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Abstract: Modelling of contagion in interbank networks is discussed. A model taking into account
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1. Introduction

Quantitative analysis of systemic risks in financial networks presents one of the most
important applications of network theory related ideas. These studies belong to a wide
strand of literature devoted to analysis of cascading failures in complex networks,
see e.g. [4,19]. One of the important topics is here developing network-based
mathematical models of contagion propagation in interbank markets [5, 10, 13, 14].
Constructing relevant mathematical models of default propagation is nontrivial due
to the necessity of reproducing such observed features of these networks as their
scale-free nature and significant disassortativity and clustering [1, 11, 12] and bow-tie
structure [11—13]. In the literature one can find methods of taking into account
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disassortativity [3, 6, 17] and clustering [8, 15], but these and similar considerations
have to be transplanted into developing mathematical models of interbank loan
networks allowing to reproduce their main features.

2. Interbank network and contagion

In what follows we characterize interbank credit market in terms of a weighted
oriented graph characterized by the weighted adjacency matrix W = {w;; > 0}
where link variables w;; > 0 correspond to netted obligations of the bank ¢ towards
the bank 7 on the daily basis. A directed link ¢ — j corresponds to a credit
to ¢ provided by j. For a given node outgoing links correspond therefore to its
obligations towards neighbouring nodes and incoming ones to claims of the node
under consideration towards neighbouring nodes so that default contagion propagates
through the outgoing links. Our considerations are based on the data on Russian
interbank market (see Fig. 1) from January 11, 2011 till December 30, 2013. The
data contain information on interbank loans to residents for 185 banks.

Fig. 1. Bow-tie structure of the Russian interbank network: Out component (left),
In-Out component (center), In component (right). Diameter of the node in proportion
to the sum of bank’s claims and obligations

The structure of the interbank network shown in Fig. 1 reflects its generic
so-called bow-tie decomposition into three components: nodes with outgoing links
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only, nodes with both incoming and outgoing links and nodes with incoming links
only (Out, In-Out and In components correspondingly). A division of nodes among
these components is, on average [13], about 20 % for Out and In-Out components
and 60 % for the In one, so that the majority of the banks are pure lenders. As
the origin of contagion can reside in the In and In-Out components only and, as
we shall see below, the corresponding probabilities of spreading contagion to other
nodes are very different, in the course of building a mathematical description of the
problem it is essential to take into account the bow-tie structure of the interbank
network. Let us also note that a disproportionately large fraction of about 50 % of
the outstanding (amount of loans) resides in the In-Out component [13].

3. Gai—Kapadia contagion model

The first quantitative model of contagion at the interbank market taking into account
network heterogeneity was developed in [10]. The mechanics of default propagation
suggested in [10] is as follows. Let us consider a network node ¢ having k incoming
links, i.e. k banks having loans from ¢, with weights {w;}, j = 1,...,k corre-
sponding to obligations of these k banks with respect to the bank i. Let us now
assume ! that one of these k banks, the j* one, defaults. The default propagates
(contagion takes place) if this causes default of the node 4. In the simplest setting
this happens when the loss of wj:; destroys the institutionally required balance be-
tween 4’th assets A; and liabilities L;. The model of [10] assumes that for all nodes
the sum of all node’s interbank assets AgB, A;B = i wj;, is evenly distributed
=1

over k incoming links. A default of any of the neighbo]uring nodes causes contagion
if it makes the capital buffer K; = A; — L; negative 2.

IB

K,=A,-L; < ]:7 . (31)

A tractable analytical model of default propagation developed in [10] is based on
a probabilistic description of contagion by introducing a probability v, the probability

D Here and in what follows we consider only the simplest case in which we have only one originally
defaulting node.
2) Here it is assumed that the institutional requirement on the capital buffer is K; > 0.
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forany ¢z =1, ..., N to be vulnerable conditioned on default of one of its borrowers

AlB
= Prob [ ; l; ] (3.2)

and describing an interbank network as a tree-like oriented random graph charac-
terized by the degree distribution pj;, the probability for a randomly chosen node to
have j incoming and k outgoing links. A process of contagion is in these terms that
of formation of a cluster of vulnerable nodes formed around the initially defaulting
one, see Fig. 2.

