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1. Introduction

Let @, denote the field of p-adic numbers, and let C, be the completion of
the algebraic closure of @, with respect to the p-adic metric extended from Q,.
Keeping our notation from [1-3], let Z, := {8 € Q,: |8|, < 1} be the ring
of p-adic integers, and U, := {8 € Q,: |B|, = 1} the unit group of Q,. As in our
previous papers [2, 3|, we consider here series of the shape

(0,0
a; ::Zan,ipr""' (t=1,...,m) (1.1)
n=1
with all a,,; € U, and all m exponent sequences (ry, ;)n—1,... € QY (i=1,...,m)

strictly increasing and unbounded; here Q. := {r € Q: r > 0}.
Note that Lampert [5] used p-adic series of type (1.1) to answer two questions
of Koblitz [4, p.75] about the transcendence degrees of C, over K, and of K over
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Q, for a certain intermediate field K of the extension C, |Q,. But whereas our
a,,;’s belong to U,, Lampert’s were certain roots of unity in C,.

The aim of our present note is to give a quantitative version of the algebraic
independence over Q, of elements o, ..., a, € C, of type (1.1). For this, two
hypotheses on the exponent sequences (r,, ;) are required, namely:

e For any d € N, there exists Ny = N;(d) € N such that, for any rational

N m
integer N > Ny, one cannot have ». > D, ;r,; € Z with all D,; € Z,

n=1i=1

N m m
Z Z |Dn,z| < 2d, and Z |DN,i| > 0.
i=1

n=1i=1

e For any (d, h) € N2, there exists N, = N,(d, h) € N such that
TNt1,4i > h+dTN’j (12)

holds for any (i, j) € {1, ..., m}? as soon as N > N,.

On denoting r, := max{r,,..., " nm} for any n € N we establish the
following.
THEOREM 1. If ay, ..., ay € C, from (1.1) satisfy the preceding hypotheses, then, for
every P € Zplxy, ..., xn]\ {0} with (total) deg P = d and all nonzero coefficients A

having ord, A < h, the inequality
[Py, .., a)lp > " (1.3)

holds with Ny := max(Ny, N;).

Remark 1.1. To assess the quality of the lower bound in (1.3) we give the following
simple example. If 7, is defined as above and j € {I,..., m} satisfies r ; = 7,
then P(xy,...,Zy,) = phx‘; has total degree d, only one non-zero coefficient A
with ord,A = h and satisfies

~h—d
|P(ar, ..., am)p=p"""".
Remark 1.2. Inthe case d = 0 of nonzero constant P = A, we have |P|, = [A|, =

= p~o%4 > p=h without any further hypothesis. Thus, for the subsequent proof of
our theorem, we may assume d € N.
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In the last section, we will construct an example of m sequences (7, ;), having
all properties required above.

2. Auxiliary results

For the proof of the theorem, we need the following two auxiliary results the first of
which being particularly simple.

LemmMA 1. If m € N, if Ry, ..., R, € Q are distinct, and if all By, ..., B, € C,
have p-adic value 1, then
R R, — min R;
|Bip™ +...+Bup "y =p
LEMMA 2. Ifay, ..., ap and P satisfy the hypotheses of the theorem, and if ay 1, . . . ,
oy m denote the Nth partial sums of oy, ..., an, respectively, then the inequality

|Plani, .-, anm)lp > p_h_dTN (2.1)
holds for any N > Ny, where ry is defined before the theorem.

PROOFE. As usual in algebra, we use the so-called graded lexicographic order of
polynomials in m variables. This consists in comparing first the total degrees of
the monomials, and then resolving the conflicts (that can occur only in case
m > 2) by using the lexicographical order. This means that the monomial :vlf‘ .. x’ﬁ;"
precedes the monomial .'Ell‘ xﬁg" if either k; + ...+ k,, > Ui + ... + 1, orif
ki+...+k, =1 +...+1, and there is some s € {0,...,m — 2} such that
k| :l1,...,k's :ls,k5+1 > ls+1.

We now substitute ay; for z; (i = 1,...,m). For any k; € Ny := NU {0},
we obtain

N
ki Tni ki
Qy; = Qp ;P
n=1

as a sum of terms of the shape

BpkN,ﬂN,Hr- kT

with B € Zy, and ky;, ..., ki; € Ny satistying ky; +...4k;; = k;. Therefore, un-

o . ki
der the substitution (1, ..., Zy) — (ay.1, ..., @ym), every monomial xlf‘ .o T
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gives a sum of terms of the form

kn,i Tn,i

ﬁMz
NgE!

