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Abstract:

In this paper we develop the general theory of tight Euclidean t-designs on two concentric spheres

in R
n . We describe all the useful informations towards the classifications of such objects. For

odd t, they were classified completely up to t � 9 in our previous papers. In this paper, we show

that for t odd and t � 13, there exist only finitely many such objects for each given t, by reducing

the problem to the existence of integer solutions of certain diophantine equations. Namely, we

show that dimension n is bounded by a certain function of t. Our method does not allow us to

get the same conclusion for t = 11. So, we will describe many additional informations in the case

of t = 11. We will also describe the information for even t. This case seems to be more difficult

than the case of odd t.
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1. Introduction

A spherical t-design X is a finite set on the unit sphere Sn�1 such that any integral

of polynomial f(x) of degree at most t on Sn�1 is given by the average value of

f(x) over the finite set X. It was first defined by Delsarte—Goethals—Seidel [15].

(See Definition 2.1 below.) Euclidean t-designs are a two step generalization of the

spherical designs, allowing a weight function w : X �! R>0 and also allowing X
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not necessarily to be on the sphere. Since X is a finite set, it must be on several

spheres. The concept of Euclidean t-designs is due to Neumaier—Seidel [21] in

combinatorics, but similar concepts were also considered in Mathematical statistics

in the name of rotatable designs, and in numerical analysis or approximation theory,

in the name of cubature formulas with respect to a spherical symmetric measure

on Rn .

Fisher type inequalities for spherical t-designs are generalized to Euclidean

designs (See Theorem 2.1 below). See also Möller [18, 19], Neumaier—Seidel [21],

Delsarte—Seidel [16], and Bannai—Bannai—Hirao—Sawa [9]. So, the concept

of tight Euclidean t-designs were introduced as those attaining the Fisher type

bound (see Definition 2.2 below). This lower bound depends on t, n as well as the

number p of spheres which supports the finite set X. In the previous several papers

[5, 7–10, 13, 14], we started the study of classification problems of tight Euclidean

t-designs on two concentric spheres. Considering the case p = 2 (i.e., the case on

two concentric spheres) is not only it is the next first case beyond the spherical case,

but also a very distinctive feature that the coherent configuration is associated to

such tight Euclidean designs. (This does not necessarily hold, if p � 3.) So, in this

paper, we mostly consider the case of p = 2.

We point out that the classification of tight Euclidean t-designs on two concen-

tric spheres were copmpleted for odd values of t with t � 9 in our previous papers

[5, 8, 13]. The main purpose of this paper is to develop the general theory for tight

Euclidean t-designs on two concentric spheres. Our main theorem is Theorem 3.1.

(Note that the classification problem for even t seems to be a bit more complicated

compared with the case of odd t. ) So, in the rest of this paper, we will treat

mostly for odd t. In the consideration of tight spherical t-designs for odd t, by

Bannai—Damerell II [12], the existence of such designs was reduced to show that

Gegenbauer polynomial of degree
�
t
2

�
must have all rational roots. Then the method

of Newton-polygons settled the question, i.e., led the non-existence. In our case of

tight Euclidean t-designs on two concentric spheres, the problem was reduced to

show that all the square of the zeros of Gegenbauer polynomial of degree
�
t
2

�
must

be rational numbers, a considerably weaker condition compared with the spherical

case. Nontheless, we can apply a similar technique, and we can prove our another

main Theorem 3.2 that if t � 13 then there are only finitely many possible values of

n for each t. Namely, there are only finitely many such tight Euclidean designs on

two concentric spheres. Unfortunately, we could not get the complete nonexistence
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for each t � 13. Also, this technique did not allow us to get a similar conclusion

for t = 11. Instead, we describe many strong restrictions in the case of t = 11,

believing that these informations are very useful for the future study of such designs.

We also point out that the method for odd t does not imply to get a similar results

for even t. So, these problems will be left for future studies.

2. Definition and basic facts on the Euclidean t-designs

We use the following notation. Let P(Rn) be the vector space over real num-

ber field R consists of all the polynomials in n variables x1, x2, . . . , xn with

real valued coefficients. For x = (x1, x2, . . . , xn), y = (y1, y2, . . . , yn) 2 Rn ,

x � y =

nP
i=1

xiyi and kxk =
p

x � x. For f 2 P(Rn), deg(f) denotes the degree of

the polynomial f . Let Harm(Rn) the subspace of P(Rn) consists of all the har-

monic polynomials. For each nonnegative integer l, let Homl(Rn) = hf 2 P(Rn) j
f is homogeneous polynomial of degree li. The following are the notations for sub-
spaces of P(Rn) we use.

Harml(R
n) := Harm(Rn) \Homl(R

n), Pe(Rn) := �el=0Homl(R
n),P�

e (R
n) :=

[e/2]�
l=0

Home�2l(R
n), R2(p�1)(R

n) := hkxk2i j 0 � i � p� 1i � P2(p�1)(R
n)

For a subset Y � Rn , P(Y ) = ffjY j f 2 P(Rn)g. Pe(Y ), Homl(Y ), Harml(Y ), ...,

etc., are defined in the same way. We denote the Gegenbauer polynomial of degree

l, corresponding to the sphere Sn�1 , by Ql,n�1 . We use the normalization so that

Ql,n�1(1) = dim(Harml(Rn)) (see [2, 15] for explicit formula ).

