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Abstract: Sperner’s lemma states that every Sperner coloring of a triangulation of a simplex
contains a fully colored simplex. We present a generalization of this lemma where instead of
triangulations are considered quadrangulations.
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1. Introduction

Sperner’s lemma is a statement about labellings (colorings) of triangulated simplices
(d-balls). It is a discrete analog of the Brouwer fixed point theorem.

Let S be a d-dimensional simplex with vertices v1 , . . . , vd+1 . Let T be a tri-
angulation of S. Suppose that each vertex of T is assigned a unique label from the
set f1, 2, . . . , d+ 1g. A labelling L is called Sperner’s if the vertices are labelled in
such a way that a vertex of T belonging to the interior of a face F of S can only be
labelled by k if vk is on S.

Sperner’s lemma [13]. Every Sperner labelling of a triangulation of a d-dimensional
simplex contains a cell labelled with a complete set of labels: f1, 2, . . . , d+ 1g.
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The two-dimensional case is the one referred to most frequently. It is stated as
follows:

Given a triangle ABC, and a triangulation T of the triangle. The set V (T) of vertices
of T is colored with three colors in such a way that

(i) A, B and C are colored 1, 2 and 3 respectively;

(ii) Each vertex on an edge of ABC is to be colored only with one of the two colors
of the ends of its edge.

Then there exists a triangle from T, whose vertices are colored with the three different
colors.

There are several extensions of Sperner’ lemma for quadrangulations (cubical
decompositions), see [2, 4, 11, 12, 14]. In particular, Ky Fan [2] proved that any
Sperner 0–1 labelling of a d-pile with the neighbourhood property contains a fully
labelled d-cube. Shashkin [12] extended Ky Fan’s formula for local degrees of
simplicial maps in [3] to cubical maps. (Actually, he proved it only for small
dimensions d � 4 .)

In two dimensions a quadrangulation is the division of a surface or plane
polygon into a set of quadrangles with the restriction that each quadrangle side
either is entirely shared by two adjacent quadrangles or lies on the boundary.

Our main example is the pile of cubes Πd(n1 , . . . , nd) , see details in [15,
Chapter 5]. It is the polytopal complex formed by all unit cubes with integer vertices
in the d-box

B(n1 , . . . , nd) := fx = (x1 , . . . , xd) 2 Rd : 0 � xi � ni for 1 � i � dg.

So each k-cell, 0 � k � d, of this complex is a k-dimensional unit cube.
In Section 2 we consider Theorem 1 (oriented case) and Theorem 2 (non-

oriented case). Both theorems yield the following extension of Sperner’s lemma for
piles in two dimensions.

Theorem A. Given a pile P := Π2 (m, n) with corners ABCD. The set of vertices
of P is colored with four colors in such a way that A, B, C and D are colored 1, 2, 3
and 4 respectively; and each vertex on an edge of ABCD is to be colored only with one
of the two colors of the ends of its edge. Then either there exists a quadrangle from P,
whose vertices are colored with the four different colors or there exists an edge of P
whose two ends are colored with (1, 3) or (2, 4) .



28 Oleg R. Musin (Brownsville, Moscow)

Remark. In fact, for a 2-pile the neighbourhood property in [2] means that there are
no edges whose two vertices are colored with [1, 3] or [2, 4] . So Theorem A first
proved by Ky Fan.
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Fig. 1. Sperner’s labelling of Π2 (4, 3). One edge is colored with (1, 3).

We will call a quadrangles (2-cell) whose vertices are colored with the four
different colors [1, 2, 3, 4] and edges (1-cells) whose two vertices are colored with
[1, 3] or [2, 4] as balanced labelled cells 1) .

The main reason for this name is the following. Let C be a quadrangle whose
vertices V (C) := v1 , v2 , v3 and v4 that are labelled with 1, 2, 3 and 4 respectively.
Then among all cells with vertices in V (C) there are only three cells: v1v2v3v4

(2-cell), and two diagonals (1-cells) v1v3 and v2v4 that contain the center of C
inside.

We can say it in another way. We assume that the colors 1, 2, 3, 4 correspond
to the labels (�1, �1), (1, �1), (1, 1), (�1, 1) respectively. Then balanced labelled
cells are cells with zero sum of its labels.

In two dimensions, the labelling in Theorem A is called Sperner’s labelling. In
other words, Theorem A states:

Any Sperner labelling of the pile Π2 (m, n) contains at least one balanced labelled cell.

