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Abstract: We answer a question of Calkin and Wilf concerning the maximal order of Stern’s
diatomic sequence. Specifically, we prove that
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where ¢ = (\/§ + 1)/2 is the golden ratio. This improves on previous results given by Berlekamp,

Conway, and Guy, who showed that the limit value was bounded above by 1.25, and by Calkin and
Wilf, who showed that the exact value was in the interval [(/v/3)(3/2)°%2%, (¢ 4 1)/V/3].
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1. Introduction

Stern’s Diatomic sequence (commonly called Stern’s sequence), {a(n)},>¢, is given
by a(0) =0, a(l) =1, and when n > 1, by

a(2n) =a(n) and a(2n+1) =a(n)+a(n+1).

In a recent survey article, Northshield [6] restated a question of Calkin and Wilf
[2], which asks for the exact value of lim sup a(n)/n'°2 %, where ¢ = (v/5 +1)/2 is
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the golden ratio and log, n denotes the base-2 logarithm of n; that is, they asked
one to determine the exact maximal order of the Stern sequence. This question goes
back at least to the 1982 book of Berlekamp, Conway, and Guy [1, page 115] who
showed that a(n — 1) is the number of nim-sums corresponding to a given ordinary
sum n, and gave an upper bound of 1.25 for the limit in question. Calkin and Wilf
[2] improved on the bounds; they showed that
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We answer this question by proving the following theorem.
THEOREM 1.1. Let {a(n)},>¢ denote the Stern sequence. Then
am) ¢

. 3 log, ¢ (p]ogz 3
lim sup =— 1= = = 0.9588541900 - - -
: 5

2. Preliminaries

It is well-known that the maximum value of a(m) in the interval 22 < m < 277!
is the n-th Fibonacci number F,, and that this maximum first occurs at

see Lehmer [4] and Lind [5].

For our proof, we will use the points (m,, a(m,)) to produce a continuous
function h(z) which is an upper bound for the Stern sequence, and which is
asympotitically a lower bound for the function (cplogz 3/ \/§)x1°g2 ?. We will then use
these functions combined with some properties of limits to prove Theorem 1.1.

Before giving the proof of Theorem 1.1, we give a formal definition of h(x)
and provide some useful lemmas concerning h(z) and its relationships to both a(n)
and z'°&2 %,

DEfiNITION 2.1. Let h : R>g — R>( denote the piecewise linear function connecting
the set of points {(0,0)} U {(my, a(my)) : n > 2}.
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By definition, h(z) is continuous in Rs, and differentiable in the intervals
(my,, mp1). Using point-slope form, for x € [m,,, m, 1|, we have

a(my 1) — a(mn)(

Mz) = z - my) +a(my) =
Myt — My
fn- 2 - (1)
:3.mm+Fn—Fn_l.m: @
1 3 n—1 —1)n-1 1
(o)™ 145

Here we have used Binet’s formula that F,, =

, where ¢ =

3 2

is the golden ratio.

LeEmMMA 2.1. For all x > 5, we have
h(4z + 1) > h(2z + 1) + h(z),

and
h(4z — 1) > h(2x — 1) + h(x).

ProoF. Consider first the numbers z, 22+ 1, and 4z+1. Suppose that £€[m,,m, )
for n > 4, so that the interval is of length at least 5. Then since m,, | = 2m,+(—1)",
we have 2z + 1 € [my, 41, my12] and 4z + 1 € [my 12, My 3], so that x, 2z + 1 and
4z + 1 can be taken from different (yet consecutive) subintervals [m;, m;].

To make this completely clear, we consider minimal and maximal values for
z, specifically £ = m,, or £ = m, | — 1. As stated in the previous paragraph, let
n > 4, so that the subintervals of concern are at least of length 5. For minimal
x € [my, mp11), we have £ = m,,, thus

22+1=2m,+1=2m,+(-1)"=(=1)"+1=mu 1 —(=1)"+1 € [myr1, my12],
and so

4z +1=2Q2z+1)—1=2(myp 1 — (-1)"+1) - 1=

=2(mpy + ()" 1) =1 =2mp +2(-1)" 42— 1=

)n+l

=Mpy2 + <_1 +1¢€ [mn+2a mn+3]-
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For maximal z € [m,, m,), we have = m, | — 1, thus

20 +1=2(mp 1 — 1)+ 1=2my 1 + (_1)n+1 _ (_l)n+l =

= Mpgr + (=1)" = 1 € [Mpy1, M2,
and so

Az +1=2Q2z+1)— 1=2(mpsr+(-=1)" = 1) = 1=2mpsr+2(-1)" = 3=

= 2mn+2 + (— 1)n+2 + (— 1)n+2 —3= Mp43 + (— 1)n+2 -3¢ [mn+2,mn+3].