Let (X,w) be a weighted finite set in Rn whose weight satisfies w(x) > 0 for

x 2 X. Let fr1, r2, . . . , rpg be the set fkxk j x 2 Xg of the length of the vectors

in X. Let Si, 1 � i � p, be the sphere of radius ri centered at the origin. We say

that X is supported by p concentric spheres, or the union of p concentric spheres

S = S1 [ S2 [ � � � [ Sp .
Definition 2.1 ([21]). A weighted finite set (X, w) is a Euclidean t-design if

pX
i=1

w(Xi)jSij Z
Si

f(x)dσi(x) =

X
x2X w(x)f(x)
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holds for any f 2 Pt(Rn). In above, w(Xi) =
P

x2Xi

w(x),
R
Si

f(x)dσi(x) is the usual

surface integral of the sphere Si of radius ri , jSij is the surface area of Si .

Theorem 2.1 ([9, 13, 16, 18, 19, 21], etc). Let X � Rn be a Euclidean t-design

supported by a union S of p concentric spheres. Then the following hold.

(1) For t = 2e, jXj � dim(Pe(S)).
(2) For t = 2e+ 1,jXj �8<: 2 dim(P�

e (S))� 1 for e even and 0 2 X
2 dim(P�

e (S)) otherwise.

Definition 2.2 (Tightness of designs). If an equality holds in one of the in-

equalities given in Theorem 2.1, then (X,w) is a tight t-design on p concentric

spheres in Rn . Moreover if dim(Pe(S)) = dim(Pe(Rn)) holds for t = 2e, or

dim(P�
e (S)) = dim(P�

e (R
n)) holds for t = 2e + 1, then (X, w) is a tight t-design

of Rn .

Möller [19] proved that a tight (2e+ 1)-design (X, w) on p concentric spheres is

antipodal and the weight function is center symmetric if e is odd or e is even and

0 2 X. For the case e is even and 0 62 X Theorem 2.3.6 in [9] implies if we assume

p � e

2
+1, then X is antipodal and the weight function is center symmetric. Hence,

Lemma 1.10 in [3] and Lemma 1.7 in [13] imply that weight function of a tight

t-design on p concentric spheres is constant on each Xi for t = 2e; t = 2e+ 1 and

e odd; t = 2e+ 1, e even and 0 2 X; t = 2e+ 1, e even, 0 62 X, and p � e

2
+ 1.

For more information about the spherical designs and Euclidean designs please

refer also [2, 3, 6], etc.

3. Main theorems and basic facts

Let (X,w) be a tight t-design on p concentric spheres. Then as we mentioned in

§2, the weight function w is constant on each Xν , ν = 1, . . . , p ([3] and [13]). Let

w(x) = wν on Xν (1 � ν � p). If t is odd, then X must be an antipodal set. Also

any similarity transformation (including the normalization of the weight) of (X,w)
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also gives a tight t-design on p concentric spheres ([3]). Please refer to [3] and [13]

for more information of the basic facts on Euclidean t-designs.

Now we assume p = 2 and 0 62 X. Let A(Xλ,Xµ) =

nx � y
rλrµ

j x 2 Xλ, y 2
Xµ, x 6= y

	
for λ, µ = 1, 2. It is known that 1

r1
X1 and 1

r2
X2 are spherical (t� 2)-

designs on the unit sphere Sn�1 � Rn ([13]). In the following we use the notation

A(Xλ) = A(Xλ,Xλ). Also the following inequalities are known [3, 13].jA(Xλ)j = jA(Xλ,Xλ)j � � t+ 1

2

�
, λ = 1, 2, (3.1)jA(X1,X2)j � � t

2

�
, (3.2)

where [a] denotes the largest integer among those which are less than or equal to a.

Let sλ = jA(Xλ)j, λ = 1, 2. If 1
rλ
Xλ is not a tight spherical (t � 2)-design, then

Xλ must be a
�
t+1
2

�
-distance set, i.e., sλ =

�
t+1
2

�
. Then Xλ has the structure of

Q-polynomial scheme (see [15] for t = 2e case and [4] for t = 2e + 1 case.) The

following are the main results of this paper.

Theorem 3.1. Assume n � 3. Let e =
�
t
2

�
, then the following (1), (2), and (3) hold.

(1) jA(X1,X2)j = e. Moreover if t = 2e+ 1, then A(X1,X2) coincides with the set

of zeros of the Gegenbauer polynomial Qe(x) of degree e.

(2) If t = 2e, then sλ = e� 1 or sλ = e. If t = 2e+ 1, then sλ = e or sλ = e+ 1,

for λ = 1, 2. Moreover if e � 5, then every element of A(Xλ) is a rational

number for λ = 1, 2.

(3) If either A(X1) or A(X2) consists of rational numbers, then γ2 is a rational

number for any γ 2 A(X1,X2).

Theorem 3.2. If t = 2e + 1 and t � 13, then there are only finitely many tight

t-designs on 2 concentric spheres up to similar transformations.

This means that for any fixed odd integer t � 13, if n is large enough, then there is

no tight t-designs on two concentric spheres in Rn . Theorem 3.2 is implied by the

following lemma.

Lemma 3.1. Let n � 3 and e � 6. Let Qe,n�1(x) be the Gegenbauer polynomial of

degree e. Assume that γ2 2 Q holds for any γ satisfying Qe,n�1(γ) = 0. Then there

exists a constant C depending only on e such that n � C holds.
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Proof of Theorem 3.2. Let (X,w) be a tight (2e + 1)-designs on 2 concentric

spheres with 2e + 1 � 13. Then e � 6 and Theorem 3.1 implies that γ2 2 Q for

any γ 2 A(X1,X2). Therefore Lemma 3.1 implies Theorem 3.2. �

In §4, we give the proof for Theorem 3.1.

