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1. Introduction

Our introduction is organised as follows. In subsections 1.1—1.4 below we discuss
the definitions and known results, related to Diophantine approximations with Pisot

numbers. Our new results are formulated in subsection 1.5.

1.1. Pisot numbers

A real algebraic integer « is called a Pisot number if it is greater than 1 and
all its remaining conjugates lie strictly inside the unit circle D = {z € C : |2| < 1}.
Pisot numbers appeared in A. Thue’s paper in 1912 [14]. Basic properties of these
numbers were independetly studied by Ch. Pisot [11] and T. Vijayaraghavan [15].
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In J. W. S. Cassels’s book [2] these numbers are mentioned as Pisot-Vijayaraghavan
numbers.
By

P(z) = 2 —az -2t - ™~ .. .ag 2 —ay, wherea; €7

we denote the minimal polynomial of «.

There is no rigorous description of the set of coefficients (ay, ..., aq) that
correspond to Pisot numbers. Rouche’s theorem leads to the following sufficient
condition.

d d
PrOPOSITION 1.1 [ [1], cH. 5. | If 1 + >  a; < 0 and |a\| > 1 + > |a;|, then the
i=1 =2

maximal root of P(z) is a Pisot number.

V541

However the most famous Pisot number a = doesn’t satisfy these

inequalities.

The set of Pisot numbers less than is described completely. We have

the following statement.

ProposITION 1.2 [ [1], cH. 7. | Pisot numbers less than can be arranged in

increasing order as

0, =0,<0,<0,<0:<0,<0,<05<0"<0s<0,<...<

V541

<O <Op<...< TR

The algebraic integers 05, (respectively 05, 1) are roots of the polynomials

o?(x? -z - 1)+ 1
-1

o2 -z - 1)+ 1
z2 -1

T,y =

).

., (respectively Ty =

The Pisot numbers 0", 0} are zeros respectively of the polynomials

T'=l-z+a’—a*+22° -2 Ti=1-2"+2"(1+z-2Y.
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Two smallest Pisot numbers (6|, 6, from Propostion 1.2) were found by
C. L. Siegel [13].
1.2. Linear recurrence sequences

Consider a sequence X = (z,)>_, which satisfies the relation
Tp =@1Tp 1+ @Tp 2+ ...+ ATy f+ ...+ G4 1Tn_gr1 + CiTn_g- (L.1)
In the present paper we study the value of

L(X) :=sup lim inf ||z, ]|
EER n—oo

(here || - || denotes the distance to the nearest integer, while {-} stands for the
fractional part, and [-] denotes the integral part).

It is obvious that if two sequences X = (z,)> |, Y = (y,)>_, satisfy (1 ) and
z, - 0, y, - 0 as n — oo, then

L(X) = L(Y).

So, if X = (z,,)>_, satisfies (1.1), then

n=1

0, if z, -+ 0 asn — oo,

L) >0, ifz,»0asn— o0.

The inequality L(a) > 0 holds since the sequence X is lacunary when z,, - 0
as n — 00. We call a sequence X lacunary if there exists A > 1 such that for
all sufficiently large n we have |z,.1| > A|z,|. For any lacunary secuence X A.Y.
Khintchin [7] proved that there exist £ € R and v > 0 such that for all n € N
we have

|€znll = 7.

This theorem has an interesting history (see [10], [3], [8], [9], [12]).
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1.3. Value of L(a) for Pisot numbers

In some cases the value of L(a) can be calculated explicitely. Here we list all
known results.

THEOREM A. We have the following equalities.

V3+1

1
) Ifa= , then L(a):§;

1
2) If « is the maximal zero of ° = x + 1, then L(a) = 3
3
3) If a is the maximal zero of z* = x3 + 1, then L(a) = T
In fact, this theorem represents the major results of two author’s papers [16],

[17]. Different proofs were given by A. Dubickas in [5] and [6].
The following statement appeared in Dubickas’ paper [5].

THEOREM B. Let o be a Pisot number and let P(x) be its minimal polynomial. Suppose
that sz:l a; is odd. Then L(a) = %

The following two author’s theorems from [ 18] generalize Theorem 1.2 and 1.3
from Dubickas’ paper [5].
THEOREM C. Let « be a Pisot number and let P(x) be its minimal polynomial. Suppose
that a; > 0, if 1 is odd, a; <0, if © is even and i a; is even. Then

i=1

THEOREM D. Let v be a Pisot number and let P(x) be its minimal polynomial. Suppose

d 5+1
that a; EN, i =1,...,d and Y, a; is even. Also let d > 1 and o # \/_2—'_ . Then
i=1
d
da;—2
L(a) = ——.
2204—2

(In [5] Dubickas has these results for Pisot numbers of degree < 2.)
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1.4. Reduced length of a polynomial

In [4] Dubickas introduced the reduced length d(P) of a polynomial. Consider
the set ' = {go + g1 + ... + gnz™ € R|[z], where go = 1 and g,, = 1}. The
reduced length of P is defined as

d(P) := CI;IéfI: D(PG),

where D(-) is usual length of a polynomial, which is the sum of the absolute values
of its coefficients. Then we have the following statement.

THEOREM E [4]. Let a be a Pisot number. If £ ¢ Q(«), then

lim sup{&a” }—hm 1nf{§o¢ > E

where P is the minimal polynomial for o.
This theorem immediately leads to the following

CoROLLARY. If & & Q(a), then

d
=

1
P) 2 2D(P)

| =

lim inf |[£x,|| < ;:
n—oo
Z |ai| +2

1.5. New results

In this section we formulate our new results. Theorem 1 below gives the simplest
upper bound for L(c), which is similar to Dubickas’ one in the case d = 1.
THEOREM 1.1. Let o be a Pisot number and let P(x) be its minimal polynomial.

d
Suppose that »_, a; is even. Then
i=1



74 Victoria Zhuravleva (Moscow) [348

Note that from Theorem C we know that this upper bound can’t be improved
without adding supplementary conditions.

Put
d

sie= > @, ifj=1,....t
i=1

i=j (mod t)

In particular,

d
S1,1 = E a;,
i=1
d d
S12 = E a;, 822 = E a;.
i=1 i=1

i is odd i is even
The following statement gives us a general lower bound for L(c).

THEOREM 1.2. Let o be a Pisot number and let P(x) be its minimal polynomial.
d
Suppose that _, a; is even. Then

i=1

L(a) > max{

s

Si,1 — 2 H H S1,2 — 822 '
281,1 =21’ 2(81,2 - 82,2) +2
(814 — 834)% = |814 — S34] + (824 — Saa+ 1)> — 824 — S44 + 1]
2(81,4 - 83’4)2 + 2(82,4 — S44 + 1)2

}. (1.2)

To formulate our next general result we need a special result concerning just
one particular number. Recall that we obtained the results of parts 2, 3 of Theorem
A by computer calculations [17]. Quite similar calculations lead to Theorem 3,
which we would like to anounce here without a complete proof. Some ideas related
to our calculations and further computational results are discussed in Sections 7.1,
7.2 below.

THEOREM 1.3. Let a be the root of z° —2z*> —x + 1= 0. Then L(a) = %

The statement of Theorem 3 can be obtained by numerical calculations com-
pletely described in [17].