Cp (2.2)

N
with C € Z, and ) k,; =k; (i=1,...,m). Thus, P(ay,, ..., ay,) turns out

n=1

N m
to be a sum of terms of the shape (2.2) with all k,; € Ny and > > k,; < d.

n=11i=1
Suppose that Ax'li‘ coogln with A € Zpy\{0},di + ...+ dy = d € N is the
earliest term of P in the order we recalled above. On substituting (1, ..., Z,) —

— (an1, ..., QNm), this earliest term yields, among other terms, an expression

~ - dirN,i
IpZ (2.3)

with 4 € Zy \ {0} satisfying A/A € U, (if we note that A/A is a product of Ani’S)-

This expression (2.3) cannot cancel out from P(ay 1, ..., &y,). Indeed, all other
N

summands resulting from the earliest term have the form (2.2) with > k,; = d;
n=1

fori =1,..., m. Every later (i.e., different from the earliest) monomial m’f‘ xf,;”

leads, after our substitution, to terms of the shape (2.2).
If the term (2.3) would cancel out, in both cases we would obtain

ord, A+Zder—ord C+sznﬂ”nz

n=1 i=1

implying
m
ZDNzTN1+ZZDnzTnZ GZ
n=1 i=1
where, for i =1,...,m, we put Dy; :=d; —ky; and D, ; := —k,; (n=1,...,

N —1). But this contradicts the first hypothesis formulated before our theorem since

iiwmwzd +Zkagzd

n=1 i=I i=1 n=1 i=I
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and
m m
D Dyl =Y ldi — kil > 0.
i1 i=1

Note here that the last sum vanishes if and only if ky; =d; fori =1,...,m.
Since ord, A= ord, A < h, Lemma 1 combined with the fact that (2.3) cannot
cancel out from P(ay i, ..., aym) leads to

.~ m
—OI'dp A—E dz‘T'N,,‘

~h—d
[P(ans s anm)lp 2 P s > pt
as asserted. .
3. Proof of theorem
To compare the p-adic value of P(ay, ..., ;) as appearing in our theorem to the

one of P(ay,...,Nm) in Lemma 2, we write
P(Ozl, ,Oém) — P(OZN,], ,OZN’m) =

- Z (P(aN,la e ,aN,iflsa’L" e ’am) - P(aN,la e aaN,’L'sai—‘rl’ e ’am))

=1

Since all a; and ay; are in C, and have p-adic values p " (< 1), and since all
coefficients of P are from Z,, we conclude that the typical difference entering in
the preceding sum over ¢ is p-adically bounded above by

—TN4 1L —h—d max Ty ;
|l — anil, =p <p ! 3

the last inequality in virtue of our hypothesis (1.2) valid for N > N,. Therefore we

established

|P(a, ..., am) — Plan, ..., anm)lp < pih*dm,

and, by (2.1), we conclude from this

|P(ay, ..., om)lp > p_h_d”"

for any N > max(N;, N;) as asserted. O
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4. Example of exponent sequences

Here we exhibit m sequences (7, ;), satisfying all conditions required above. To this
purpose, let first (M, ;), be m strictly increasing sequences of positive integers with

M .
lim —+ — oo (4.1)
n—oo n,i
for any (4, ) € {I,...,m}?. Next, let gy, ..., g, be distinct prime numbers, and

let (sn;)n be m strictly increasing sequences of positive integers satisfying
lim (Spt1; — Spi) =00 (i=1,...,m). (4.2)
n—oo
Then the sequences (7, ;), with
Tn,i = Mnyi—f—qi_sn'i (z:l,,m, n:1,2,) (43)

are exponent sequences.
Namely, for any (d, h) € N2, we have

Trngti > Mpy1 > h+d(M,;+1) > h+dry;

as soon as n > N,(d, h), the middle inequality being valid for n large enough,
by (4.1). Moreover, by (4.3), we have

>

n=1 1

N m
Dyitni— > Y Duig; ™ € Z. (4.4)

m
=1 n=1 i=I

Thus, it suffices to show that the second double sum here is not in Z for N large
m

enough. By our assumption ) |Dy;| > 0, there exists, for any large N, some
i=1

ip € {1,...,m} with Dy, # 0. Writing g for g;, we clearly have

N m

" D™ <1, @3)
n=1 1=l
i

N

and it remains to find a good lower bound for the g-adic value of »_ D,, ; g *m.
n=1
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First, we have | > Dy ;g *"o

n<N

N m
> > |Dnil < 2d, we obtain [Dy |, > |Dngy|™! > 1/(2d). Both estimates to-
=1 1=

n 1
gether lead to

¢ < ¢*o and secondly, from the upper bound

N
Z -
‘ D’I’l,i()q o
n=I

since sy i, — Sn—1,4, > log, 2d for N > Ny(d), by (4.2). Since the right-hand side
of (4.6) exceeds 1 for large N, the same holds, by (4.5), for the second double sum

2 a0 /2d) (4.6)

in (4.4), whence this sum cannot belong to Z.
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