


Moscow Journal of Combinatorics and Number Theory. 2011. Vol. 1. Iss. 2. 128 p.

The journal was founded in 2010.

Published by the Moscow Institute of Physics and Technology
with the support of Yandex and Microsoft.

The aim of this journal is to publish original, high-quality research articles from
a broad range of interests within combinatorics, number theory and allied areas.
One volume of four issues is published annually.

Website of our journalhttp://mj
nt.physte
h.edu E-mailmj
nt�physte
h.edu
Address of the Editorial Board

Moscow institute of physics
and technology (state university)
Faculty of Innovations
and High Technology,
Laboratorny Korpus, k. 209,
9, Institutskii pereulok,
Dolgoprudny,
Moscow Region,
Russia,
141700

Адрес редакции

Московский физико-технический
институт (государственный университет)
Факультет инноваций
и высоких технологий
Лабораторный корпус, к. 209,
Институтский переулок, д. 9,
г. Долгопрудный,
Московская область,
Российская Федерация,
141700

URSS Publishers
�

�

�

�

56, Nakhimovsky Prospekt,Mos
ow,Russia,117335 Издательство «УРСС»
�

�

�

�

� µ¨¬®¢±ª¨© ¯°-², 56�®±ª¢ ,�®±±¨©±ª ¿ �¥¤¥° ¶¨¿,117335
Журнал зарегистрирован в Федеральной службе по надзору в сфере массовых ком-
муникаций, связи и охраны культурного наследия 3 сентября 2010 г. Свидетельство
ПИ № ФС77-41900.

Формат 70�100/16. Печ. л. 8. Зак. № ЖО-01.

Отпечатано в ООО «ЛЕНАНД».
117312, Москва, пр-т Шестидесятилетия Октября, 11А, стр. 11.

ISSN 2220-5438 © УРСС, 2011

PS: ./fig-eps/mat-eng.eps PS: ./fig-eps/issn.eps

10838 ID 157682 

,!7IF4F3-aaaceb! 
All rights reserved. No part of this book may be used or reproduced in any manner whatsoever
without written permission of the publisher.



Moscow Journal

of Combinatorics

and Number Theory

2011, vol. 1, iss. 2,

pp. 27–32, [pp. 107–112]

Scale = .7

PS: ./fig-eps/Logo-MJCNT.eps

Linear independence and transcendence

of values of hypergeometric functions

Alexandr Galochkin (Moscow)

Abstract: In this paper we obtain a criterion of linear independence of generalized hypergeometric
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We consider generalized hypergeometric functions

ψj(z) = 1 +

1X
ν=1

z
ν

νY
x=1

aj(x)

bj(x)
, j = 1, t, (1)

where aj(x), bj(x) are polynomials with complex coefficients and

mj = deg bj(x) > deg aj(x), mj > 1, bj(x) 6= 0 for x = 1, 2, . . . .

The function ψj(z) is a solution of a linear differential equation

bj(δ)yj = aj(δ)zyj + bj(0), δ = z
d

d z
. (2)

Certain sufficient conditions for the algebraic independence over C(z) for

the collection (1) were obtained in [2]. In the present paper we consider the case
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when all the functions ψj(z) are entire functions. In this case we prove that the con-

ditions from [2] are necessary conditions. Thus we obtain a criterion of linear

independence of functions (1) together with their derivatives.

F. Beukers [1] proved a theorem which gives a linear independence criterion

for the values of the considered functions over the field of algebraic numbers, under

certain additional conditions.

Theorem 1. Suppose that in (1) one has

mj = deg bj(x) > deg aj(x), j = 1, t. (3)

Then the functions in the collection

1, ψ
(s)
j (z), j = 1, t, s = 0, mj � 1, (4)

are linearly independent over C(z), if and only if the following conditions hold:

1) aj(x)bj(x) 6= 0 for x = 1, 2, . . . ;

2) For any two polynomials

ak(x)bl(x) = c(x+ λ1 ) . . . (x+ λN), al(x)bk(x), 1 6 k < l 6 t,

and any collection of rational integers c1 , . . . , cN one has

c(x+ λ1 + c1 ) . . . (x+ λN + cN) 6� al(x)bk(x). (5)

3) For any j, 1 6 j 6 t, and any c 2 Z, c > 0, the two polynomials aj(x),

bj(x+ c) are relatively prime.

Here we should notice that in the case when not all functions in the collection

(1) are entire, that is when in (3) we should write >, the conditions 1)–3) are

sufficient (see [2]) but not necessary.

Example. It is a simple corollary of Lemma 1 from § 2 of the book [3] that

the functions

1, ψ1 (z) = 1 +

1X
ν=1

z
ν

νY
x=1

x

x+ 1
, ψ2 (z) = 1 +

1X
ν=1

z
ν

νY
x=1

2x� 1

2x+ 1
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are linearly independent over C(z), though they do not satisfy the condition 2)

of Theorem 1.

Theorem 2. Suppose that in (1) the first coefficients of all the polynomials aj(x), bj(x)

are equal to 1. Suppose that the roots of these polynomials are rational numbers. Let

n = deg bj(x) � deg aj(x) > 1, j = 1, t .

Suppose that ω1 , . . . , ωr are different nonzero algebraic numbers.