%?/Q

T\ o f

Out
Safe Vulnerable

Fig. 2. Default propagation mechanism

A convenient analytical description of contagion can then be given in terms
of the generating function G(z, y) describing the probability of having a vulnerable
node with in-degree j and out-degree k:

T,y) = Z vjpjkxjyk. (3.3)
jik

The problem at hand is now a standard cite percolation problem, see e. g. [18].
Following the standard routine, let us introduce the generating functions Gy(y)
and G(y) for the out-degrees of the vulnerable bank and its vulnerable neighbour
respectively

S v g pik- Y
ik

D7 Dik
ik

9= vy, Giy) = (34)
i
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A standard set of equations for the size of a vulnerable cluster reached by following
an arbitrary link leading from the initial vulnerable node H;(y) and the total size of
the vulnerable cluster Hy(y) then reads:

1= Go(1) + yGo[Hi(y)],
I - Gi(1) +yGi[Hi(y)] (3:5)

Hy(y)
Hi(y)

and, consequently, the following equation for the average size S of a default cluster
formed by following the outgoing links joining vulnerable nodes:
Gy(1)Gi(1)
S = Gy(l 7 3.6
From (3.6) we see that the point of phase transition due to formation of a giant
vulnerable cluster corresponds to G'|(1) = 1 or, more explicitly,

D kv p = (k) (3.7)

J.k

where (k) is an average vertex degree in the network under consideration. The main
focus of [10] was precisely on systemic risk related to an appearance of the giant
vulnerable cluster at the point G/ (1) = 1. Let us note that numerical simulations in
[10] were performed using the Poissonian distribution for the number of outgoing
links. The analysis of [10] was further developed in [5] where a dependence of phase
transition threshold on replacing Poisson degree distribution by a scale-free one and
on degree-degree correlations was studied.

4. Contagion model with bow-tie structure and disassortativity

It is clearly of interest to develop a contagion model describing contagion risks
on a real interbank market. The model should take into account both realistic
topology of the corresponding interbank network and the structure of the banks’
balance sheets. Such a model was developed for the Russian interbank market in
[11-13]. In principle, with this data available, contagion risks can be studied through
numerical simulations for any topology of the underlying network and default
clusters. Possibility of analytical description depends however on how complex is
the topology of contagion propagation and, therefore, that of the resulting default
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cluster. Extensive numerical simulations for the Russian interbank market have
revealed several characteristic features of contagion propagation, namely:

1. Conditional contagion probability depends on positions of both spreader and
recipient vertices within the bow-tie structure.

2. Although the underlying interbank network is characterized by significant local
clustering, the default clusters are predominantly tree-like >

3. The spreading process is sensitive to the probabilistic interrelations between the
degrees of adjacent vertices of the underlying network. In fact, the interbank
networks are, in all cases known, disassortative, see €. g. [17], i.e. there is
a tendency for a link with a large degree to have first neighbours with small
degrees. This is illustrated in Fig. (3), where we plot the following relations:
in Fig. (3) (upper) we plot the mean number of outgoing links of the first
neighbors of a node having a fixed number of incoming links; in Fig. (3)
(lower) we plot the mean number of outgoing links of the first neighbours of
a node having a fixed number of outgoing links. Both figures clearly show the
above-described property of disassortativity.