Our main result concerning Pisot numbers of degree not greater than 4 is as
follows.
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THEOREM 1.4. If a is a Pisot number of degree not greater than 4 and « is not the
rootof > —xz—1=0,22-2-1=0,z2*-2~-1=00rz’> - 222 -2 +1=0
1
then L(a) > 3
Theorems 3,4 and A lead to the following corollaries.

COROLLARY 1.1. We have the following statements.
1) If « is a Pisot number of degree < 3, then L(«)
2) If « is a Pisot number of degree < 4, then L(a)

/5

> 1
> 3/17.

COROLLARY 1.2. Let o be a Pisot number of degree not greater than 4. Then
1) L(a) = 3/17 if and only if « is the root of x* — 2° — 1 =0,
2) L(a) = 1/5 if and only if « is the root of x> —x — 1 =0o0r z°—2z—1=0,
3) L(a) = 4/13 if and only if o is the root of ° — 2x* —x + 1 = 0.

Proposition 1.2 from subsection 1.1 describes all Pisot numbers less than

V5+1

. Our approach gives the following lower bound for L(a) for all these

2
numbers.
1
THEOREM 1.5. Let o be a Pisot number less than . Then
3
Lia) > —.
(@) > =

Theorem A shows that the upper bounds of Theorems 3 and 4 are optimal.
Using Theorem 2 and Dubickas’ methods from [5] we obtain exact values of
L(a) for certain Pisot numbers of degree 3. These values are presented below.

THEOREM 1.6. Let « be a Pisot number with the minimal polynomial P(z) = 3 —a x> —

— arx — a3. Then we have the following statements.
2—a3(a1—1)+1<

1) Ifa, < 0,a3 <0, and ar + 23 T <0
then
ar—a +a
L) = B S B
2(a1—a2+a3—|—1)
a2 —as(a; +1)+1
2) If ay > 0,03 <0, and ay — = >0 then

al—l

a+ay+az—2
2(a1+a2—|—a3—1)'

L(a) =



76 Victoria Zhuravleva (Moscow) [350

One can see that Theorems C, D and 6 in some cases give the exact values of
L(c) for Pisot numbers of degree 3. For some Pisot numbers we can find the exact
values L(ca) by using computer calculations. In section 7 we formulate some results
of such calculations for some Pisot numbers of degree 3 and 4.

Our paper is organised as follows. In Section 2 we give a proof of Theorem 1.
Section 3 is devoted to periodic sequences modulo 1, which help us to obtain the
lower bounds for L(a) from Theorem 2. We apply these bounds in Sections 4 and
5, where we prove Theorems 4 and 5. Section 6 is devoted to detailed study of Pisot
numbers of degree 3. In fact, we find the set of all coefficients (a, a,, a;) which
correspond to Pisot numbers of degree 3. As mentioned above for some of them the
exact value of L(a) can be found. In Section 7 we talk about computer methods.

2. Proof of Theorem 1

Theorem 1 is proved similarly to Theorem 1.2 from [5]. But for the sake of com-
pleteness we present its detailed proof.

Put u, := [£z,] and v, := {£z,}. Then z,, = u, + v,. We suppose that there
exists ng € N such that for all n > n,

d
Z |ai
v € |k, 1 — k], where k> =!

2

1

la;| + 2

i
d
=1

It’s clear that for all natural n > d we have

d d
Uy + Up = E QjUp—; + E AiUp—i-
1=1 =1

Put

Let



Diophantine approximations with Pisot numbers

77

Therefore
Ye-1Ya
el i€l
So
5n€ Zai,...,Zai—l ,
i€l i€l

and one of the following conditions holds.
1) For infinitely many n € N we have

d
Sa,

6, < ’:‘2 1.

2) For infinitely many n € N we have

d

Eai

~
6p > - >

We consider the first case. Then for infinitely many n € N we have

d
Zaivnl/kZal l—k)Zal—kZ|az|+Zaz
i=1

iely 1€l iel_

On the other hand,

d d
d E a; Z a;
Zaivn,i:vn—kéng 1 — = 1:12 — k.
i=1
We obtain that
ZE: Q;

kZ|az|+Zaz\

1€l
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Then
d
d Z
=1
i=1
d
> la
But we assume that k > ;:l )
E |a;] 42

We consider the second case Then for infinitely many n € N we have

d
Zawn_ié(l—k)Zai—i—kZa, Zaz—k2|al|
i=1

el el 1€l

On the other hand,

d
d Zai
Zaivn—i =Un +5n > k+ 2:12
Then
d
Zaz
S S

le]+

We obtain the contradiction similar to the one in the first case. This completes
the proof.

3. Periodic sequences modulo 1

A sequence X = (z,)5, is called periodic modulo 1, if there exists an integer ¢
such that {z,} = {z,,+} for all n € N. An integer ¢ with such a condition is the
length of the period of this sequence. We do not necessarily consider the smallest
period. Each sequence {z,} C Q satisfying (1.1) has a period. Each period is of
the form

r
—,—,...,—t, where ze N,ry, ..., 1 €2,0< 7, ..., 1 < 2. (3.1)
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Given arbitrary sequence {z,} C Q and a positive integer ¢t consider ¢ sums

d

sie= Y, a, ifj=1..t

i=1
i=j (mod t)

The following Lemma comes from the definition of a peiodic sequence.

LEMMA 3.1 (CRITERION OF PERIODIC SEQUENCE MODULO 1). Consider recurrent re-
lation (1.1). Let t be positive integer. Then (3.1) is a t-periodic rational sequence
satisfying (1.1) if and only if

( St4T1+ St—14T2 + ... + S24Tt—1 + S147¢ =71 (mod 2),
St4T2 + St—14T3+ ... + S247t + 81471 = 72 (mod 2),
(3.2)
St4Tt—1 + St—14Tt + ... + 824713 + S1474—2 = 11— (mod 2),
[ 8647t + St—14T1 + .. 4 8247e-2 + 8147—1 = 7 (mod 2).

Remark. Conditions (3.2) depend not on the recurrence (1.1) itself, but on the
sums s; ; only. We take another relation

! ! ! ! 1
Ty = Q1 Tp_1 + OTpy+ .o+ GTp gk + ..+ Gy Tpap1 T AgTn_a.  (3.3)

Put
dl
s},t: Z a;, ifj=1...t
i=j mod 1)
Let s;; = 5;',15 forall j = 1,...,t, and let z,7,...,r; satisfy (3.2). We

i

consider periodic modulo 1 sequence X = (z,);L, with {z,} = 7
(mod t). Then X satisfy both (1.1) and (3.3).

if n =1

Lemmas 3.2—3.4 below can be deduced by easy calculations.
d
LEMMA 3.2. Let ) x; be even. Suppose that X = (x,)>_, satisfies (1.1). Also let
i=1
S1,1 — 2

=, fi€[l,...,d]
G v fiel I

Then sequence X is periodic modulo 1. The length of its period is 1.
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d
LEMMA 3.3. Let >, x; be even. Suppose that X = (x,)>_, satisfies (1.1). Also let

i=1

S12 — 822 . .
’ > , ifiisodd, i€ |[l,...,d];
g = 2B12= 8, +1)
.=
S12— 822 +2

, ifiiseven,i€|l,...,d].
2(s12— 820+ 1)

Then sequence X is periodic modulo 1. The length of its period is 2.

d
LEMMA 3.4. Let Y x; be even. Suppose that X = (x,)>_, satisfies (1.1). Also let

i=1

( ($14—534)"—(814—83.4) +(S2.4—844+1)2—(824—S44+1)

, 2(31,4—33,4)2‘|‘2(32,4—34,4'|‘21)2
($14—834)°—(814—834)+(824— 844+ 1)+ (524—Saa+1)

, 2(31,4—33,4)2+2(32,4—34,44‘21)
(s14=83.4)°+(814—83.4)+(524— 844+ 1) +(524—844+1)
, 2(31,4—33,4)2+2(32,4—34,44-21)
(s14—834)°+(814—83.4)+(524— 844+ 1)"—(524—S44+1)
L 2(s14=834)*+2(s2,4—544+1)?