In §5, we give the proof for Lemma 3.1.

In §6, we give more precise formulas to determine the values of the inner products

in A(X1), A(X2), and A(X1,X2).

In §7, we discuss the case t = 11.

4. Proof of Theorem 3.1

Proof of Theorem 3.1 (1). It is known that jA(X1,X2)j � � t2� = e (see [3, 13]).

Let a 2 X2 . We may assume a = (r2, 0, . . . , 0). Let fγ1, . . . , γsg =

nx � a
r1r2

j
x 2 X1

	 � A(X1,X2) and nj =

��fx 2 X1 j x � a = γjg�� for j = 1, . . . s. Let

x = r1(x1, . . . , xn) for x 2 X1 . Since
�x � a
r1r2

�i
= x

i
1 is a polynomial of x1 with

degree i, and 1
r1
X1 is a spherical (t� 2)-design on Sn�1 , we have

1jSn�1j Z
x2Sn�1 xi1dσ(x) =

1jX1j X
x2X1

�
x � a
r1r2

�i

=
1jX1j sX

j=1

njγ
i
j (4.1)

for any nonnegative integer i � t� 2. On the other hand we have

1jSn�1j Z
x2Sn�1 xi1dσ(x) =

jSn�2jjSn�1j 1Z�1

x
i(1� x2)n�3

2 dx (4.2)

for i = 0, 1, . . . , t�2. Therefore we have the following cubature formula on [�1, 1]
of degree t� 2.

1Z�1

xi(1� x2)n�3
2 dx =

sX
j=1

λjγ
i
j, (4.3)
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where λj =
jSn�1jjSn�2jjX1jnj , 1 � j � s. Hence

1Z�1

f(x)(1� x2)n�3
2 dx =

sX
j=1

λjf(γj), (4.4)

holds for any polynomial f(x) of degree at most t� 2.

Note that Ql,n�1(x) is the orthogonal polynomial with respect to the weight

function (1� x2)n�3
2 . Let F(x) =

sQ
j=1

(x � γj). Let F(x) =

sP
l=0

clQl,n�1(x) be the

Gegenbauer expansion of F(x). If s � � t2��1 = e�1, then deg(F(x)Ql,n�1(x)) �
s+ l � t� 2 for any 0 � l � s. Hence we have

1Z�1

F(x)Ql,n�1(x)
�
1� x2�n�3

2 dx =

sX
j=1

λjF(γj)Ql,n�1(γj) = 0. (4.5)

On the other hand, for any l � s we have

1Z�1

F(x)Ql,n�1(x)
�
1� x2�n�3

2 dx = cl

1Z�1

(Ql,n�1(x))
2�1� x2�n�3

2 dx. (4.6)

(4.5) and (4.6) imply cl = 0 for any l � s. Since deg(F(x)) = s, this is a

contradiction and we must have s =
�
t
2

�
= e and jA(X1,X2)j = e. Next assume

t = 2e + 1. Then a similar argument as given above implies deg(F(x)) = e and

F(x) = ceQe,n�1(x) + ce�1Qe�1,n�1(x), ce 6= 0. Then deg(F(x)Qe�1,n�1(x)) =

2e� 1 = t� 2 holds. Hence we must have

1Z�1

F(x)Qe�1,n�1(x)
�
1� x2�n�3

2 dx = ce�1

1Z�1

(Qe�1,n�1(x))
2�1� x2�n�3

2 dx = 0.

(4.7)

This implies ce�1 = 0 and F(x) must be a nonzero scalar multiple of Qe,n�1(x).

This completes the proof of Theorem 3.1 (1). �

Proof of Theorem 3.1 (2). As we mentioned in §2, Xλ (λ = 1, 2) is a spherical

(t�2)-design,
�
t+1
2

��1 � sλ � � t+1
2

�
and Xλ has the structure of a Q-polynomial
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association scheme of class sλ (see [4, 15]). If t = 2e, then sλ = e � 1 or e

and Xλ is antipodal. If t = 2e + 1, then sλ = e or e + 1, and Xλ is antipodal.

Let
�
E

(λ)
0 ,E

(λ)
1 , . . . ,E

(λ)
sλ

	
be the basis of primitive idempotents corresponds to the

Q-polynomial structure of Xλ . Then for x, y 2 Xλ , we havejXλjE(λ)
1 (x, y) = n

x � y
r2λ

, (4.8)

where
x � y
r2λ

2 A(Xλ). Let m
(λ)
i (0 � i � sλ) be the rank of E

(λ)
i for λ = 1, 2.

Therefore, if we prove that every entry of E
(λ)
1 is a rational number, then we have

Theorem 3.1 (2). So we assume that there exist irrational numbers among the entries

of E
(λ)
1 . Then E

(λ)
1 is a matrix over a field K which is a finite extension over Q.

Since Xλ is a Q-polynomial scheme, all the primitive idempotents E
(λ)
i , 0 � i � sλ

are matrices over K . We consider the Bose—Mesner algebra over K . Denote it by

M
K
λ . Let G = G(K/Q) be the Galois group. Then Bose—Mesner algebra over K is

invariant as a set under the action of G because the adjacency matrices are integral.