1) The term “balanced” is using in mathematical economics (see, for instance, [11]) for subsets A of
a set S in Rn such that the convex hull of A contains the center of mass of S .
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Theorem A can be extended for all dimensions. Let Cd = Πd(1, . . . , 1) denote
the unit cube in Rd . The vertex set of Cd consists of all the 2d binary d-tuples,
and where two vertices are adjacent if the corresponding d-tuples differ in exactly
one coordinate position. Therefore, there is one-to-one correspondence between the
vertex set V (Cd) and the set of binary numbers from 0 to 2d � 1 , i. e. the labelling
c : V (Cd) ! f0, 1, . . . , 2d � 1g is bijection.

Note that corners of the pile P := Πd(n1 , . . . , nd) can be considered as vertices
of Cd . We say that a labelling L : V (P) ! V (Cd) is Sperner’s if the set of corners
of P are labelled with the correspondent labels from V (Cd)) and vertices on the
boundary of P are labelled in such a way that a vertex belonging to the interior of
a cell (face) F of Cd can be only labelled with v where v is a vertex of F.

In Section 2 are defined balanced labelled cells for all dimensions, see Defini-
tion 2.

Theorem B Any Sperner labelling of the pile Πd(n1 , . . . , nd) contains at least one
balanced labelled cell.

Now extend Theorem A for quadrangulations. We found a weaker assumption
than Sperner’s coloring.

Let L : V ! f1, 2, 3, 4g be a labelling of a set V := fv1 , . . . , vmg in a circle
such that any two adjacent vertices cannot have labels (1,3) or (2,4). Let

deg([1, 2], L) := p� � n�,

where p� (respectively, n�) is the number of (ordering) pairs (vk, vk+1 ) such that
L(vk) = 1 and L(vk+1 ) = 2 (respectively, L(vk) = 2 and L(vk+1 ) = 1 ).

For instance, let L = (12212341234211223412341) . Then p� = 5 and n� = 2 .
Thus, deg([1, 2], L) = 5 � 2 = 3.

Note that, instead of [1, 2] we can take [2, 3], [3, 4] or [4, 1] . Namely, we
have

deg([1, 2], L) = deg([2, 3], L) = deg([3, 4], L) = deg([4, 1], L).

This fact proved in [9, Lemma 2.1].
Let Q be a quadrangulation of a polygon M. Denote by ∂Q the boundary of Q.

Then ∂Q is a polygonal contour with vertices v1 , . . . , vm that can be considered as
points in a circle. (We assume that these vertices are in counterclockwise order.)
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Let L : V (Q) ! f1, 2, 3, 4g be a labelling. This labelling implies the labelling
L0 : ∂Q ! f1, 2, 3, 4g. We consider the set of neighboring labellings NL(∂Q) . We
write L 2 NL(∂Q) if any edge on the boundary ∂Q have no labels (1,3) or (2,4).
Then deg([1, 2], L0 ) is well defined. Denote

deg(L, ∂Q) := deg([1, 2], L0 ).

Theorem C Let Q be a quadrangulation of a polygon M. Suppose L : V (Q) !
! f1, 2, 3, 4g be a labelling such that L 2 NL(∂Q) . Then Q contains at least
j deg(L, ∂Q)j balanced labelled cells.
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Fig. 2. Since deg(L, ∂Q) = 2, there are two balanced labelled cells.

Theorem 1 in Section 2 extends Theorem C for all dimensions. Note that
if L is a Sperner labeling, then j deg(L, ∂Q)j = 1 . So Theorem C implies Theorem
A and from Theorem 1 follows Theorem B.

2. Main results

Here we consider the main theorem and its corollaries for a very general class of
spaces M. One of very natural extensions of Theorem C is the case when M is
a polytope in Rd .

In our papers [7–10] we studied a more general case when M is a piece-wise
linear manifold. In this case, if M is a compact oriented manifold with boundary,
then from the one side it extends T heorem C for all dimensions and to a huge
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class of spaces (even in two dimensions), on the other side, almost all proofs can be
easily transfer for this case.

All results in this section hold for manifolds that admit quadrangulations.
The class of such manifolds is called piece-wise linear (PL) manifolds. Note that
a smooth manifold can be triangulated and quadrangulated, therefore it is also a PL
manifold. However, there are topological manifolds that do not admit a triangulation
and therefore do not admit a quadrangulation.