Since all other values of = € [m,, m,.|) are strictly between the minimal and
maximal values, we have shown that for n > 4, if z € [m,, m,.), then
2¢ + 1 € [myiy, mpis] and 4z + 1 € [my o, Mys3].

For x € [my, m,1), using (2.1) and the fact that z, 2z + 1 and 4z + 1 can
be taken from different (yet consecutive) subintervals [m;, m; .|, we have that

h(4x +1) — hQ2z + 1) — h(z) =

Fn+] Fn anl
=312 —6- —3.
(o g st S e Y w )
+ 3. Fn+1 _3. Fn _0- anl .
2n+2 + 2(_1)n+2 2n+1 _|_2(_1)n+1 on + 2(_1)n
2n+2 _ (_1)n+2 2n+1 _ (_l)n—i-l om _ (_l)n

+ Pyt o —h =

—F .- . .
n+1 2n+2+2(_1)n+2 n 2n+1+2(_1)n+1 2n+2(_1>n

:61'1'+62+63,

where &, G, and &3 represent the three-term sums from the three previous lines,

respectively. We have

Foy o F, P
2 (=1)nF2 el p(=1yn T T 2n g p(=1)n

=2:|Fop1-(14+0Q27") = Fo-(14+0(27") = Foy - (140(27") | =

“o(%):
27Z

|61'$|§‘12' My =
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where for the last equality we have used both the Fibonacci recursion and the fact
that F,, =O(¢"). Using F, =O(y") again, we immediately gain

|62|=0(§—n),

and similarly

CRES ‘Fnﬂ(l +0(27") - F,(1+40(27")) — F, (1 —&—0(2_”))‘ =0 (i—:) .

Thus

|h(4x+1)—h(Q2z+1)—h(z)| < |6, -z|+|6,| +|65|=0 (%) .

Noting that 2 > ¢, gives then that

lim {h(4z+1)—h(2z+1)—h(z) } =0.

T—0

In addition, this limit is strictly decreasing to zero. To see this, we suppose
that x € [my,, m,,1) and use the above-established fact that z,2z+1, and 4z +1
are contained in consecutive subintervals. By (2.1) we have

%{h(4w+ 1)—h(2z+1)— h(z)} =

—3 [ Fn+1 . Fn . anl <
| on2 _p(—1)n+2 2+l p(—q)ntl n_(—1)n
<3- Fn—H _ Fn _ anl o
[2nt2—2 ntl4D 2n4)
—3 -Fn+Fn71_ Fn _anl o
| 2nt2—2  2ntl4D On4D
_3 [ Fn Fn anl anl
AR R TNy AR Ty
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Thus the function h(4x + 1) — h(2z + 1) — h(z) is strictly decreasing to zero over the
intervals [m;,m; ) for i>4 and so on these intervals, we have

h(z)+hQzx+1) <h(4z+1).

The result follows as these intervals partition the real numbers x > 5.
For the second part of the lemma, by (2.2)

i ih( )= Jim S5 ((P)n_l(”O(T")):

and since h(z) is continuous for all z € R>o, we have that for any fixed number y,
hm {h (z+y)—h(z)} =0.
Thus

lim {h(4z+1)—h(2z+1) - h(z) - [h(4z— 1) — h(2z — 1) — h(z)] } =0,

T—00

and so
lim {h(4z—1)—h(2z—1)—h(z)} =0.

T—00

If z,2z — 1, and 4x — 1 are in three distinct consecutive subintervals [m;, m; 1],
then the desired inequality follows repeating the above argument mutatis mutandis.

If the numbers z,2x — 1, and 4x — 1 are not in three distinct subintervals, then
it must be the case that z,2z — 1 € [m,,m, | and 4z — 1 € [m,, 1, m, ] for some
n as the numbers 2z —1 and 4z —1 can be always taken in distinct consecutive
subintervals since 2(2x — 1)+ 1 =4z — 1. In this case, by (2.1) we have

%{h(4x—l)—h(2x—1 h(z)} =

3 [ Fn—H _ 2Fn <
- _2n+2_2(_1)n+2 2n+1_2(_1)n+1
<3 [ Fn+1 . 2Fn o

_2n+2_2 2n+1_|_2 -
_3-Fn+Fn—l 2Fn o
I P R T )
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—3 Fn _ Fn anl . Fn
S\ T T\ T )| S

3 Fn . Fn anl . anl
S\ rn 2w T\ T ) S

<0.

Thus, as in the previous case, the function h(4z —1) —h(2z —1) —h(x) is strictly
decreasing to zero over the intervals [m;,m; ) for i >4, and so on these intervals,
we have

h(z)+h(2zx — 1) < h(4z —1).
This completes the proof of the lemma. O
LEMMA 2.2. For all m, we have a(m) < h(m). Moreover,

lim sup sz; =1
m—00 m

PrOOF. If m =1,...,22, then we have a(m) < h(m). See Table 1 for the values
of a(m) and h(m) to verify this.

