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We consider generalized hypergeometric functions

ICRIED SFQ 1 b= MEENS m

where a;(x), bj(x) are polynomials with complex coefficients and
mj = degbj(z) > degaj(x), m;>1, bj(x)#0 for z=1,2,....

The function v;(z) is a solution of a linear differential equation

bj((i)yj = G,j((S)Z:yj + b](()), 0= Za . (2)

Certain sufficient conditions for the algebraic independence over C(z) for
the collection (1) were obtained in [2]. In the present paper we consider the case
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when all the functions t;(2) are entire functions. In this case we prove that the con-
ditions from [2]| are necessary conditions. Thus we obtain a criterion of linear
independence of functions (1) together with their derivatives.

E Beukers [1]| proved a theorem which gives a linear independence criterion
for the values of the considered functions over the field of algebraic numbers, under
certain additional conditions.

THEOREM 1. Suppose that in (1) one has

m; = deg bj(x) > degaj(z), j=1,t. (3)
Then the functions in the collection
L), j=T1 s=0m 1, (4)

are linearly independent over C(2), if and only if the following conditions hold:

1) aj(x)bj(x) #0 for z=1,2,...;
2) For any two polynomials

ap(z)by(x) = c(z+ X)) ... (z+ Ay), a(z)be(z), 1<k<l<t,
and any collection of rational integers ci, ..., cy one has
c(z+ A +c)...(x+ Ay + cy) Z ai(z)be(z). ()

3) Forany j, 1 < j <'t, and any ¢ € Z, ¢ > 0, the two polynomials a;(x),
bj(z + c) are relatively prime.

Here we should notice that in the case when not all functions in the collection
(1) are entire, that is when in (3) we should write >, the conditions 1)—3) are

sufficient (see [2]) but not necessary.

Example. 1t is a simple corollary of Lemma 1 from §2 of the book [3] that
the functions
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are linearly independent over C(z), though they do not satisfy the condition 2)
of Theorem 1.

THEOREM 2. Suppose that in (1) the first coefficients of all the polynomials aj(x), b;(x)
are equal to 1. Suppose that the roots of these polynomials are rational numbers. Let

n = degbj(z) — degaj(z) > 1, j=1,t.

Suppose that w, ..., w, are different nonzero algebraic numbers.
Then the elements of the collection

L), j=T% s=0m-1 k=Tr, (6)

are linearly independent over the field of algebraic numbers if and only if the polynomials
a;j(z), bj(z), j=1,t, satisfy the conditions of Theorem 1.

COROLLARY. Under the conditions of Theorems 1 and 2 each number

W), j=T1& s=0,m—-1 k=T,

is transcendental.

PrOOF OF THEOREM 1. Sufficiency was proved in [2].

Let us prove the necessity.

It is obvious that the first condition is necessary.

Let us prove that the condition 2) is necessary. First of all we should notice
that the functions

0]

)\+1/) 7
f/\,u Z M+V> ’ CVE(C,

v=
satisfy the identity

(G+A+ D u(2) = A+ D) g, u(2), 6+ ) o u(2) = pfau1(2), o= Zd%

Suppose that 2) is not true. Then for a certain choice of &k and [, in (5) we have =,
instead of #Z . It follows that one can find nonzero polynomials Py(z) and P(z),
such that

Pe(0)¢r(2) = P(0)¢hi(2)- (7)
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Applying (2) we can represent the left-hand side and the right-hand side of (7)
as linear combinations of the functions

Llz), s=0,m—1, j=k1 (8)

respectively (with coefficients from C|z]).

It follows from (3) that both sides of (7) are entire functions which are not
polynomials. So, both sides of (7) are not rational functions. Hence (8) consists
of functions linearly dependent over C(z). The necessity of the condition 2) is
proved.

Now let us prove that the condition 3) is necessary.

Suppose that this condition is not valid. Then for some j, 1 < j < ¢, one has

aj(z) = (x+ A+ c)aj(z), bj(z) = (z+ N)Bj(z),
aj(z), Bi(z) € Clz], c€Z, c¢=>0.

Let ¢;(2) be a function of the kind defined by (1), with polynomials a;(z) and
Bj(x) instead of a;(x) and b;(x). This function satisfies a differential equation
of the order m; — 1. Moreover the functions ¢;(2), ¥;(z) satisfy the following

relation:
O+A+1)...(6+ X+ 0)pj(2)
A+1D...(A+0¢)

bj(2) =
By (1) and (2) we see that every function in the collection of m;+ 1 functions
L), s=0,my—1, )
can be expressed as a linear combination of m; functions
L), s=0,m;—2

with coefficients from C(z) . Thus, the functions (9) are linearly dependent over
C(z), this implies the necessity of the condition 3) and proves Theorem 1. O

Proor orF THEOREM 2. First of all let us notice that it follows from the conditions
of Theorem 2 that the assumptions 1)-3) for a;(z), bj(z), j = 1,¢, imply that
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the same assumptions are valid for the polynomials

wiaj(z), bi(z), j=1t k=1r

So, by Theorem 1, the conditions 1)-3) for aj(z), bj(x) are equivalent to
linear independence over C(z) of the functions

LW, JeTh s=OmoT k=Tr.  (0)

Let us prove the necessity of the conditions 1)—3) in Theorem 2.

Suppose that not all of them are valid. Then, as it was shown above, the functions
(10) are linearly dependent over C(z). By Lemma 2 from § 2, Ch. 3 of the book [3],
linear dependence over C(z) of the functions (10) leads to linear dependence over
the algebraic numbers of the collection (6). Which implies the necessity of the con-
ditions 1)-3).

Now let us show that these conditions are sufficient for the numbers (6)
to be linearly independent. By Lemma 3 from § 2, Ch.5 of the book [3] and
by the conditions of Theorem 2, all the functions

1, zs¢§s)(wkz"), j=L¢t s=0,m;—1, k=1,r, (11)

are E-functions. The following Lemma enables us to show that these functions are
linearly independent over C(z) .

LEMMA. Let n be a positive integer. Suppose that the functions

[s.9)
fi() =Y a;,2", j=Tm, (12)
v=0

are linearly independent over C(2") . Then they are linearly independent over C(z) .
PrOOFE. Let us assume the contrary. Then the following identity holds:

m

> P(@fi() =0, Py2) €Cl, (13)

J=1
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where P;(0) # 0 for some j. It follows from (12) and (13) that

zm: Pi(2e"™* ™ fi(2) =0, Pj(z) €Clz], k=0, n—1. (14)

J=1

Summing up all the equalities (14) we see that the functions (12) are linearly
dependent over C(2"), thus coming to a contradiction. O

Let us return to the proof of Theorem 2 and suppose that the conditions 1)—3)
are valid. Then by Theorem 1 and by the Lemma the collection (11) of E-functions
is linearly independent over C(z). By Beukers’ theorem [1] the values of these
functions at z = 1 are linearly independent over the algebraic numbers. This
concludes the proof or Theorem 2. O
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