Let σ be any element in G. Then
�
σ(E

(λ)
0 ) = E

(λ)
0 , σ(E

(λ)
1 ), . . . , σ(E

(λ)
sλ )
	
is a basis

of primitive idempotents of M
K
λ which is unique as a set. Hence we must havefσ(E(λ)

0 ) = E
(λ)
0 , σ(E

(λ)
1 ), . . . , σ(E(λ)

sλ )g = fE(λ)
0 ,E

(λ)
1 , . . . ,E(λ)

sλ g (4.9)

and
�
E

(λ)
0 , σ(E

(λ)
1 ), . . . , σ(E

(λ)
sλ )
	
gives a Q-polynomial structure on Xλ . It is known

that m
(λ)
i = Qn�1,i(1) =

�
n�1+i

i

�� �n�1+i�2
i�2

�
for8>>><>>>: 0 � i � sλ, if t = 2e and sλ = e� 1,

0 � i � sλ � 1, if t = 2e and sλ = e,

0 � i � sλ � 2, if t = 2e+ 1 and sλ = e, e+ 1.

(4.10)

Since n � 3, we have8>>><>>>:m
(λ)
0 < m

(λ)
1 < � � � < m

(λ)
sλ , if t = 2e and sλ = e� 1,

m
(λ)
0 < m

(λ)
1 < � � � < m

(λ)
sλ�1, if t = 2e or t = 2e+ 1 and sλ = e,

m
(λ)
0 < m

(λ)
1 < � � � < m

(λ)
sλ�2, if t = 2e+ 1 and sλ = e+ 1.

(4.11)
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More details of the formula for m
(λ)
i please refer to [2, 4, 15]. If t = 2e and

sλ = e� 1 (this means Xλ is a spherical tight (2e� 2)-design), then m
(λ)
1 6= m

(λ)
i

for any i 6= 1. Hence σ(E
(λ)
1 ) = E

(λ)
1 for any σ 2 G. Therefore E

(λ)
1 is a matrix over

Q (this is more or less a known fact). For other cases we need more arguments. We

introduce the following theorem proved in [24].

Theorem 4.1 (Suzuki [24]). Let X = (X, fRig0�i�s) be a Q-polynomial association

scheme with m1 > 2. Then the following hold.

(1) X has at most 2 distinct orderings of the primitive idempotents which give Q-

polynomial structures.

(2) If E0,E1, . . . ,Es is an ordering of the primitive idempotents of X which gives a

Q-polynomial structure of X. Then possible second ordering must be one of the

followings:

I. If s > 5, then

(a) E0,E2,E4,E6, . . . ,E5,E3,E1 ,

(b) E0,Es,E1,Es�1,E2,Es�2,E3,Es�3, . . .,

(c) E0,Es,E2,Es�2,E4,Es�4, . . . ,Es�5,E5,Es�3,E3,Es�1,E1 ,

(d) E0,Es�1,E2,Es�3,E4,Es�5, . . . ,E5,Es�4,E3,Es�2,E1,Es .

II. If s = 5, then

(e) E0,E5,E3,E2,E4,E1 .

Case t = 2e and sλ = e: Then m
(λ)
0 < m

(λ)
1 < � � � < m

(λ)
e�1 = m

(λ)
sλ�1 holds.

Hence if e � 5, then none of the second possible ordering is impossible and we

must have σ(E
(λ)
1 ) = E

(λ)
1 .

Case t = 2e+ 1 and sλ = e: Then m
(λ)
0 < m

(λ)
1 < � � � < m

(λ)
e�1 = m

(λ)
sλ�1 holds.

Hence if e � 5, then none of the second ordering is impossible and we must have

σ(E
(λ)
1 ) = E

(λ)
1 .

Case t = 2e + 1 and sλ = e+ 1: Then m
(λ)
0 < m

(λ)
1 < � � � < m

(λ)
e�1 = m

(λ)
sλ�2 .

Hence if e � 6, then none of the second ordering is impossible. If e = 5,

then sλ = 6, and E
(λ)
0 ,E

(λ)
5 ,E

(λ)
2 ,E

(λ)
3 ,E

(λ)
4 ,E

(λ)
1 ,E

(λ)
6 is the unique possible

second ordering. In this case we must have m
(λ)
5 = m

(λ)
1 . Then Theorem 1.2

(3) in [4] implies
jXλj
2

�  n+ 2

3

!
= n. Since Xλ is a spherical 9-design,jXλj � 1

12
n(n + 1)(n + 2)(n + 3). This is a contradiction. Hence we must have

σ(E
(λ)
1 ) = E

(λ)
1 . This completes the proof of Theorem 3.1 (2). �
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Proof of Theorem 3.1 (3). Let fϕl,i j i = 1, 2, . . . , hlg be an orthonormal basis of

Harml(Rn) with respect to the inner product hf, gi =
1jSn�1j Z

Sn�1 f(x)g(x)dσ(x).
Here hl = dim(Harml(Rn)). Let H

(λ)
l be the matrix whose rows are indexed by

X, columns are indexed by fϕl,i j i = 1, 2, . . . , hlg and (x, ϕl,i)-entry is given by

H
(λ)
l (x, i) = ϕl,i

�
x
rλ

�
for x 2 Xλ and H

(λ)
l (x, i) = 0 for x 62 Xλ . Let Iλ (λ = 1, 2)

be the matrix indexed by X � X defined by Iλ(x, y) = δx,y for x, y 2 Xλ ,

Iλ(x, y) = 0 other wise. Let

E
(λ,µ)
l =

1pjXλjjXµjH(λ)
l

t
H

(µ)
l

for l = 0, 1, . . .. Since Xλ and Xµ are spherical (t � 2)-designs tHl
(λ)
H

(λ)
k =

δl.kjXλjIλ , tHl
(µ)
H

(µ)
k = δl.kjXµjIµ hold for any nonnegative integers k and l

satisfying 0 � k + l � t � 2 ([2, 15]). In [7], it is proved that X = X1 [ X2

has a structure of coherent configuration. Let A(Xλ,Xµ) =

n
α
(1)
λ,µ, . . . , α

(sλ,µ)

λ,µ

o
and α

(0)
λ,λ = 1, for λ = 1, 2. Let D

(u)
λ,µ be the adjacency matrix of the coherent

configuration defined on X �X whose (x, y)-entry is defined by

D
(u)
λ,µ =

8><>: 1 if (x, y) 2 Xλ �Xµ and
x � y
rλrµ

= α
(u)
λ,µ,

0 otherwise.