, ifi=1 (mod4), i€(1,...d];

, ifi=2 (mod4), i€[1,...,d];

T;=

, if 1=3 (mod4), i€[1,...d|;

, ifi=4 (mod4), i€[l,....d].

Then sequence X is periodic modulo 1. The length of its period is 4.

Here we do not want to give the complete proofs of Lemmas 3.2—-3.4. All of
them are similar. In their proofs we use Lemma 3.1. As an example we prove the

first assertion of Lemma 3.4. According to Lemma 3.1. we have to prove

$34((14=534)" = (514— 83.4)+H(s24— 844+ 1) = (s24—844+1))+
+534((814—834)" —(s14—83.4)+(824— 844+ 1)+ (524~ 844+1))
+82,4((81,4—834) +(81,4—834)+ (32,4—84,4+1)2+(82,4—54,4+1))
+31,4((81,4—834) +(51,4—834)+ (82,4—84,4+1)2—(82,4—34,4+1))E

E(81,4—83,4)2—(<91,4—83,4)-i-(82,4—34,4‘1‘1)2_(52,4—34,4‘f‘1) (mod(2(31,4—33’4)2+

+2(82’4—84,4+1)2)). (34)
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It’s easy to see that both hand sides of (3.4) are even. That’s why we need to
prove this equality mod (s; 4 — $34)* + (S2.4 — 844 + 1)%. Then (3.4) is equivalent to

2 2 2
(44 + s34+ 824+ 814 = D((514 = 834)" + (524 =S4+ 1)) + 514 +
2 2 2 o) o) _
+ 834+ 8341 S44 — 2814834 — 28524844 — S14+ 824+ 834 — S44 =

= —S14 — S24 + 834 + S4.4 — 1 (mod ((81,4 — 83,4)2 + (82,4 — 844 + 1)2)).

Finally, we get (84,4 + 83,4 + S$24 + 81,4)((81,4 - 83’4)2 + (82,4 — S4.4 + 1)2) =0
(mod ((81’4 - 83’4)2 + (82,4 — S44 + 1)2)).

So we proved the first case of Lemma 3.4.

In [5] Dubickas proved the following statement.

LEMMA 3.5. Suppose that there exists periodic modulo 1 sequence X* = (z},)°°_, that
satisfies (1.1). Suppose that the length of the period of this sequence is t. Then

L(@) > min ||z
i=1,...,t

From Lemmas 3.2—-3.5 we get Theorem 2.

4. Lower bound for Pisot numbers of degree < 4

The bound from Theorem 2 is useful only if the right hand side of (1.2) is not 0.
In the case d < 4 the right hand side of (1.2) is equal to 0 if and only if

ay+ay+az+as =0,
a1 + a3 = a> + ay, (4.1)
(al—a3)2—|a1—a3|+(a2—a4+1)2—|a2—a4+1|:0.

or
a1+ a, + a3+ aq =2,

a| + a3 = a + ay, (4'2)

(al—a3)2—|a1—a3|+(a2—a4+1)2—|a2—a4+1|:0.
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or
a1+a2+a3+a4:O,
a+az—ay;—a4 = -2, (4.3)
(al—a3)2—|a1 —a3|+(a2—a4+1)2—|a2—a4+1|:0.

or

a1+a2+a3+a4:2,
a+a3—ay;—a4 = -2, (4.4)

(a1 —a3)* = |a) — a3] + (a2 —ag + 1)* = |ay — ag + 1| = 0.
In each of systems (4.1)—(4.4) the last equation is the same. It is equivalent to
a;—a3 €{-1,0,1}, ay—as+1€{-1,0,1}.

System (4.1) has 9 solutions (1/2,0,—1/2,0), (1/2,-1/2,-1/2,1/2), (1/2,—1,
-1/2,1), (0,0,0,0), (0,-1/2,0,1/2), (0,-1,0,1), (-1/2,0,1/2,0), (—1/2,-1/2,
1/2,1/2), (—1/2,-1,1/2,1).

System (4.2) has 9 solutions (1,1/2,0,1/2), (1,0,0,1), (1,—1/2,0,3/2),
(1/2,1/2,1/2,1/2), (1/2,0,1/2,1), (1/2,-1/2,1/2,3/2), (0,1/2,1,1/2), (0,0, 1,1),
(0,-1/2,1,3/2).

System (4.3) has 9 solutions (0,1/2,—-1,1/2), (0,0,—1,1), (0,—1/2,—1,3/2),
(—1/2,1/2,-1/2,1/2), (-1/2,0,—1/2,1), (-1/2,—1/2,-1/2,3/2), (—1,1/2,0,1/2),
(-1,0,0,1), (—1,-1/2,0,3/2).

System (4.4) has 9 solutions (1/2,1,—1/2,1), (1/2,1/2,—1/2,3/2), (1/2,0,
-1/2,2), (0,1,0,1), (0,1/2,0,3/2), (0,0,0,2), (—1/2,1,1/2,1), (—1/2,1/2,1/2,3/2),
(—1/2,0,1/2,2).

Among these solutions only (1,0,0,1) correspond to a Pisot number. Namely, it
is the maximal root of equation z*=1z°+1. For this root we know that L(a)=3/17
([171).

Now we prove that if « is a Pisot number of degree not greater than 4 and «
is not the root of z*—x3—1=0 then
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L(a) > max{

ar+ary+az+as—2 —a+a3—ay H
2(a1+a2+a3+a4— a2+a3—a4—|—1)
(a1—a3)* —|a; —as|+(ar—as+1)? |a2—a4—i—1|
2(a1—a3)>+2(ay—ag+1)?

}2 (4.5)

5

All Pisot numbers of degree not greater than 4 except the zero of z*—z3—1=0
do not satisfy any of systems (4.1)—(4.4).

If ay+ar+a3+aq is odd then L(a):%. So we consider only the cases when
a;+ay+az+ay is even.

If

a+ay+az+as=4or aj+ay+aztas<-2, (4.6)

then
a;+a;+az+aq 1

>=.
2(a1+a2+a3+a4—1) 3

If

aj—aytaz—ag=2ora —aytaz—as<—4 (4.7)

then
a1 —a+a3—ay

2(&1 —a2+a3—a4+1)

1
>~
3

If both of (4.6) and (4.7) are not satisfied we have
a1+ay+az+as€4{0,2} and a;—ay+az—as €{-2,0}. (4.8)

Then we must consider the third bound from (4.5).

