

\/ﬁcos—>\/_(1——)>\/_(1——)>\/_— NG
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| e 5 1 e 5 18
cosh (\/ﬁcosg) cos(\/ﬁsing)>ieﬁ 4ﬁcos%(l—5):§eﬁ 4\/ﬂfsinwy,

cosh (ﬁsin%) cos (\/ﬁcosg) ‘ <cosh (\/ﬁsing) <coshg.

Thus, we have

Re G(z — iy) = cosh <\/ﬁ cos %) cos (\//_) sin %) +
P 2
+ cosh (\/ﬁ sin E) cos (ﬁ cos 5) >
4 P P
> cosh | 4/p cos 7 ) cos \/p sin ) - cosh | 4/psin ) >

1 ) -5 36
> = sinw— eﬁ W coshz > ZeVe,
2 2 2 4

for  under considering. The same bound is true for x < —x, with |z| instead of
z. In the case |z| < o, we have

4 0.25
Vo< @+ < (arap(Y) +v) <asal
and hence

| Re G(z — iy)| < 2cosh (y/p) < exp ((1+64) %)

Thus we obtain

Zo

30| < e_)‘y(/exp {exp ((1+54) %)}dw +

—x

+00

30
+ 2 / exp {— 7 eﬁ}dm> < 3xgexp {—)\y + e(]+54)%}.

o
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Now let y = ?41?5)\ . Then
4

~ 3(1+46y) )
|¢)()\)‘ < m(ln)\) CXD{

axIn )\ L
1444 '

If 4 is sufficiently small, then

~ wAIn A
|2(N)| < exp{— 55 }

The case of negative A can be treated in the same way. Lemma is proved. O

4. Basic assertions

Here we prove Theorems 1—4. In what follows, we use the notation of §2, 3 without
any comments.

2m
PROOF OF THEOREM 1. Let m > 2, ®(u) = exp (— g—m> By Lemma 4, the
estimate (2.1) holds for
—1 sin Tk 1
F(\) = A1, ¢y = , kK= ——
1+ 2k 20m - 1)

and for sufficiently large |A|. Obviously, we have ¢(v) = (cv)*™!, ¢ = ¢;'. Hence,
the equation (2.6) takes the form

Ty T1
- + (2m—1)(ln <3+1) + lnc> = Inln H.

For fixed m, « and H — 400, we have

°T _ \nnH — @m—1)Inlnln B + 2m - 1) Inac, + of 2
— =InlnH — 2m—-1)Inlnln m—1)Inac ],
2 ’ Inln H

so hence
el-2om > (ag)" vinH __ ( 20k \" vInH _ o"™VinH
V71 e (InlnH)™ = \2k+1/) (InlnH)™  (2mInin H)™
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Since g(v) = (2mv)"/?™, then for any H > (1/3)(2mInlnT)"?™ and some
a > 0 we obtain from (2.7) that

-~

®(a) a™VInH
6vark $(0) (2mInin H)™

F(T;H) > exp( ), where K = max (0.5,4a ).

One can check (see [20]) that ®(u) is positive and monotonically decreasing for
0<u<1and

3(0) = 2(2m)25nr(1 + ﬁ) B(1) > % exp (— ﬁ(%)zm)

Finally we get

F(TH)>exp{—exp( %(E) )(Zm)ﬁF_l(l+ﬁ>$}>
>exp( 005\/_)
(2mInlnH)™ /°

Theorem 1 is proved. U

PROOF OF THEOREM 2. Let r = p/q < 0.5, ®(u) = ®,(u). By Lemma 5, one

POy = 3 (1) e = e (

to satisfy (2.1). Thus, (2.3) takes the form

can take

_p_

)”)

Sha
w| g

_p_

5/ P
aty + (g (7 + 1)) + Ing = Inln H. (4.1

Since 0 < ¢ = qf;p < 1, the solution T satisfies the relation

5 C
atg = InlnH — (alnlnH) —Inq + O((lnlnH)zcil).
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One can check that

0.5a7) In H 1 5 ¢
¢ > « n—exp — (= mmH) +0((Inn H*") t(Inin H)™".
To q 2 \ ba

Since g(v) = (In (3v))¥?, we have for H > (1/3)(InInIn T)%?:

p
a—n 1
F(T; H) > exp (\/mHe("O‘“l“H)q ”), o= —.
(6]

In particular, for g =2m + 1, p=m and H > (InlnIlnT)**"/™ we have

L1
I
F(T; H) > exp (\/lnHe_c'(lnlnH) " ), ¢ = ci(m).

Given €, we define m by the conditions % <e<

1
m— 1

. Then for any H,

1 1 1
H > 3 (inin InT)**e > Z(nnn T)**m

we obtain:
" Lrl 1-0.5
—U.o¢€
F(T; H) > exp (\/lnHe_c’(m]“H) " ) > exp (vlnHe_CZ(ml“H) )

for some ¢; = ¢;(g) > 0. Theorem 2 is proved. O

PROOF OF THEOREM3. Let ®(u) = ®y(u) = e (ohvuteosvu) Gince |(u)| <

< e1—0.56 \% lul

for real u, one can take
1 u 2
G(u) = s - 1, g(v) = In"(2v +2).

Given § > 0, Lemma 5 implies that

30| < e (_ 7r|)\|ln|)\|)

1+4
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for any real A, |A| > A¢(d). Therefore,

o(v) = exp ((1 +9) %)

and (2.3) takes the form

1+6
aTy + L (% 1) = Inln H.
Hence,
inlnH— 159
TO —
a + —12_;_5

Let o = g be the least positive root of the function ®(\). Then

0.5 1+9
el — exp{ o InlnH — —Ql( +9) } >
o1 + (1+6)/(2m) 2o + 146
1-6

1-46 =
> exp{— lnlnH} = (In H) 2+(me)™
2+ (mo1)!

Given € > 0, we can choose ¢ to satisfy the inequalities

1 [5In2 [¥ (o) eO-SM} _
F(T; H) > ex —~ > exp ((InH)"™¢
@) > e { ooy 202 T p ((n 1))

1
for any H > (InlnInT)? and v =
2+ (mo1)

“Wolfram Mathematica 7.0” show that 2.37689234 < p; < 2.37689235. Hence,
~v = 0.46862145 ... Theorem 3 is proved. O

— . The approximate calculations in

PROOF OF THEOREM4. Let 0.5 < r = p/q < 1, ®(u) = ®,(u). Similarly to the

proof of Theorem 2, one can check that the equation (2.3) has the form (4.1). Since

c= Lp > 1, its solution satisfies the relation

6 1 36c 2
To = g(lnlnH)C = 5. c -2+ 0((1n1nH)"),

(Inln H)
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olw
Ql—

q
where 77 = min ( -2,%— 1) . Hence, for H > (InlnInT)?, we have

o=

0.5aT 3 1 18 2 2
C Sexwp { ?a (InlnH)° — %(lnlnH) ¢ a+0((InlnH)") }(lnlnH) :
To C

F(T;H) >exp{exp (O.Sa(lnlnH)Igfl) }.

1 1
= <
m — €<m -1
1
1+L :
) ™, we obtain:

Given €, we define m by the inequalities andset g =m+1,p =m.

Taking H > (InlnlnT)'*¢ > (InlnlnT
|
F(T; H) > exp {exp (0.5a(Inln H)™)} > exp {exp (0.5(InIn H)O'SE)}.

Theorem 4 is proved. U
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