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1. Introduction

In his book [1] D. Mumford wrote the following about identities for theta functions:
“We have listed these at such length to illustrate a key point in the theory of theta
functions: the symmetry of situation generates rapidly an overwhelming number of
formulae, which do not however make a completely elementary pattern. To obtain
a clear picture of algebraic implications of these formulae altogether is then not
usually easy”. Identities for theta functions can be proved in different ways. One
of the most common methods is based on Liouville’s theorem from the theory of
functions of a complex variable. This theorem says that if a holomorphic function is
bounded on the whole complex plane then it is constant. Liouville also developed
elementary arithmetic methods for proving identities for theta functions. Following
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this tradition the authors of papers [2], [3], [4], [5] proposed methods of proving
classical identities.
Let

o
Hizng =D ¢

n=—xo

and

o0 o0
H(z,w;q) =24+ w+4 Z Z ™" sin(2mz + 2nw)

m=1 n=1

be Jacobi theta functions depending on one variable and two variables respectively.

In this paper a new result is proved with the help of arithmetic methods.

THEOREM 1. Given arbitrary complex v, u, w and |q| < 1, we have

93(v; ¢V H(—u, —w; q) + V3(v — 2u; @) H(v +w — u, u; q)+
+ 93(v + 2w; @) H(w, u — w — v; q) = 0. (1)

The author is grateful to V. Bykovskii for setting the problem and discussing the
results.

2. Proof of Theorem 1

The proof is based on the identity from [4].
Let A be an additive abelian group, and let G : Z¥ — A be an arbitrary
function satisfying the condition

G(—ml, —my, —ms) = —G(mh my, ms)

and

®(my, my, m3) = G(my, my, m3) + G(m; + 2my — m3, —m; — my, —my)+

+ G(=m3, —m, + m3, —m; — 2m, + mg).
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Then for any positive integer d

Yo dabo= > ®kn-k2n-k. (2

a,b,c€Z, d=n’
a,c>0, 0<k<2n
b*+ac=d

Let us apply

my ms3

G(my, my, m3) = ™y 2" — 7™

—my ,—m3

y oz,

2i 2i 2i
where z = e y=¢e"", 2=, u,v,w€R (3)

for (2). The left-hand side of (2) is equal to

Sid)= D ®(a.bo)=

a,b,c€Z,
a,c>0,
b2 +ac=d

— E (mm] ymz P —2my+mg3 ,yml-‘rmz PRI ymzfmz zm1+2m27m3) +

m%—ﬁ-mﬂn;:d

D DI G e e TR e

2 _
m;+mims=d

—m3, —my+m3 P —2m2+m3)

+z Ty

Substituting m, with —m, we get

Si(d) = Z < — ™ (.7/:_7"‘;:_7"3 — ™ zm3) +
d

m§+m1m3:
y\™ yz\ yz\™
@) ) ) )
Xz Xz X
—ms3 m3
() ()
Yz Yz

The right-hand side of (2), in view of the relation

Z x 2nl1 1)’

0<k<2n
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can be written as

Sid)= > ®(k,n—k2m—k) =

:nz
0<k<2n
z(l —yz _ _
2\ @ y)(1-2)

z(y— ) n 2n —-2n zz—1 n -n
Fmau—g W V) T e W Y ))'

Let us multiply both sides of (2) by ¢ and sum up the result over d. Then,
if we put

ﬁ—(x,y’ q) _ Z (.'L'_dly_dz _ xdlydz)q2d1d2’ a./. q> Z T q ,

d],dzEN b=—00

and use the relations
~ o 2
H@,y;9) = -H(1/z,1/y;9), H@maq=1+> (" +37),

we reduce the left-hand side to

53(y;q)ff<%,£ \/_>+193( Q,q)ﬁ(yf,w;«/?l)Jr

Notice that

z(yz — 1) 2(y — x) zz—1

@D @)D @-De-1

Thus, the right-hand side turns into

M~ v, 2y—z) = 2 zz—1 ~
(:1c—yz)(m—1)193 (x2’q)+(x_yz)(z_1)193 (y ’q)+(x_1)(z__1)193(yaQ)-
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Therefore,

9; (y;q)ﬁ(éé;«/é) +7, (%;q) I?(yfm\/a) +75 (yzz;q) H (z,i;\/é) =

—M" Y. 2y-=x) = 2 zz—1 ~
_(ac—yz)(ac—l)ﬂ3 (xz’q)+(x_yz)(z_1)ﬁ3 (y ’q)+(a:—l—)(z—1)ﬂ3(y’q>'

Taking the relation
- zy — 1
H(u,v; q) = 2i (H(m, Y; q) + —)
(z-1Dy-1)
into account, along with (3), we obtain (1).
Finally, we notice that by the principle of analytic continuation the obtained

identity can be extended to the whole complex plane. For any complex numbers
v, u, w the identity of the theorem applies by principle of analytic continuation. []
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