Put A:=|a;—as3| and B:=|a;—a4+1|. We note that A and B have different
parities. We have (4.8) and we don’t consider solutions of (4.1)-(4.4). This gives
(A,B)#(0,1),(1,0). So (A, B) with the smallest possible value of A?+ B? are (2,1)
and (1,2). Then it’s easy to see that

_ (a1-a3)’—a —a3|+(ay—as+1)° ~|ay — a4+ 1| _
2(a1—a3)>+2(ay—ay+1)?
1 lay —asz|+|ay—ag+1]| 1 142 1

== >-— =—. 4.
2 2ar—a3)*+2(ar—as+1)2 "2 2(1+4) 5 (+9)
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Now we prove that if « is a Pisot number of degree not greater than 4 and «
is not the root of 2*—z3—1=0, 2>~z —1=0 and 22—z —1=0 then

L(o) >max{

a1+a2+a3+a4—2 H H a;—ar+a3—a4 H
2(a1—|—a2—|—a3+a4—1) ’ 2(a1—a2+a3—a4+1) ’
(a1—a3)*—|a;—a3|+(as—as+1)*>—|ay—aqs+1|
2(a1 —a3)2+2(a2—a4—|—1)2

4
I (4.10)

It’s easy to see that L(a)=1/5 if and only if (a;,a;,a3,a4) satisfy one of the
following systems of equations

( a1+a,+az+as=0, a1+ax+az+as=0,
a;+a3=ay+ay, ajta3—ay—as=-2,
| (4.11) (4.15)
la; —a3|=1, la;—as|=1,
L |a2—a4+1|:2. L |a2—a4—|—1|:2.
(
( a+ay+az+as=0 artaztas+as=0,
a+az—a;—as=-2,
a;+az=ar+aq,
a1 —a3]=2, a1 —as]=2,
[ lax—as+1|=1. [ lay—as+1]=1.
.
(4 +artaztas=2 Giartastas=2,
1+ax+az+as=2,
a1+az—ay—as=-2,
a|+a3=a,+ay, { : ’ : ! (4.17)
la—as|=1 (413 a1 —as[=1,
1—w3|—1,
L |a2—a4+1|:2.
L |a2—a4+1|:2.
4 4
ar+ay+az+a4=2, aj+axtaz+as=2,
a;+a3=a+ay, (4.14) a1+a3—a)—a4=-2, (4.18)
la) —as3|=2, la; —a3|=2,
L |a2—a4+1|:1. L |a2—a4+1|:1.
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System (4.11) has 4 solutions
11 1 1 1 3 13 111 1
G272 Gy ) g
System (4.12) has 4 solutions
(1,0,-1,0), (1,-1,-1,1), (-1,0,1,0), (—1,-1,1,1).
System (4.13) has 4 solutions
(1,1,0,0), (1,-1,0,2), (0,1,1,0), (0,—1,1,2).
System (4.14) has 4 solutions
31 11 3 1 13 1131 1 133
G232 G752 Oy By
System (4.15) has 4 solutions
(0,1,—1,0), (0,—1,—1,2), (—1,1,0,0), (~1,—1,0,2).
System (4.16) has 4 solutions
11 31 1 1 33 3111 3 113
G227 7)) gy By
System (4.17) has 4 solutions
13 11 I 1 15 1311 I 115
G 27 G ) ) By

System (4.18) has 4 solutions
(1,1,—-1,1), (1,0,—1,2), (=1,1,1,1), (=1,0,1,2).

Among these solutions only two correspond to Pisot numbers, namely (1,1,0,0)
and (0,1,1,0).

If (a1,a7,a3,a4) doesn’t satisfy any of the systems above then (A,B) with
minimal A%+ B? are (2,3), (3,2). Then for z, defined in (4.9), we have

1243 4

P =
2 24+9) 13

Now we search for Pisot numbers of degree not greater than 4 with L(a)=4/13.
It happens if and only if (ai,a,,a3,a4) satisfy one of the following systems of

equations
4 4
a)+ay+az+as=0, a)+ax+az+as=0,
a+az=ar+ay, a|+az=ay+ag,
(4.19) (4.20)
la) —as3|=2, la; —as3]|=3,
L lar—ag4+1]=3. \|a2—a4+1|:2.
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r

a1+ar+azt+as=2,
a)+a3=a)+as,
|a1 _a3|:2s

L |a2—a4+1|:3.

p
a1+a2+a3+a4:2,
a+a3=ar+ay,

lai—a3]|=3,

L |a2—a4+1|:2.

r

a;+ax+az+as=0,
a1+a3—a2—a4:—2,

la;—as3]|=2,

L |a2—a4—|—1|:3.

,

a +ay+az+as=0,

a1+a3—a)—a4=-2,

(4.24)
|a1_a3|:35

L |a2—a4+1|:2.

( a1+a2—|—a3—|—a4:2,
a+az—a;—as=-2,

11Ta3—ay—04 (4.25)
la) —as]=2,

L |a2—a4—|—1|:3.
a1+ax+az+as=2,
ajtaz—ar,—as=-2,

pri T (4.26)

la;—a3|=3,

L lay—a4+1]=2.

One can easily see that the only solution of these systems that corresponds to
Pisot number is (2,1,—1,0). So if 2#£0,1/5,4/13 then

1
2 - —_
“Z 2721+ 16)

Theorem 4 is proved.

5. Pisot numbers less than

Here we prove Theorem 5.

6
17

>1
3

From Proposition 1.2 it follows that it’s enough to consider several cases.

Let p>1, p=0 (mod 2) and « be the maximal zero of

Pt (22 —z—1)+1
Top1= z’—1

Theorem B we have L(a)=1/2.

p .
. It’s easy to see that Thy, =2 =3 2%, Then from

=0
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Let p>1, p=1 (mod 2) and o be the maximal zero of

Pt (22— -1)+1 +1 1
Topt1= ( ) . Then from Theorem C we have L(a)= P >-.
x2—1 2p+4~ 3

Let p>2 and a be the maximal zero of

2P (2 —z—1)+1 p-1
o= ( 1 ) . It’s easy to see that Tp,=z**'— 3= z'. Then from The-

Tr— i=0
1 1
orem 2 we have L(0,)> P —>-.
2p—1~ 3

Let o be the maximal root of zFt2—gzk+! — gk 422 —1=0.

If k=1, then L(a)=1/5. If k=2, then L(a)=3/17.

If k=0,1,3 (mod 4) we deal with periodic sequence of length 4 from Lemma
3.4. If k=2 (mod 4) the sequence from Lemma 3.4 has a zero element. So it gives no
non-zero lower bound for L(c). That’s why in the case k=2 (mod 4) we construct
periodic sequences of length 8. We construct these sequences just for the special
recurrence associated with the polynomial z*t2—gh+! —gF 22— 1=0.