The analysis of [11—13] uses the daily data on the interbank loans in the Russian
interbank market and monthly data on banks’ balance sheets. The model accounts
for essential probabilistic patterns existing between adjacent nodes characterized by
replacing the conditional probabilities of default propagation v; and the bivariate
degree distribution pj;, in the original model of [10] v'9~19(u, t, r|k, I) and degree
distribution P'0~10(u, ¢, r|k, l), where conditional probabilities depend on the po-
sition of the corresponding nodes in the bow-tie structure so that the formalism
includes 10 — IO if both nodes belong to the In-Out component, u and ¢ are the
numbers of outgoing links from the borrower to In-Out and In components corre-
spondingly and r the number of incoming links from In-Out component while &
and [ are the numbers of outgoing links for the lender. Interrelation between nodes
from In-Out and In components is described by the corresponding conditional
probabilities v'°7"(r|k, I) and P'O7"(r|k, I).

4.1. Existence of a giant cluster

We have already mentioned a theoretically appealing definition of systemic
risk as of the appearance of the giant cluster [10]. The practical relevance of this

3) This observation is similar to the one made in [7]. We are grateful to C. Borgs for this reference.
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Fig. 4. Dynamics of the maximal eigenvalue of A. The data was sampled
with a frequency of one month.

definition does however depend on whether formation of such a cluster is possible in
real interbank networks. To answer this question one has to convert information on
interbank loans and bank balance sheets into conditional probability distributions
v19719(y, t, r|k, 1) and P'9719(u, t, r|k, 1) thus specifying the structure of clusters
of vulnerable nodes. For tree-like oriented graphs the condition of existence of
a giant out-cluster can be formulated in terms of a condition Ay > 1 on the

maximal eigenvalue of the matrix

o0
Aty = Z uP'97"%u, t, r|k, )v'° 7 (u, t, r|k, 1), (4.1)

r

see e.g. [2,3,9] 4). The details can be found in the Appendix. The dynamics of
Amax for the Russian interbank network is shown in Fig. 4. We see that the maximal

% In actual calculations it is convenient to change notations so that with each pair (k, ) and (u, t)
one associates a natural number. In general matrix A may have infinite number of elements. Although in
practice due to finite number of nodes in network the matrix size is bounded. A discussion of the origin
of the criterion Apay > 1 can be found in [6].
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Fig. 5. Default spreading mechanism

observed value of A is 0.35, so according to this criterion in the Russian interbank

market the systemic risk as defined in [10] is absent.

4.2. Mean default cluster size

The mathematical model we use to describe systemic risks on the Russian
interbank market developed in [13] generalizes the approach of [10] by explicitly
taking into account the bow-tie structure of the network under consideration and
its disassortativity. This means, in particular, that one has to consider two separate
mechanisms of contagion propagation, those from the In-Out component to the In
one, see Fig. 5 a, and within the In-Out component, see Fig. 5 b.

The equations for the corresponding generating functions read:

Ne(y) = ZPIO—un rlk, 1) ( B 10—>1n(r|k’ ) _i_y,UIO—)In(,r_lk’ l)) (4.2)
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My (z,y) = ZP‘MO u, t, rlk, 1) (1 — 007", t, r|k, 1)) + (4.3)

u,t,r

X
+z Y PO, bk, D007 O (u, t, vk, D[ My, 9) ][ Nua @)

u,t,r

Let us consider a bank from the In-Out component with k& + [ outgoing
links, where k of them lead to the In-Out component and [ to In component
respectively 5 and take a randomly chosen edge linking the chosen node to a node
in the In component which, in addition, has r — 1 incoming links, see Fig. 5 a. This
is a simplest case where contagion goes from the In-Out component to the In one
and stops there.

o0
Let us introduce a generating function F(z,y) = Y. P'°(k, l)z*y’ for the
k1l

probability for a bank from the In-Out component to have k and [ first neighbours
from the In-Out and In components respectively. Then F(M, N) is the generating
function for the number of vulnerable banks in the network. The mean size of
vulnerable cluster (s) is then given by its derivative at y = x = 1:

(s) =F(y=z=1). (4.4)
We have
F'(M,N) = Pk, 1)(kMj, + INy)). (4.5)
k,l

Straightforward calculations [13] lead to the following expressions for N’ and M':