(4.12)

Hence if (x, y) 2 Xλ �Xµ , then

E
(λ,µ)
l (x, y) =

1pjXλjjXµj hlX
i=1

ϕl,i

� x

rλ

�
ϕl,i

� y

rµ

�
=

1pjXλjjXµjQl,n�1

�x � y
rλrµ

�
(4.13)

and we have

E
(λ,µ)
l =

1pjXλjjXµj sλ,µX
u=1�δλ,µ Ql,n�1

�
α
(u)
λ,µ

�
D

(u)
λ,µ.

Now we consider the case λ 6= µ. Theorem 3.1 (1) implies jA(X1,X2)j = e.

Therefore if l � e � 1, then there exists γ 2 A(X1,X2) satisfying Ql,n�1(γ) 6= 0.
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This implies E
(λ,µ)
l 6= 0 for 0 � l � e � 1 and λ 6= µ. Let 0 � l, k � e� 1. Then

l+ k � 2e� 2 � t� 2. Hence we have

E
(λ,λ)
l E

(λ,µ)
k =

1jXλj 1pjXλjjXµjH(λ)
l

t
H

(λ)
l H

(λ)
k

t
H

(µ)
k = δl,kE

(λ,µ)
l .

Similarly we have

E
(λ,µ)
l E

(µ,µ)
k = δl,kE

(λ,µ)
l , E

(µ,λ)
l E

(λ,µ)
k = δl,kE

(µ,µ)
l ,

for 0 � l, k � e�1. Let
e�1P
l=0

clE
(λ,µ)
l = 0. Then for any nonnegative integer k � e�1

we have E
(λ,λ)
k

e�1P
l=0

clE
(λ,µ)
l = ckE

(λ,µ)
k = 0. Since E

λ,µ
k 6= 0, we must have ck = 0

for any k = 0, 1, . . . , e� 1. Hence E
(λ,µ)
0 ,E

(λ,µ)
1 , . . . ,E

(λ,µ)
e�1 is linearly independent

and we must have
D
E

(λ,µ)
0 ,E

(λ,µ)
1 , . . . ,E

(λ,µ)
e�1

E
=

D
D

(1)
λ,µ,D

(2)
λ,µ, . . . ,D

(e)
λ,µ

E
. The

vector space
D
E

(λ,µ)
0 ,E

(λ,µ)
1 , . . . ,E

(λ,µ)
e�1

E
is closed under the Hadamard product.

Since Gegenbauer polynomial Ql,n�1(x) is a linear sum of the (Q1,n�1(x))k, k =

0, 1, . . . , l, E
(λ,µ)
l is a polynomial of E

(λ,µ)
1 with respect to the Hadamard product.

Hence we can consider
D
E

(λ,µ)
0 ,E

(λ,µ)
1 , . . . ,E

(λ,µ)
e�1

E
as a vector space over the field

K = Q
�
α
(1)
1,2, . . . , α

(e)
1,2

�
. This vector space is invariant as a set under the action

of the Galois group G of the extention K/Q. Here we note that, by definition,

D
(l)
λ,µ =

tD
(l)
µ,λ (1 � l � e) and E

(l)
λ,µ =

tE
(l)
µ,λ (0 � l � e � 1) hold. Let σ be any

element in the Galois group G. Let σ
�
E

(λ,µ)
l

�
=

e�1P
k=0

ckE
(λ,µ)
k , ck 2 K . Assume that

every element of A(Xλ) is a rational number. Then we must have σ(E
(λ,λ)
l ) = E

(λ,λ)
l .

Then we have

e�1X
k=0

ckE
(λ,µ)
k = σ(E

(λ,µ)
l ) = σ(E

(λ,λ)
l E

(λ,µ)
l ) = E

(λ,λ)
l σ(E

(λ,µ)
l ) = clE

(λ,µ)
l .

Since
�
E

(λ,µ)
0 ,E

(λ,µ)
1 , . . . ,E

(λ,µ)
e�1

	
is linearly independent we must have ck = 0 for

k 6= l. Hence σ
�
E

(λ,µ)
l

�
= clE

(λ,µ)
l with some cl 2 K . Since E

(λ,µ)
l =

tE
(µ,λ)
l , we

must have σ(E
(µ,λ)
l ) = clE

(µ,λ)
l . Then

E
(λ,λ)
l = σ

�
E

(λ,λ)
l

�
= σ
�
E

(λ,µ)
l E

(µ,λ)
l

�
= σ
�
E

(λ,µ)
l

�
σ
�
E

(µ,λ)
l

�
= c2lE

(λ,µ)
l E

(µ,λ)
l = c2lE

(λ,λ)
l .
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Hence we must have c2l = 1. In particular

σ
�
E

(λ,µ)
1

�
=

1pjX1jjX2j eX
u=1

Q1,n�1

�
σ(α

(u)
λ,µ)
�
D

(u)
λ,µ

and

c1E
(λ,µ)
1 =

1pjX1jjX2j eX
u=1

Q1,n�1

�
c1α

(u)
λ,µ

�
D

(u)
λ,µ.