If k=3 (mod 4), then s14=2, $p4=1, s34=—1, s44=0. It’s easy to see that
the period of the sequence from Lemma 3.4 is

4 9
3 3

6 7
"13713713°
Therefore, L(o) > .
If k=0 (mod 4), then s14=1, $,4=2, $34=0, sqa=—1. It’s easy to see that
the period of the sequence from Lemma 3.4 is

6 10 11 7
17°17°17°17°

Therefore, L(e)> <.
If k=1 (mod 4), then s14=0, s34=1, s34=1, 844=0. It’s easy to see that
the period of the sequence from Lemma 3.4 is

24
5'5°

| —
LIIIbJ

Therefore, L(a)>1/5.
If k=2 (mod 8), then s;g=1, $,5=0, $35=0, s43=1, $55=0, s65=0,
578=0, s33=0. According to Lemma 3.1 and Remark from Section 3 for all
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n=2 (mod 8) there exist periodic sequence modulo 1 with period of length 8

3105 1114 7 126

17°17°17°17°17°17°17° 17

Therefore, L(a)>3/17.

If k=6 (mod 8), then s;3=1, s5=1, s35=0, s45=0, s55=0, sgs=—1,
s78=0, sgg=1. According to Lemma 3.1 and Remark from Section 3 for all
n=6 (mod 8) there exist periodic sequence modulo 1 with period of length 8

311121014 6 5 7

17°17°17°17°17°17°17°17°

Therefore, L(a)>3/17.
If o is the maximal root of 1—z+2z2—z*+22°—2°=0. Then there exist
periodic sequence modulo 1 with period of length 16

4 7 111212 8 12 7 1310 6 5 5 9 5 10

171771717’ 171717’ 17° 1717717717717 17717717

Therefore, L(a)>4/17.
Theorem 5 is proved.

6. Pisot numbers of degree 2 and 3

6.1. Set of coefficients of Pisot numbers of degree 1 and 2

Consider the sets

A ={a|€Z:P(z)=x—a,

is the minimal polynomial of a Pisot number of degree 1},

A={(a1,a)€Z*: P(z)=2"~a 12—,

is the minimal polynomial of a Pisot number of degree 2}.

The following statement holds.
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PROPOSITION 6.1. We have
Alz{a1€ZIa1>1},

Azz{(al,az)EZZ:a2>0,a2<a1+1}U{(a1,a2)€Z2:a2<0,a2>—a1+1}.

The set A, is shown in Fig1 Notice that the ray a;=0, a;>1 corresponds to
the set of Pisot numbers of degree 1.

a, A

Ny

a
Fig. 1. Pisot numbers of degree 2
Due to Theorems A, C and D we know the exact value of L(«) for all Pisot
numbers of degree 1 and 2.

PROPOSITION 6.2.
1) If « is a Pisot number of degree 1, then

ay
La)=———;
@) =3a+2
5+1
2) Ifoz:\/_;_ , then
1
L(a)==;
()=

1
3) If « is a Pisot number of degree 2, a# and ay>0, then

a1+a2—2 .

L(a)=_HT%77
(@) =20 20,2
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4) If o is a Pisot number of degree 1 and a,<0, then

. a;—a
C 2a,—2a,+2°

L(w)

In fact, Proposition 6.2 follows from results of the papers [5] by Dubickas, [16]
and [18] by Zhuravleva.
6.2. Set of coefficients of Pisot numbers of degree 3

Let P(ac):a:3—a1:1:2—a2m—a320 be a polynomial with zeros a;=a, oy, a3.
Then xz,=a2y—1+022,_>+a32,_3 and

a1:a1+a2+013,
ar,=—a (ar+03)— a3, (6.1)

A3 =0a 1003,

We consider the set

As(a1)={(az,a3) e7? :P(z) =’ —a’ —a,x—a3

is the minimal polynomial of a Pisot number of degree 3}.

We rewrite (6.1) in the following form.

ar=a;—(+as),
ay=—ai(ar+03)+(aa+a3)’ —aas, (6.2)

a3;=(a;—(r+a3))aza;.

From the definition of Pisot number we have a; > 1, |a,|<1, |as|<1. So (6.2)
leads to

a; >0,
las| <2a;+5, (6.3)

las|<a;+2.
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We note that if a;=0, then P(x) is reducible. Therefore, we don’t consider
the pairs (a,,0).

For 0<a;<2 we find all elements of the set Aj(a;) using computer. It turned
out that these elements are (a,a,,a3)=(0,1,1),(1,0,1), (1,1,1), (1,2,1), (1,2,2),
(1,3,2), (2,1,-1), (2,-1,1), (2,0,1), (2,1,1),(2,2,1), (2,3,1), (2,0,2), (2,1,2),
(2,2,2), (2,3,2), (2,4,2), (2,3,3), (2,4,2), (2,5,2).

PROPOSITION 6.3. We have
A3(a1):{(a2,a3)6Z2:a1+a2+a3>1,a1—a2+a3>—1,a2>a§—a1a3—1,a37é0}.

Optimal bounds for the coefficients (a,a,,a3) follow from equalities (6.2) and
a1>1, |ay|<1, |asz|<1 by easy calculations. To complete the proof of Proposition
6.3 it remains to verify the following Lemma.

LEMMA 6.6. If (az,a3) €As(ay), then P(x)=x°—a 2’ —a,x—as is irreducible.

PROOF. We assume that P(z)=(z—m;)(z—m,)(x—m3) or P(z)=(x—m;)(z*—
—myz—ms), where m;,my,m3€Z by Gauss’ lemma.

Consider the first case. Without loss of generality we suppose that m;>1,
|m;|,|m3|<1. Then my=m3;=0. Therefore, a;=a,=0.

Consider the second case. Let 8;, 3, be the zeros of 2 —m,z—ms3.

If |31|<1 and |B,|< 1, then we have |m3|=|303,|<1. Therefore, m3;=0. It’s
easy to see that then m,=01=0,=a,=a3;=0.

If |81|>1 and |5, <1, then |m;|< 1. Therefore, m;=a3;=0. O

The figure below represents the set As(a;) for a;=9.
Point A corresponds to a,=1,a3=1.

Point B corresponds to a,=1,a3=—1.

Point C' corresponds to a,=—1,a3=—1.

Point E corresponds to ap=1,03=0.

Point F' corresponds to a,=0,a3=—1.

Point J corresponds to a,=1%,a3=—1.

Point H corresponds to a,=0,5,a3=0,5.

Point I corresponds to a;=—0,5,a3=-0,5.
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\a3

a;—ayta3= {

Fig. 2. Pisot numbers of degree 3

Points A, E, B lie on the straight line a;+as+az=1.

Points C, F, B lie on the straight line a;—a,+a;=-1.

Points A4,J,C lie on the curve ay=a3—aa;—1.

Y is the curve of zero discriminant. It separates polynomials with three real
roots and polynomials with one real root and two complex conjugate roots.

We note that the straight line a;=0 corresponds to Pisot numbers of de-
gree 1 and 2.

6.3. Partition of A3(a;) into three domains I';(a,), I'2(ay), T'3(ay)

Due to Theorem 2 and Proposition 6.3 we divide Aj(a;) into three sets
according to which function from Theorem 2 is maximal.
We note that in the case a3 >0 due to Theorems C and D we have equalities

for L(a), namely

COROLLARY 6.3. Let o be a Pisot number of degree 3. Then
1) If a3>0,a,<0, then

a1 —ay+as3

L(a)= ;
() 2(a1—a2+a3+1)
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2) If a3>0,a,>0, then

a)+ay+az;—2
2((1] +a)+a3— ]) '

L(a)=

Theorem 6 gives equalities for the values of L(a) for I'j(a;)UT'y(ay) if a3<0.
For I';(a;) we don’t have exact values of L(a), but a lower bound only.