Then the elements of the collection

1, ψ
(s)
j (ωk), j = 1, t, s = 0, mj � 1, k = 1, r, (6)

are linearly independent over the field of algebraic numbers if and only if the polynomials

aj(x), bj(x), j = 1, t, satisfy the conditions of Theorem 1.

Corollary. Under the conditions of Theorems 1 and 2 each number

ψ
(s)
j (ωk), j = 1, t, s = 0, mj � 1, k = 1, r,

is transcendental.

Proof of Theorem 1. Sufficiency was proved in [2].

Let us prove the necessity.

It is obvious that the first condition is necessary.

Let us prove that the condition 2) is necessary. First of all we should notice

that the functions

fλ, µ(z) =

1X
ν=0

(λ+ 1) . . . (λ+ ν)

(µ+ 1) . . . (µ+ ν)
cνz

ν, cν 2 C,

satisfy the identity

(δ+ λ+ 1)fλ, µ(z) = (λ+ 1)fλ+1, µ(z), (δ+ µ)fλ, µ(z) = µ fλ, µ�1 (z), δ = z
d

dz
.

Suppose that 2) is not true. Then for a certain choice of k and l, in (5) we have �,

instead of 6� . It follows that one can find nonzero polynomials Pk(x) and Pl(x) ,

such that

Pk(δ)ψk(z) = Pl(δ)ψl(z). (7)

02-galochkin.tex
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Applying (2) we can represent the left-hand side and the right-hand side of (7)

as linear combinations of the functions

1, ψ
(s)
j (z), s = 0, mj � 1, j = k, l, (8)

respectively (with coefficients from C[z] ).

It follows from (3) that both sides of (7) are entire functions which are not

polynomials. So, both sides of (7) are not rational functions. Hence (8) consists

of functions linearly dependent over C(z). The necessity of the condition 2) is

proved.

Now let us prove that the condition 3) is necessary.

Suppose that this condition is not valid. Then for some j, 1 6 j 6 t, one has

aj(x) = (x+ λ+ c)αj(x), bj(x) = (x+ λ)βj(x),

αj(x), βj(x) 2 C[x], c 2 Z, c > 0.

Let ϕj(z) be a function of the kind defined by (1), with polynomials αj(x) and

βj(x) instead of aj(x) and bj(x) . This function satisfies a differential equation

of the order mj � 1. Moreover the functions ϕj(z) , ψj(z) satisfy the following

relation:

ψj(z) =
(δ+ λ+ 1) . . . (δ+ λ+ c)ϕj(z)

(λ+ 1) . . . (λ+ c)
.

By (1) and (2) we see that every function in the collection of mj + 1 functions

1, ψ
(s)
j (z), s = 0, mj � 1, (9)

can be expressed as a linear combination of mj functions

1, ϕ
(s)
j (z), s = 0, mj � 2

with coefficients from C(z) . Thus, the functions (9) are linearly dependent over

C(z) , this implies the necessity of the condition 3) and proves Theorem 1. �

Proof of Theorem 2. First of all let us notice that it follows from the conditions

of Theorem 2 that the assumptions 1)–3) for aj(x), bj(x), j = 1, t, imply that

02-galochkin.tex
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the same assumptions are valid for the polynomials

ωkaj(x), bj(x), j = 1, t, k = 1, r.

So, by Theorem 1, the conditions 1)–3) for aj(x), bj(x) are equivalent to

linear independence over C(z) of the functions

1, ψ
(s)
j (ωkz), j = 1, t, s = 0, mj � 1, k = 1, r . (10)

Let us prove the necessity of the conditions 1)–3) in Theorem 2.

Suppose that not all of them are valid. Then, as it was shown above, the functions

(10) are linearly dependent over C(z) . By Lemma 2 from § 2, Ch. 3 of the book [3],

linear dependence over C(z) of the functions (10) leads to linear dependence over

the algebraic numbers of the collection (6). Which implies the necessity of the con-

ditions 1)–3).

Now let us show that these conditions are sufficient for the numbers (6)

to be linearly independent. By Lemma 3 from § 2, Ch. 5 of the book [3] and

by the conditions of Theorem 2, all the functions

1, zsψ
(s)
j (ωkz

n), j = 1, t, s = 0, mj � 1, k = 1, r, (11)

are E-functions. The following Lemma enables us to show that these functions are

linearly independent over C(z) .

Lemma. Let n be a positive integer. Suppose that the functions

fj(z) =

1X
ν=0

aj, νz
nν , j = 1, m, (12)

are linearly independent over C(zn) . Then they are linearly independent over C(z) .

Proof. Let us assume the contrary. Then the following identity holds:

mX
j=1

Pj(z)fj(z) � 0, Pj(z) 2 C[z], (13)

02-galochkin.tex
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where Pj(0) 6= 0 for some j. It follows from (12) and (13) that

mX
j=1

Pj(ze2πik/n)fj(z) � 0, Pj(z) 2 C[z], k = 0, n� 1 . (14)

Summing up all the equalities (14) we see that the functions (12) are linearly

dependent over C(zn) , thus coming to a contradiction. �

Let us return to the proof of Theorem 2 and suppose that the conditions 1)–3)

are valid. Then by Theorem 1 and by the Lemma the collection (11) of E-functions

is linearly independent over C(z) . By Beukers’ theorem [1] the values of these

functions at z = 1 are linearly independent over the algebraic numbers. This

concludes the proof or Theorem 2. �
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