Table 1
The first 22 values for a(m) and h(m)

m 1 2 3 4 5 6 7 8 9 10 11 12 13
am) | 1| 1 [ 2| 1 ]3] 2 3 (1| 4 35| 2 5
hm) | 1| 3/2 252 3| 10/3] 1134|133 143 5 |53/10 | 28/5

m 14 15 16 17 18 19 20 21 22
am) | 3 4 1 5 4 7 3 8 5

h(m) | 59/10 | 31/5 | 13/2 | 34/5 | 71710 | 37/5 | 77/10 | 8 | 181/22

Now suppose that m > 23 and that the assertion holds for all £ < m. We
consider the three cases, of m even or odd modulo 4, separately.
If m = 2k for some k, then

a(m) = a(2k) = a(k) < h(k) < h(2k) = h(m),
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where we have used here that h(z) is a monotone increasing function.

If m = 4k + 1, then m = 2(2k) + 1, so that using the recursion of the Stern
sequence combined with Lemma 2.1 setting x = k= (m — 1)/4 > (22— 1)/4 > 5,
we have

a(m) = a(22k) + 1) = a(2k) + a2k + 1) = a(k) + a(2k+ 1) <
h(k) + h(2k + 1) < h(4k + 1) = h(m).

If m = 4k + 3, then m = 2(2k + 1) + 1, so that using the same prop-
erties used in the previous sentence, again combined with Lemma 2.1 setting
z=k+1=(m+1)/4>(22+1)/5>5, we have

a(m) =a2Rk+1)+1)=aRk+1)+aRk+2)=ak+1)+a(k+1) <
<h(k+1) +hQk+1) = h(k + 1) + b2k +1) - 1) <
< h(4(k+ 1) — 1) = h(4k + 3) = h(m).

This proves that for all m, a(m) < h(m).
For the limit result, note that
(mn) a(m) _ h(m)

1 = lim < lim sup <limsup — = 1. (Il
1o B(Mn) = mese. B(M) — mesmo. B(m)

s}

LEMMA 2.3. Let € > 0 be given. Then for large enough x, we have
V5 h(z) < @830 g
ProoF. Note that at the points (m,, a(m,)), we have h(m,) = a(m,) = F, by

construction. Thus, noting that

_])"

o= 70) — 14 o),

we have
\/§ . h(mn) - logz 3 logz My, \/_ F 10g2 3(plog2 Mn _

_pr o O e (-55) o ((%)n) '

(P’I'L
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This shows that the result holds for x = m,, for large enough n.
Using this, let € > 0 be given and let N be large enough so that we have

V5 h(my,) — @83 ™ < ¢ (2.3)

for all m,,> N and, towards a contradiction, suppose that there is an x,, € (my,,my,11)
such that

V5 () — @830 > e (2.4)

Then since V/5 - h(z) — ' 3g°2¢ is differentiable for = € (m,,, My 1), by (2.3)
and (2.4), the function attains a maximum value at some z € (m,, my.). Thus
there is an = € (my,, M, ) such that the second derivative of v/5-h(x) — 082 3zl ¢
is negative. But

2
{\/_ h 10g2 3xlog2 <p} ddx {—QDIOgZ Bxlogz (p} _

log,

=~ log, ¢ - (logy p — 1)z 72,

which is positive for all z € (m,,, m, 1) as

log,

—'% % log, ¢ - (log, p — 1) > 0.

Thus we arrive at the contradiction, which proves the lemma. [l

3. The maximal growth of Stern’s diatomic sequence

We are now in a position to prove our main result.
PROOF OF THEOREM 1.1. By Lemma 2.3 we have for large enough z that

log, 3
h(z) < P pome g

VS
and by Lemma 2.2 we have
a(n)

lim su =1
o’ h(n)
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Thus we have for large enough n that

am) _ a(n)
(plogz 3 nlog ¢ te - h(n) ’
and so we have
lim sup —— 27 < timsup 2 < 1 (3.1)

n—oo ¥ nlog ¢ 4 ¢ n—0o00 h(n) -

lim sup <1 (3.2)
n—00 (Plogz 3 nlog: ¢
5
But we also have that
(="

a(m,) F, I A 1+ 0™
(plogzsmlogm T plom? logs m, - . logz(l_ (—ZL)") o )
R o

Thus by (3.2) we have
m a(n
1 = lim 10(37") glimsup% <1,
n—oo ﬂmlﬁ)gﬂp n—00 ﬁnlogzw
V5 5
which proves the theorem. Ul

Remark. We note that Maciej Gawron [3] has recently, and independently, found a
word-based proof of Theorem 1.1.
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