Hence σ
�
α
(u)
λ,µ

�
= c1α

(u)
λ,µ holds. This implies σ

��
α
(u)
λ,µ

�2�
=

�
σ
�
α
(u)
λ,µ

��2

=

c21
�
α
(u)
λ,µ

�2
=
�
α
(u)
λ,µ

�2
for any σ 2 G and u = 1, . . . , e. Hence,

�
α
(u)
λ,µ

�2
, 1 � u � e,

are all rational numbers. This completes the proof of Theorem 3.1 (3). �

5. Proof of Lemma 3.1

Note that in [12], it was shown that if n � 3, e � 6, and γ 2 Q hold for any γ

satisfying Qe,n�1(γ) = 0, then we get contradiction. We prove Lemma 3.1 using the

method similar to the one used in [12]. Let fγ1, . . . , γeg be the set of all the zeros of

Qe,n�1(x). Note that Qe,n�1(x) = 0 has only simple roots. Let fγ1, . . . , γeg be the

set of all the zeros of Qe,n�1(x). Then �γi 2 fγ1, . . . , γeg for i = 1, 2, . . . , e, and

if e is even, γi 6= 0 (1 � i � e). On the other hand, if e is odd, then Qe,n�1(0) = 0

holds. Let m =
�
e
2

�
and fγ1, . . . , γ2mg be the set of all the nonzero zeros of

Qe,n�1(x). We define a polynomial Sm(x) by

Sm(x) =

2mY
i=1

�
x� 1

γi

�
. (5.1)

Then the following expression is given in [12].

Sm(x) = x
2m

+

mX
i=1

(�1)iuix2(m�i), (5.2)

where if e is even,

ui =

 
m

i

!
(h+ 2(i� 1))(h+ 2(i� 2)) � . . . � (h+ 2)h

(2i+ ε)(2i+ ε� 2) � . . . � 3 � 1 ,
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(5.3)

where ε = (�1)e�1 and h = n+ 2m+ 1 + ε. Let F(x) be the polyomial of degree

m defined by

F(x) = x
m

+

mX
i=1

(�1)iuixm�i, (5.4)

where ui (1 � i � m) are given by (5.3). Then F(x) has m zeros fγ�2
j , 1 � j �

mg. By assumption, fγ�2
j , 1 � j � mg are all rational numbers. For any fixed

γ�2
j (1 � j � m), let γ�2

j = pj/qj , where pj and qj are integers relatively prime to

each other. Then the following holds.�
pj

qj

�m

+

mX
i=1

(�1)iui �pj
qj

�m�i
= 0 (1 � j � m). (5.5)

Multiply this equation by qmj , then we obtain

p
m
j +

mX
i=1

(�1)iuipm�ij q
i
j = 0 (1 � j � m). (5.6)

Among the integers in the denominators of u1, u2 . . . , um , (2m + ε)!! = (2m +

ε)(2m + ε � 2) � . . . � 3 � 1 is the largest one. So we multiply (5.6) by (2m + ε)!!.

Then we obtain

(2m+ ε)!! pmj +

m�1X
i=1

(�1)i(2m+ ε)!! uip
m�i
j q

i
j+

+ (h + 2(m � 1))(h + 2(m � 2)) � . . . � (h + 2)hqmj = 0 (1 � j � m). (5.7)

Since (2m+ ε)!! ui , i = 1, . . . ,m� 1, are all integers and qj and pj are relatively

prime to each other, qj must divide (2m+ε)!! for any j = 1, 2, . . . ,m. Let l.c.m.(q)

be the least common multiple of q1, . . . , qm . Then there exist y1, y2, . . . , ym 2 Z

satisfying
pj

qj
=

yj

l.c.m.(q)
. Then by factoring out qmj , (5.7) is transformed into
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(2m+ ε)!! ymj +

m�1X
i=1

(�1)i(2m+ ε)!! uiy
m�i
j (l.c.m.(q))i + (h+ 2(m� 1))�� (h + 2(m � 2)) � . . . � (h + 2)h(l.c.m.(q))m = 0 (1 � j � m). (5.8)

Thus, y1, . . . , ym must be the zeros of the following polynomial f(x) of degree m

f(x) = a0x
m

+

mX
i=1

aix
m�i (5.9)

where

a0 = (2m+ ε)!!, (5.10)

ai = (�1)i(l.c.m.(q))i
 
m

i

!
(2m+ ε)(2m� 3) � . . . � (2i+ ε+ 2)�� (h+ 2(i� 1))(h+ 2(i� 2)) � . . . � (h+ 2)h (1 � i � m� 1), (5.11)

am = (l.c.m.(q))m(h+ 2(m� 1))(h+ 2(m� 2)) � . . . � (h+ 2)h. (5.12)

Note that since l.c.m.(q) must divide (2m + ε)!!, every prime number satisfying

p > 2m+ ε is relatively prime to l.c.m.(q).

Next we use the method so called Newton polygon method ([17]). Let

F(x) = b0x
m

+ b1x
m�1

+ . . . + bm�1x + bm be a polynomial of integral coeffi-

cients with bmb0 6= 0. Let p be a prime number, and let ci(p) be the largest

integer that pci(p) divides bi. (We put ci(p) = 1 if bi = 0.) Let plot the points

(0, 0), (1, c0(p)), (2, c1(p)), . . . , (m + 1, cm(p)) in the x-y plane R2 . Take the

lower side of the convex hull of these points (which is called the Newton-polygon).