Fig. 3. Lower bounds for L(«)
On the figure below

1) I'i(a;) is the domain, where maximum in (1.2) attains at

a—ax+az
2((11 —a2+a3+1) ’

2) T'y(a,) is the domain, where maximum in (1.2) attains at

a1+a2+a3—2 .
2(a1+a2—|—a3— 1) ’

3) T';(a;) is the domain, where maximum in (1.2) attains at

(al —a3)2—|a1 —a3|+(a2+1)2— |a2—i—1|
2((11 —a3)2+2(a2—|— 1)2




94 Victoria Zhuravleva (Moscow) [368

6.4. Upper bounds

Here we prove Theorem 6.

It is enough to verify two following statements.

a3—asz(a;—1)+1
a;+1

1) If a;<0,a3<0 and a,+ <0, then

a)—ax+a
L(a)<— 1%t
2(a1—a2+a3—|—1)

a%—a;(al—i-l)—i-l
al—l

2) If a;>0,a;<0 and a,— >0, then

a +ar+az;—2

L(a)< .
() 2(a1+a2+a3—1)

1 1 1
Put u,:=[{x,]| and wn::{§xn}—§. Then —Eéwn<§. Therefore,

3
1 1
Uy + Wy, + 5 = E ai(un_i+wn_i+ 5)
i=1

LEMMA 6.7. We have the following inequalities

1) In case 1

az—a3<0, (64)

2) In case 2

—az—agg—l. (65)

PRrROOF. It is easy to see that a,=a3 is the tangent to the curve (al—l—l)az—i-a%—
—a3(a;—1)+1=0 at a=—1, a3=—1. That’s why there is no intersection of our
curve and the area where a, —az>0.

For the curve (a;—1)ay—a3+as(a;—1)—1=0 we have the tangent a,=—a;3
at a,=—1, a3=1. But this point doesn’t belong to the area we consider in case 2.
That’s why we have —a, —a3;<—1. ]
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a +a2+a3—2
2(a1+a2—|—a3— 1)

a;—ar+as

2(a1—a2+a3+1)
(in case 2). Then there exists a positive number

We assume that L(a)> (incase 1) and L(a)>

1 1 a;—ax+a3 1 .
w<-——L(a)==— = in case 1),
2 ( ) 2 2(a1—a2+a3+1) 2(a1—a2+a3+1) ( )
1 1 a1+ax+az—2 1
w<-—L(a)==— e L = (in case 2),
2 2 2(a1+a2+a3—1) 2(a1+a2+a3—1)

such that —w<w, <w for n>ny.

d 11
LEMMA 6.8. We have 5n::Zaiwn_i—wn€{—§,§}for n>=ny.

i=1
ProoF. We should note that §, is of the form s/2, where s is an odd number.
Assume that [6,|>3/2. Then

<l wn—1+awp—2 +aswn_3—wy | < (|a1|+|az|+|asz|+1)w.

[\ONNON]

In the first case
g (al—az—ag—i-])
2 2(a;—ayt+az+1)

Then a;—a,+2a3+1<0. This contradicts the inequalities a;+a,+a3z>1,
a;—ay+az>—1 and (6.4).
In the second case
§< (a1+a;—asz+1)
2 2(ajtay+az;—1)

Then a;+a,+2a3—2<0. This contradicts the inequalities a;+a,+a3z>1,
a;—ay+az>—1 and (6.5). O

We take large number N and n>ny+3. Put [;=1, if §,;=1/2, and [;=—1,
if 0p4;=—1/2, where j=0,...,N—1. We consider the sum

N-1 3
N

le(z Qi Wn—iyj = Wntj) = 3
i=1

J=0
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If we put 1;:=0 for j<0 and j>N~—1, we have

N-1 3
E :lj(§ :aiwn—iJrj_wnJr] E :wn+1 E :a’l G+ T
=0 =1

j=-3

We estimate

T:= Z|Zaz J4i T l|<Z|Zaz J4i l|+62|az|+l)

j=-3 i=1 7=0 =1

Now the proof for the second case splits into three following cases.
a;—ax+as

1) For a; <0 we prove that L(a)zz( n +1);
ar—ay—r+as

a +ar+az—2
2) For a,>0, a;—ay+a3>0 we prove that L(a)= ;
) 2 ! 2 3 p ( ) 2(a1—|—a2—|—a3—1)
a1+a+az—2

2*) For a;>0, a;—ay+a3;=0 we prove that L(a)=

2(a1 +ar+az— 1) '
Consider all vectors (I5,41,0j42,lj+3) for N—4>3j>0. There are 16 possibili-

ties for the vector (1;,0;11,0;42,l;43) to attain. All possible cases are listed in the table
below, where + stands for 1, and - stands for — 1. Put R;=|a 11+ aslj12+a3ljp3—1],
U=a,—ay+a3+1 and V=a,+a,+a3;—1. We use the values marked by * only for
case 2*.

Let the sum T contain |A| elements of types A; and A,, |B| elements of types
B and B,, |C| elements of types C| and C,, |D| elements of types D; and D,,
|E| elements of types E; and E,, |F| elements of types F| and F>, |G| elements
of types G| and G,, |H| elements of types H; and H,. Then

T<|1+ai+ay+as]|Al+|— 1+ar +ar+as|| B+ 1+a,—ay—as] O]+
+|=1+a;—ay—a3||D|+|14+a,+ar—a3||E|+ |- 14+a, +ar—a3] | F|+

+|14-a;—ar+a3||G|+|—14a,—ar+as||H|+ci (ar,a2,a3). (6.6)

Hereinafter we denote by ¢;(a;,a;,a3) some constants that depend on ay,a,,a3,
but don’t depend on N.

For our proof we need the following statement.
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Table 1
Type [ I | Lig1 | Lo | Ligs | Ry R;-U R;—=V
Al -+ |+ + | ayt+ar,+az;+1 2a, <02 >0
A2 |+ - - - a)+ar+asz+1 2a, <02 >0
Bl |[+|+ |+ |+ |a&tartas—1 2a,—2 <00 <0
B2 |- |- - - a+a+az;—1 2a,—2 <010 <0
Cl |- |+ |- - a;—a,—az+1 —2a; >0 | —2a,—2a3+2 <0
C2 |+|- + |+ |a—ay—az+1 —2a3 >0 | —2a,—2a3+2 <0
DI |+|+ |- - a;—ay—az—1 —2a3—2 >0 | —2a,—2a; <0
D2 |- |- + |+ |a—a,—az—1 —2a3;—2 >0 | —2a,—2a3 <0
El -+ |+ - a+a,—az;+1 2a,—2a; <0| —2a3+2 >0
E2 | +|- - + |a+ay—asz+1 2a,—2a; <0| —-2a3+2 >0
F1 + 1+ |+ - a+a,—az;—1 2a,—2a3;-2 | <0 | —2a3 >0
F2 |- |- - + |a;+a,—az—1 2ay,—2a3—2| <0 | —2a; >0
Gl |- |+ |- + |ay—aytaz+1 0 <0| —2a,+2 <0
G2 | +|- + - a;—ar+az;+1 0 <0|—-2a,+2 <0
H1 |+|+ |- + |a;—ay+az—1or1*| =2 <0|—-2a, or —2a,+2* | <0
H2 |- |- + - a;—a,+az—1 or 1* | =2 <0|-2a, or —2a,+2* | <0

LEMMA 6.9. We have
1) [C|+|DI<|E|+|A]+1;
2) |EB|+|FI<|H|+|D|+1;
3) |AI<|F|+1;
4) |C|<|H|+1.