Every PL manifold M admits a quadrangulation: that is, we can find a collection
of cells Q of dimensions 0, 1, . . . , d, such that (1) any cell of dimension k is
homeomorphic to the k-cube Ck , (2) any face of a cell belonging to Q also belongs
to Q, (3) any nonempty intersection of any two cells of Q is a face of each, and (4)
the union of the cells of Q is M. (See details in [1].) Actually, a PL–manifold M

can be quadrangulated by many ways.

Throughout this paper by word manifold we assume a compact PL manifold
with or without boundary.

Let Q be a quadrangulation of M. The vertex set of Q, denoted by V (Q) , is
the union of the vertex sets of all cells of Q.

Now for any labelling c : V (Cn) ! f0, 1, . . . , 2d � 1g we define a map
fL : Cn ! Cd . Since we have the bijection c : V (Cd) ! f0, 1, . . . , 2d � 1g this
labelling can be considered as a map L : V (Cn) ! V (Cd) .

Lemma. For any labelling L : V (Cn) ! V (Cd) we may uniquely define a multilinear
map fL : Cn ! Cd such that for each vertex v 2 V (Cn) we have fL(v) = L(v) .

Proof. A multilinear map is a map of several variables that is linear separately
in each variable. Actually, f = (f1 , . . . , fd) is a multilinear map if each function
fi(x1 , . . . , xn) is a multilinear function. A function F(x1 , . . . , xn) is multilinear if

F(x1 , . . . , xn) =
X

0�w�2n�1

awx
w,

where for w = (p1 , . . . , pn), pk = 0 or 1, xw := x
p1
1 � � � xpnn .

So a linear function F(x) = a0 + a1x and a bilinear

F(x1 , x2 ) = a00 + a01x1 + a10x2 + a11x1x2 .
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If a multilinear function F(x1 , . . . ,xn) is defined in V (Cn) , i. e. for w 2 V (Cn) ,
F(w) = bw then the coefficients aw can be found. Indeed, for n = 1 we have

a0 = b0 , a1 = b1 � b0 .

For n = 2 :

a00 = b00 , a01 = b01 � b00 , a10 = b10 � b00 , a11 = b11 � b10 � b01 + b00 .

By induction these coefficients can be found for all aw .
Let u = (u1 , . . . , un) and w = (w1 , . . . , wn) be two binary numbers (0 and 1

strings). We write u � w if ui � wi for all i = 1, . . . , n. Denote by h(u, w) the
Hamming distance between u and w, i. e. the number of digits in positions where
they have different digit. Then

aw =
X

u2V (Cn):u�w

(�1)h(u,w)bu.

So all coefficients of the map fL : Cn ! Cd can be explicitly found. �

Definition 1. Let Q be a quadrangulation of a d-dimensional manifold M. Let
L : V (Q) ! V (Cd) be a labelling. Every n-cell σ in Q is homeomorphic to Cn . So
by Lemma 1 fL : σ! Cd is uniquely defined. It defines a piece-wise multilinear map
fL : Q! Cd .

Definition 2. Let Q be a quadrangulation of a d-dimensional manifold M. Let
L : V (Q) ! V (Cd) be a labelling. We say that a cell σ 2 Q is BL (Balanced Labelled)
if there is an internal point x in σ such that fL(x) = z, where z = (1/2, . . . , 1/2) is
the center of Cd .

Example. It is easy to see that if d = 2 , then there are two BL 1-cells with
labels in the ends: [(0, 0), (1, 1)] and [(0, 1), (1, 0)] and one 2-cell with labels
[(0, 0), (1, 0), (1, 1), (0, 1)] .

For d = 3 the set of balanced labelled cells is more complicated. We have three
1-cells with labels [u, v] , where u+v = (1, 1, 1) . There are two types of BL 2-cells:
[(0, 0, 0), (1, 0, 0), (1, 1, 1), (0, 1, 1)] and [(0, 0, 0), (1, 1, 0), (1, 0, 1), (0, 1, 1)] .

One of BL 3-cells is fully labelled, i. e. when L : VC3 ) ! V (C3 ) and L(w) = w

for all w 2 V (C3 ) . There is a non-symmetric example. Let L(w) = w for all
w 2 V (C3 ), w 6= (1, 1, 1) , and L(1, 1, 1) = (1, 1, 0) . It is also a balanced labelled
3-cell.