Then, in order that all the zeros of F(x) = 0 are integers, all the slopes (of the

Newton-polygon) must be integers. (If the coefficients are rational numbers, then we

consider factorization of the polynomial as p-adic numbers.) It is said that Newton

had a similar figure, but this method was discovered later (Dumas [17]).

Now we apply this to our polynomial f(x) defined by (5.9). Let p be any

prime satisfying p > 2m + ε and pjh + 2(m � 2). Then p 6 jh + 2(m � i) for

i = 1, 3, 4, . . . ,m. Hence p 6 jai , for i = 0, 1, . . . ,m� 2 and we must have c0(p) =

c1(p) = . . . = cm�3(p) = cm�2(p) = 0. Moreover both am�1 and am are of the form

(h+2(m�2))�(an integer prime to p). Hence we must have cm�1(p) = cm(p) > 0.
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This implies that the line segment from (m�2, cm�2(p)) = (m�2, 0) to (m, cm(p))

is an edge of the Newton polygon. Therefore the slope must be an integer. Hence

cm(p) must be an even integer. Consider the factorization of h + 2(m � 2) into

prime factors and let h + 2(m � 2) = Ay2 where A is a product of distinct prime

numbers. Then every prime factor of A must be less than or equal to 2m + ε.

Hence A is a bounded umber for each m =
�
e
2

�
. Next we consider the prime

factor of h + 2(m � 3). Let p0 be a prime number satisfying p0 > 2m + ε and

p0jh+ 2(m� 3). Then p0 is prime to h+ 2(m� j) for any j 6= 3. Hence we must

have cm�2(p0) = cm�1(p0) = cm(p0) and c0(p0) = c1(p0) = . . . = cm�3(p0) = 0.

Hence the line segment from (m � 3, cm�3(p0)) = (m � 3, 0) to (m, cm(p0)) is an

edge of the Newton polygon. Hence cm(p0) must be a multiple of 3. Consider the

factorization of h + 2(m � 3) into distinct primes, and let h + 2(m � 3) = Bz3 ,

where every prime factor p of B satisfies p3 6 jB. Then p must be less than or equal

to 2m+ ε. Hence B is at most a product of squares of prime numbers less than or

equal to 2m+ ε. Hence B is a bounded number each m =
�
e
2

�
. Thus we have an

equation

Ay2 � Bz3 = 2.

It is known in the theory of diophantine equations that there are only finitely many

integer solutions of this equation (see Theorem 3 or Theorem 4 in [20, Chapter 28].

See also [1, 23]). Since choices for each m, we have finitely many choices for A

and B. Hence there are finitely many solutions for y and z for each m. Hence

there are finitely many choices for h = n + 2m+ 1 + (�1)e�1 for a fixed e. This

implies Lemma 3.1.

6. Formulas

Let (X,w) be supported by p concentric spheres. Notations are the same as in Sec. 2.

Then dim(R2(p�1)(X)) = p holds. For each l, we define an inner product h�, �il onP2(p�1)(X) by hf, gil =
P
x2X w(x)kxk2lf(x)g(x). Then h�, �il is a positive definite

for each l. For each l, we define polynomials fgl,j j 0 � j � p� 1g � R2(p�1)(R
n)

so that fgl,jjX j 0 � j � p � 1g is an orthnomal basis of R2(p�1)(X) with respecth�, �il . We define so that gl,j(x) is a polynomial of degree 2j and a linear

combination of
�kxk2i j 0 � i � j

	
. We abuse the notation and we identify

gl,j(x) = gl,j(rν) for x 2 Xν (1 � ν � p). First we prove the following proposition.
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Proposition 6.1. Let (X, w) be a positive weighted finite subset in Rn supported by

p concentric spheres. Assume 0 62 X and the weight function is constant on each Xi

(1 � i � p). Then the following holds.

p�1X
j=0

gl,j(rν)gl,j(rµ) = δν,µ
1jXνjwνr2lν .

Proof. LetMl be the p�pmatrix whose (ν, j) entry is defined by
pjXνjwνrlνgl,j(rν)

for 1 � ν � p and 0 � j � p� 1. Then

(tMlMl)(j1, j2) =

pX
ν=1

Mν,j1Mν,j2 =

pX
ν=1

jXνjwνr2lν gl,j1(rν)gl,j2 (rν) =

=

pX
ν=1

X
x2Xν

w(x)kxk2lgl,j1(rν)gl,j2 (rν) =

X
x2X w(x)kxk2lgl,j1(x)gl,j2 (x) =

= δj1,j2 (6.1)

Hence Ml is invertible and M�1
l =

tMl . Hence we have Ml
tMl = I .

(Ml
t
Ml)(ν, µ) = r

l
νr
l
µ

qjXνjjXµjwνwµ p�1X
j=0

gl,j(rν)gl,j(rµ) = δν,µ (6.2)

Hence we must have

p�1X
j=0

gl,j(rν)gl,j(rµ) = δν,µ
1jXνjwνr2lν .

�

Remark. By definition gl,0(x) � 1rP
x2X w(x)kxk2l . More information on gl,j(x),

please refer to [3, 13].

Now let X = X1 [X2 be a tight t-design on two concentric spheres. Assume

0 62 X. In the following we consider the case n � 3 and t = 4, 6, 8 and t � 10.