PrROOF. 1) We note that elements of types C' and D are followed by elements of
types E and A. Therefore, |C|+|D|<|E|+|A|+]1.

2) Elements of types E and F' are followed by elements of types H and D.
Therefore, |E|+|F|<|H|+|D|+1.

3) This statement was proved in [5].

4) We prove that between any two elements of type C' there is an element of
type H. So, |C|<|H|+1.



98 Victoria Zhuravleva (Moscow) [372

We note that an element of type C is preceded by either an element of type H,
or an element of type G. An element of type G is preceded by either an element
of type G, or an element of type H. For an element of type C we need two + or -
standing side by side. This is exactly an element of type H. ]

Case a,<0

We substitute the values from Table 1 into (6.6) and we get

T<(l4a1+ay+a3)|Al+(—1+a;+ay+as3) | B|+|(1+a1—a—a;3) |C|+(—14+a,—
—ay—a3)|D|+(1+a1+ay—a3)|[E[+ (= 1+a1+ar—a3) |[F|+(1+a1 —ar+a3) |G|+
+(=14a—ay+a3)|H|4c (a1,a7,a3)<(a;—ar+a3+ 1) N+2a,| A+

+(2a,-2)|B]+(—2a3)|C|+(—2a3—2)|D|+(2a2—2a3)|E|+(2a,—2a;-2)|F|+

+(=2)|H|+ca(a1,a2,a3)<(a; —ar+az+1)N+2ay| A|+(—2a3)|C|+
(

2a3—2)|D|—|—(2a2—2a3)|E|+(—2)|H|+cz(a1,a2,a3).

+_

Since from Lemma 7.3 we have C<|H|+1 and |C|+|D|<|E|+|A|+1, then

(—2a3-2)(|C|+|D))+2|C|<(=2a3-2)(| E|+|A|+1)+2|H|+2.
So,

T<(a;—ay+a3+1)N+(2a,—2a3—2)|A|+(2a,—4a3—2)|E|+c3(a1,a7,a3).

Dubickas’ argument from paper [6] enables us to get the following statement.

%—a3(a1—1)+1

a
LEmMMA 6.10 If a,<0,a3<0 and a,+
a1+1

<0, then |E|=0.
PROOF. Let (sy,8,,83,54)€Z*. From the definition of l; we have 1;=20,;. We put
v, =2w,. Then
siljtsaljrit+sslja+sali 3 =t1vn 1 j3ttUn g jr2 830041 HEaUny g+
Ft5Up i 1Ht6Untj2Ht7Un 4 3. (6.7)

Let
i |S]l]’+82[]’+1+83l]'+2+84lj+3|
[t 2l sl Bl s ][t [t ]
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According to Dubickas [6] the pattern (I;,;11,1;12,l;+3) doesn’t occurs in the
sequence (lj);?';no if there exists an integer vector (s;,8,,53,54)€Z" such that

r>1-2L(a).

This inequality implies that the absolute value of at least one of numbers
Undgj=3> Untj—2> Untj1> Untj> Untjtl> Untjt+2, Untjt+3 Must be greater or equal to
r>1-2L(a). It’s easy to see that this contradicts |wy,|<w.

Type E deals with patterns (1,—1,—1,1) and (—1,1,1,—1). It’s enough to
consider the case when [;=1, I 1=-1, lj,=-1, l;;3=1.

Put s;=as, s,=—a,, s3=a;, s4=1. Then

2
siljtsalj1+83lja+8al i 3=—vnyjy3+(a1+2a2) v i1+
2 2
+(2a1a3—a2)vn+j_1 +a3’unﬂ-_3.

Therefore,
ar—a—asz— 1
(a1—a3)*+(ar+1)*

The inequality
ar—a—asz— 1
(a1—a3)*+(ar+1)

s>1-2L(a)
is equivalent to the inequality

aj—a+as (a1—a3)*—]a;—as|+(ax+1)*—|ar+1|
2a1—ar+as+1)~ 2(a;—a3)?+2(ay+1)2

that we use for partition into three domains in subsection 6.3. So in this case this
inequality is valid. O

From Lemmas 6.7 and 6.10 we have
T<(aj—ax+as+1)N+cs(ay,a2,a3).
As |wyj|<w, then Tw>N/2. Therefore,

(a1—ax+as+ 1)N+ c3(a1,a3,a3)
N N

T
<<
2w N
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1
This contradicts w< , for sufficiently large N.
2(a1—a2+a3+1) Y &

Case a,>0, aj—ar,+a3z>0

We substitute the values from Table 1 into (6.6) and we get

T<(a;+ary+a3;—1)N+2|A|+(—2a,—2a3+2)|C|+(—2a,—2a3) | D|+(—2a3+
+2)|E|+(=2a3)|F|+(=2a,+2)|G|+(-2a,) | H|+3(—2a3+42) +c4(a1,a7,a3) <
<(a1+ar+a3—1)N+2|Al+(—2a2—2a3)| D|4(—2a3+2)| E|+(—2as3) | F|+

+(—2ay)|H|+c5(a1,a2,a3).
Since from Lemma 6.9 we have |E|+|F|<|D|+|H|+1 and |A|<|F|+1, then

T<(a;+ay+a3—1)N+(—2a,—2a3)|D|+(-2a,)|H|+(—2a3+2)(|E|+|F|)+
+es(ar,a2,a3)<(a1+ay+a3—1)N+(—2ay—4a3+2)| D]+ (—2a,—2a3+2) | H|+
+cs(ar,a2,a3). (6.8)

a3—as(a;+1)+1
al—l

LEMMA 6.11. If a;>0,a3<0 and a,— >0, then |D|=0.

ProOF. Type D deals with patterns (1,1,—1,—1) and (—1,—1,1,1).It’s enough to
consider the case when [;=1, l;11=1, lj,=—1, lj3=—1.
Put s;=as, s,=—a,, s3=a;, s4=1. Then

sili+8alj 18301284l 3= Va3 (a1 +202) Vg g1+
+(2a1a3—a%)vn+]~,1 —|—a§vn+j,3. (6.9)
Therefore,

a;+ay—az+1
(a1—a3)®+(ar+1)*

The inequality
ai+a,—az+1
(a1—a3)>+(ay+1)

>=>1-2L(a)
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is equivalent to the inequality

aitarta;—2 _ (a1—a3)’—|ai—as|+(ar+1)*—ar+1|
2(a1+a2+a3—1) - 2(a1—a3)2+2(a2+1)2

that we use for partition into three domains in subsection 6.3. So in this case this
inequality is valid. O

From Lemmas 6.7 and 6.11 we have
T<(a+ar+a3;—1)N+cg(ay,a,,a3).

N
As |wyj|<w, then Tw};. Therefore,

d
a1t+ar+az;—1)N
1 T (lzzl ) co(a1,a7,a3)
—< =<
2w N N N
. . 1 .
This contradicts w< , for sufficiently large N.