Sperner type lemma for quadrangulations 33

An oriented cube is a cube Ck together with a choice of one of its two pos-
sible orientations. An oriented quadrangulation Q of an oriented d-dimensional
manifold M is Q equipped with an orientation on each d-cell and such that any
two d-cells c1 and c2 with a common (d�1) -face z must have the same orientation,
i. e. the orientations of c1 and c2 induce opposite orientations on z.

The degree of a continuous mapping or Brouwer’s degree between two compact
oriented manifolds of the same dimension is a number that represents the number
of times that the domain manifold wraps around the range manifold under the
mapping. It is well known that the degree is a topological invariant (see, for
instance, [6] and [5, pp. 44–46]).

Let us define the degree more rigorously. Let f : M1 ! M2 be a contin-
uous (piece-wise smooth) map, where M1 and M2 are compact d-dimensional
manifolds without boundary. Let y 2 M2 be a regular value of f, that means
f�1 (y) = fx1 , . . . , xng and in a neighborhood of each xi the map f is a local
diffeomorphism. Then

deg(f, y) :=
X

x2f�1 (y)

sgn det Df(x),

where Df(x) is the Jacobi matrix of f in x. Actually, deg(f, y) does not depend
on y and so the value deg(f) is well defined.

In a similar way, we could define the degree of a map between compact
oriented manifolds with boundary. Let Mi, i = 1, 2, be a compact manifolds with
boundary ∂Mi . Suppose that f : M1 ! M2 is such that f(∂M1 ) � ∂M2 . Denote
f∂ := fj∂M1 : ∂M1 ! ∂M2 . It is well known that in this case

deg(f) = deg
�
f∂
�

.

(A proof of this fact also can be fined in our paper [9], see the proof of Theorems
2.1 and Theorem 4.1.)

Definition 3. Let Q be a quadrangulation of an oriented d-dimensional manifold M.
Let L : V (Q) ! V (Cd) be a labelling. We say that L is a neighboring labelling and
write L 2 NL(∂Q) if fL(∂Q) � ∂Cd .

If fL(∂Q) � ∂Cd , then f∂L : ∂Q ! ∂Cd is well defined. Denote deg
�
f∂L
�

by
deg(L, ∂Q) . If ∂Q is empty, i. e. M is a manifold without boundary, then we set
deg(L, ∂Q) = 0 .
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Theorem 1. Let Q be a quadrangulation of an oriented d-dimensional manifold M.
Suppose L : V (Q) ! V (Cd) be a labelling such that L 2 NL(∂Q) . Then Q contains
at least j deg(L, ∂Q)j BL cells.

Proof. Let z denote the center of the cube Cd . Then z = (1/2, . . . , 1/2) is an
internal point of Cd . Since

deg(fL, z) = deg(fL) = deg
�
f∂L
�
= deg(L, ∂Q),

the set f�1
L (z) consists of n � j deg(L, ∂Q)j points fx1 , . . . , xng in M. (Moreover,

the assumption L 2 NL(∂Q) guarantees that these points cannot lie on the bound-
ary ∂M .)

Since xi cannot be a vertex of Q, there is a cell ci 2 Q such that xi is an
internal point of ci . By definition, ci is balanced labelled. So we have n BL cells.�

Actually, Theorem C is a two-dimensional version of Theorem 1. It is easy to see
that if L is a Sperner labelling of a pile P, then L 2 NL(∂P) and j deg(L, ∂P)j = 1 .
Thus, Theorem 1 yields Theorem B as well as Theorem C implies Theorem A.

Not all manifolds can be oriented. For instance, the Möbius strip is a non-
orientable manifold with boundary. Theorem 1 can be extended for the non-
orientable case. This extension is based on the concept of the degree of a continuous
mapping modulo 2. Let f : M1 ! M2 be a continuous map between two mani-
folds M1 and M2 of the same dimension. The degree is a number that represents the
number of times that the domain manifold wraps around the range manifold under
the mapping. Then deg2 (f) (the degree modulo 2) is 1 if this number is odd and
0 otherwise. It is well known that deg2 (f) of a continuous map f is a topological
invariant modulo 2.

Theorem 2. Let Q be a quadrangulation of a d-dimensional manifold M. Suppose
L : V (Q) ! V (Cd) be a labelling such that L 2 NL(∂Q) and deg2 (L, ∂Q) 6= 0 .
Then Q contains at least one BL cell.
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