0
Nigoor = Y P70 (rlk, )07 (r|k, 1), (4.6)
T
0
Mig = BriutVus- (4.7)
u,t

5 As discussed in [13], nodes from the Out component generate very small systemic risks so that the
corresponding effects will be neglected.
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where (B, is an element Bu,t),(k,1) of the matrix B = (I-—A)~"and A is a matrix
with the elements A 1)wu,t) = Qu.t,k, Where in turn

o0
Quikl = Z uPlO_ﬂo(u, t, r|k, l)vlo_}IO(u, t,rlk, 1) (4.8)
T
and
[o 0]
Yoo = 3 PO, t, vk, o' O (u, t, 1k, 1) +
u,t,r

0
+ Z Plo_)lo(u, t, r|k, l)vlo_ﬂo(u, t,rlk, ) x
u,t,r

o0
X t Z PO |u, £)0'0 " (|, £). (4.9)

rl

Plugging in empirical conditional probability distributions PIO”l“(r|k, l),
V107 In(r|k, 1), P'O719(u, t, r|k, 1) and v'9719(u, t, r|k, ) calculated on the month-
ly basis we compute the corresponding values of (s). A comparison of the model
predictions and results of stress testing are shown in Fig. 6. We see a very good
agreement between the model and experiment provided one takes into account
correlations between the degrees of adjacent nodes captured by PIO_’I“(r|k, [) and
P'9=10(y, ¢, r|k, 1) and a much poorer one when these correlations are neglected.

5. Conclusions

Let us formulate once again the main conclusions of the present paper:
1. Analysis of data on Russian interbank market shows that default contagion risks
can be classified as those characteristic of non-percolative phase.

2. To build a successful mathematical model of contagion propagation the bow-tie
structure of the corresponding network and its disassortativity have to be taken
into account.

Appendix

Let us illustrate the formation of the giant cluster in In-Out component of the
bow-tie graph structure, starting from the node belonging to In-Out component.
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The giant cluster in an oriented graph is characterized by the degree distribution,
i. e. the probability of having k outgoing links to In-Out component and [ outgoing
links to In component P'C(k, 1), and probability distribution P'9~10(u, t, r|k, 1),
the conditional probability of having u outgoing links to In-Out component, ¢
outgoing links to In component and r incoming links from In-Out component for
a first neighbour of the node having k£ and [ outgoing links. The node we have
arrived in may be vulnerable with conditional probability v'970(u, t, r|k, [) or safe
with probability 1 — v'9719(u, ¢, r|k, ). We are interested in the mean number of
the vulnerable nodes from In-Out component related with each other through the
outgoing links.

The mean number of first neighbours from In-Out component that can be
reached by following the outgoing links is conveniently computed using the corre-
sponding generating function F(x):

- dF(z) . 10 . 10
f=—1 => _kP°(k1), Fz)= > P°k1)". (A.1)

=1 K, k=0,l=0
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But not all of the first neighbours are vulnerable. To compute mean number of the
vulnerable first neighbours from In-Out component we need to introduce simple
generating function describing whether random outgoing link goes to a vulnerable
node. Let M(k,l)(m) be that generating function:

0
Mugy(z) =D PO %@, t,rlk, D[1 =07 u, t, vk, 1)] +

u,t,r

0
4z Z PIO%IO(U, t, r|k, l)le%lO(u, t,rlk,1).

u,t,r

Then the average number of the vulnerable first neighbours is computed as follows:

dF (M(ZE)) oF 3M(k l)
dx : 6M(k ) ox

r=

m; =

00
,t,r

0
= kP>k,1) Y PO, t, 7k, o' (u, ¢, 1K, 1),
k,l

u,t,

To calculate the mean number of second vulnerable neighbours we need to
rewrite generating function M, ;) (x) in a fashion described, e.g., in [16]:

My (z, M) = ZPIO%IO(U t,rlk, )[1 1— 097", t, |k, ] +

u,t,r

o0
+z > PO, t, vk, D007 (u, t, ik, D[ My (2)]".

u,t,r

Let us denote the number of the n-th level vulnerable neighbours by z,, consider
the total number m,, of neighbours up to level n:

my =2z, My=21+2,..., mn:Zzl
Then
my — dF(M(M, .T)) . oF [aM(k,l) 8M(u,t) n 6M(k,l):| -
2 da et OMgy [8My, Oz or |
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o0 o0
= kPO(k, 1) PO, t, vk, DO (u, t, k1) +
k,l u,t,r

+ > kPO(k, 1) Y POt vk, D' (us t, 7R, 1) X
k1 u,t,r

o0
X Z w P70y, e [u, 80" (g, i, B),

up,ty,r

0 0
2 =My —m = Z kPIO(k, 1) Z Plo_ﬂo(u, t, |k, l)vloalo(u, t,rlk, 1) x
k.l

u,t,r
X0
X Z ulPlOHlo(ul,tl,rdu, t)vloalo(ul,tl,rdu, t),
up,t1,7

and, generically,

o0 o0
20 = kPO®k, 1) PO, t, rlk, )07 (u, t, rlk, 1) x

k,l u,t,r
0
X Z ulPIO_”O(ul, ty, r1lu, t)vlo_ﬂo(u], ty, rlu, t) X ... X
u,t1,T
8]

2 : 10—10
X un—l-P (un—la tn—l s Tn—1 |un—2: tn—2) X

Up—15tn—1,Tn—1

lO—)lO(

v Unp—1, tn—l’ Tn—1 |un—2a tn—Z)‘

The mean number of all neighbours is thus given by

x oo
Y = kPO%kD D POTOW t, rlk O,k ) x (A2)

i=1 kil u,t,r

[o¢]
x[1 + Z ulP'O_"O(ul,tl,rdu, t)v'o_’lo(ul,tl,r1|u,t) +

w17

o
+ 3w POy, b, i, 007 (uy, b, i, B) X

up,ty,r
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o0
X Z ’LQPIOHIO(’UQ, tz, 7"2|’U,], tl)’l)lO%lO(Uz, tz, 7‘2|’U,1, tl) + .. ]

Ua,t2,72

The giant component exists if the sum (A.3) diverges.
Let us now discuss the conditions for the existence of a giant component.
[o¢]
Defining Awyut) = 2o wiP'O7Ouy, 1, mifu, £)0'°70(uy, ¢y, 71|u, t), we can

1
rewrite (A.3) as follows:

0 (o] 0
Y z=> kPO D PO, t, rlk, OO, 8, 7|k, 1) X
i=1 k,l u,t,r

X
X Y st + Awss) + (Ao + -1 =

up,t
X X
= kP> 1) Y PO, t, 1|k, 'O (u, ¢, 1k, 1) X
k1l u,t,r
X
X Z[I + A+ A2 + .. -](u,t)(u],tl)- (A3)
uy,ty
Let us assume that
o0 o0
D kPO, 1) POt vk, D07 O (u, t, 7lE, 1) < 0.
k1l u,t,r

For the sum (A.3) to converge the operator A has to be linear and bounded,

o0

||A]| < 1. Then there exist an operator (I — A)~' = >~ A" and the sum (A.3) can
n=0

be rewritten in the following form:

o8] o0 o8]
i=1 k,l u,t,r

(A.4)
x
x (u, t, )k, D007 (u t, R, 1) D T = Al n)-

Uy,

The condition ||A|| < 1 leads us to a simple criterion for the absence of a giant
cluster: if the maximal eigenvalue of A satisfies A\.x < 1, there is no giant In-Out
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component

6. Let us also note that according to Perron-Frobenius theorem the

maximal eigenvalue satisfies

6]

Amax <max > Aty b)-
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