2(a+ay+asz—1)
Case ay>0, a;—ay+a3z=0
We substitute the values from Table 1 into (6.6) and we get
T<(ai+ay+a3;—1)N+2|A[+(-2a,-2a3+2)|C|+(-2a,-2a3)| D|+(-2a3+2) | E|+
+(—2a3)|F|4+(—2a,+2) |G|+ (—2a,+2) | H|+3(—2a3+2)+ ¢ (ay,az,a3) <
<(a1+arta;—1)N+2|A|+(-2a:-2a3)| D|+(—2a3+2) | E|+(—2a3) | F|+
+(—2a,+2)|H|+cs(a1,a2,a3). (6.10)

Since from Lemma 6.9 we have |E|+|F|<|D|+|H|+1 and |A|<|F|+1, then

Tg(a1+a2+a3— 1)N+(—2a2—2a3)|D|+(—2a2—|—2)|H|+(—2a3+2)(|E|+|F|)+
+eg(ar,az,a3)<(a1+ar+a3— 1) N+(—2ay—4a3+2)|D|+(—2a,—2a3+4) | H|+

+cy(ar,a3,a3). (6.11)

If ay+a3>2 then using Lemma 6.11 we get T<(a;+as+az—1)N+cy(ai,a;,a3).
If a,+a3=1 we need to prove the following result.
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a3—az(a;+1)+1
a1—1

LEMMA 6.12. If a,>0,a3<0, a,— >0, a;—ar+a3;=0
and ay+az=1 then |H|=0.

a 1—(1,1
and a;=

1
PROOF. It’s easy to see that a,=
Type H deals with patterns (1,1,—1,1) and (—1,—1,1,—1). It’s enough to
consider the case when [;=1, l; =1, l;1,=—1, l;;3=1.

Put s;=—as3, sy=a;, s3=—a,, s4=a;—a3. Then

Sllj+82lj+1 +S3lj+2+84l]’+3:

(6a1=2)vn 4 j13+(=6a]=2)vny jr2+(ai—4a1—1)ony iy N
4
N (=5ai+1) vy jo1+H(ai—2a1+1)vn 1 jo+ (a7 —2a1+1)ony 3

y (6.12)

We note that if 0<a;<5 then there is no (al,az,a3)€Z3 that satisfies the
conditions of Lemma.
As a1>5 we have

1
T:E:I—ZL(a). O

From Lemmas 6.7, 6.11 and 6.12 we have

T<(a+ar+a3;—1)N+cy(ay,a,,a3).

N
As |wp4j|<w, then Tw);. Therefore,

d
(Eal +ar+az— 1)N

ngg =1 09((11,@2,@3)'
2w N N N
This contradicts w< , for sufficiently large .

2(a1+a2+a3—1)
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7. Computer calculations

In some cases it’s possible to calculate the exact value of L(«) using computer.

7.1. Example of calculation from [17]

In paper [17] author calculated the value of L(«) for the case a;=0,a,=1,a3=1.
In order to prove the inequality L(a)<1/5 the graph of F(z,y,z):=min{||z||,||y||,||2][,
llz+yll,l|ly+2||,|z+y+ 2|12+ 2y+2]|, | |z +2y+22]|,| |22+ 3y+22]|} for 0<z,y,2< 1
was carefully studied. It consists of pieces of three-dimensional affine planes. It’s
obvious that F(z,y,z) can attain its extremums only at the points that are intersec-
tions of 4 such planes.

Using computer calculations, it was found that F(z,y,z) attains its maximal
value at 4 following points: (z,y1,21):=(1/5,2/5,4/5), (2,92,22):=(2/5,4/5,3/5),
(23,93,23):=(4/5,3/5,1/5), (T4,Ya,24):=(3/5,1/5,2/5).

7.2. Results for Pisot numbers of degree 3

Using the approach described in [17] it’s possible to calculate the exact value
of L(a) for other Pisot numbers of degree 3. Below we list the results of these
calculations for all Pisot numbers of degree 3 with a;<0, 2<a;<8 (see Tables 2—8).
Each of these 7 tables correspond to one a;€[2,8]. In the first line twe write all
possible values of a,, while in the first column there are all possible values of aj.
That’s why the intersection of some column and some line corresponds only to one
Pisot number «. The cells that correspond to such ai,a;,a3, that a;+a,+as is
odd, are left empty due to Theorem B which states that L(a)=1/2 in this case. In
the remaining cells we write the value of L(c), which was obtained with the use of
computer calculations.

Table 2 Table 3 Table 4
2a,=2 a= a;=4
az\ay| 1 az\a,| 0 1 2 a3\ ay | -1 0 1 2 3
1 |413 1| 6/17 9/25 1|25 11/29 2/5
-2 11/29 -2 15/37 6/15
3 22/53
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Table 5
041:5
as \ a -2 -1 0 1 2 3 4
|37 15/37 2/5 3/7
2 3/7 22/53 27/65
-3 28/65 31/73
4 37/85
Table 6
a1:5
az\ay | -3 -2 -1 0 1 2 3 4 5
1| 49 3/7 22/53 3/7 4/9
2 28/65 28/65 31/73 3/7
3 4/9 37/85 42/97
-4 45/101 48/109
-5 56/125
Table 7
a1:7
as\ay| -4 | -3 -2 -1 0 1 2 3 4 5 6
1| s 4/9 28/65 3/7 4/9 5/11
-2 4/9 4/9 37/85 42/97 4/9
-3 45/101 45/101 11/27 1125
4 5/11 56/125 2/5
-5 66/145 23/51
-6 79/173
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Table 8
a;=8
a3\ ay| -5 | -4 -3 -2 -1 0 1 2 3 4 5 6 7
21 6/13 5/11 4/9 37/85 4/9 5/11 6/13
2 5/11 45/101 45/101 48/109 4/9 5/11
-3 56/125 5/11 56/125 61/137 70/157
-4 66/145 66/145 23/51 76/169
-5 6/13 79/173 84/185
-6 91/197 94/205
-7 106/229

7.3. Results for Pisot numbers of degree 4

Using computer it’s possible to calculate the exact value of L(a) for some

Pisot numbers of degree 4. Calculations are based on the method which is different

from the one used in [17]. We don’t described it in the present paper. Here we just

announce some results of our calculations. We plan to publish a detailed description

of this algorithm in a separate paper.

In the table below in the first four columns we write coefficients a,a;,a3,a4. In

the fifth column we put the period of the periodic modulo 1 sequence X=(z,)

00
n=1>

which satisfies (1.1). The length of this period is ¢. For this sequence we have

. nllin t||:vl-||:L(a).The value of L(«) is written in the last column.
i=1,...,

Table 9
a ay a3 ay Sequence L(w)
2 2 | 1] o4 6/17,10/17,11/17,7/17 6/17
300 | o |1 22/63,25/63,37/63 22/63
3 3 | 1] -3 27/65,34/65,38/65,31/65 27/65
4 | 1|1 | -4 4/9,5/9 4/9
4 | 8 | 2| 2 5/11 5/11
500 | 1] 2 3/7,3/7,3/7,4/7,4/7,4/7 3/7
5 1 -1 -1 87/215,93/215,92/215,128/215,122/215,123/215 87/215
5010 | 2 17/40,17/40,22/40 17/40
s 10| o0 | 1 87/215,92/215,122/215 87/215
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