(Classification of tight t-designs on two concentric spheres are done for the following
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cases: For n = 2 see [9]. For t = 2, 3, see [10]. n � 3 and t = 5 see [13]. n � 3

and t = 7 see [5]. n � 3 and t = 9 see [8]. For t = 4 and 6, interesting examples

are given in [11, 14])

If t = 2e, then it is known that X1 and X2 are spherical 2(e� 1)-designs and

e � 1 � sν � e (see [13]). If sν = e � 1, then it is known that A(Xν) coincide

the set of zeros of the polynomial
e�1P
i=0

Qi,n�1(x) ( [15]). If t = 2e + 1, then it is

known that X1 and X2 are spherical (2e � 1)-designs and e � sν � e + 1 (see

[13]). If sν = e, then A(Xν) coincide with the set of zeros of the polynomial

(x + 1)
[ e�12 ]P
i=0

Qe�1�2i,n�1(x) ([15]). In the following we use the following notation

for the inner products between the points in X. α
(ν)
0 = 1, α

(ν)
i = α

(i)
ν,ν 2 A(Xν) and

γi = α
(i)
1,2 2 A(X1,X2).

Proposition 6.2. We assume n � 3. Let X = X1 [ X2 be a tight t-design on 2

concentric spheres in Rn . Assume 0 62 X. Then the following (1) and (2) hold.

(1) If t = 2e, then the followings hold.

a) A(X1,X2) coincide with the set of zeros of the polynomial

Qe,n�1(x) +
jX1jw1r

2e
1 + jX2jw2r

2e
2

r1r2(jX1jw1r
2(e�1)
1 + jX2jw2r

2(e�1)
2 )

Qe�1,n�1(x).

b) If s1 = s2 = e, then the following conditions hold.jXνjwνr2eνjX1jw1r
2e
1 + jX2jw2r

2e
2

Qe,n�1(α
(ν)) (6.3)

+
jXνjwνr2e�2

νjX1jw1r
2e�2
1 + jX2jw2r

2e�2
2

Qe�1,n�1(α
(ν)) +

e�2X
l=0

Ql,n�1(α
(ν)) = 0

for any α(ν) 2 A(Xν), ν = 1, 2.jXνjwνr2eνjX1jw1r
2e
1 +jX2jw2r

2e
2

Qe,n�1(1)+
jXνjwνr2e�2

νjX1jw1r
2e�2
1 +jX2jw2r

2e�2
2

Qe�1,n�1(1)+

+

e�2X
l=0

Ql,n�1(1) = jXνj, ν = 1, 2. (6.4)
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(2) If t = 2e+ 1 and s1 = s2 = e+ 1, then the following conditions hold.� jXνj(n� 2)! e!

2(n� 2 + 2e)(n� 3 + e)!
� (n� 2 + e)(n� 1 + e)

(n� 2 + 2e)(n� 1)

�
Qe,n�1(α

(ν))

+Ce,n�1(α
(ν)) = 0, (6.5)

for any α(ν) 2 A(Xν) satisfying α(ν) 6= �1, ν = 1, 2. Here Ce,n�1(x) =

[e/2]P
j=0

Qe�2j,n�1(x).

w1

w2

�
r1

r2

�2e

=
jX2jjX1j  jX1j � 2

�
n�3+e
e�2

�jX2j � 2
�
n�3+e
e�2

�! . (6.6)

Note that jX1j+ jX2j = jXj = 2
��

n+e�1
e

�
+
�
n+e�3
e�2

��
by assumption.

Proof. Equations (2.3) and (2.4) in the proof of Lemma 1.10 in [3] imply that

eX
l=0

a
(ν)
l Ql,n�1(1) =

1

wν
, ν = 1, 2

eX
l=0

a
(ν)
l Ql,n�1(α

(ν)) = 0, for any α(ν) 2 A(Xν), ν = 1, 2

and
eX
l=0

clQl,n�1(γ) = 0, for any γ 2 A(X1,X2)

where a
(ν)
l = r2lν gl,0(rν)

2
=

r2lνjX1jw1r
2l
1 + jX2jw2r

2l
2

for l = e � 1, e and a
(ν)
l =

r2lν (gl,0(rν)
2
+ gl,1(rν)

2) for l = 0, 1, . . . , e � 2. Also cl = (r1r2)
lgl,0(r1)gl,0(r2) =

(r1r2)ljX1jw1r
2l
1 +jX2jw2r

2l
2

for l=e�1, e and cl=(r1r2)l(gl,0(r1)gl,0(r2)+gl,1(r1)gl,1(r2))

for l = 0, 1, . . . , e� 2. Then Proposition 6.1 implies (1).

(2) Let Xν = X�
ν [ (�X�

ν), X
�
ν \ (�X�

ν) = ∅ for ν = 1, 2, where �X�
ν =f�x j x 2 X�

νg. Then we must have A(Xν) = f�1g [ A(X�
ν) and by assumptionjA(X�

ν)j = e. Equations (3.1) and (3.2) in the proof of Lemma 1.7 in [13] implies
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the following equations.

[e/2]X
l=0

c�e�2lQe�2l,n�1(1) =
1

wν
, (6.7)

and
[e/2]X
l=0

c�e�2lQe�2l,n�1

�x � y
r2ν

�
= 0 (6.8)

for any x, y 2 X�
ν , where c�e�2l = r

2(e�2l)
ν

minfp�1,lgP
j=0

g�e�2l,j(rν)
2 (0 � l � � e2�) for

ν = 1, 2. (Here we denote the orthonormal basis of R2(p�1)(X
�) by

�
g�l,j(x) j 0 �

j � p � 1
	
.) We apply Proposition 6.1 for (X�, w). Then we obtain the following

equations. jXνjwνr2eνjX1jw1r
2e
1 + jX2jw2r

2e
2

Qe,n�1(α
(ν)) +

[e/2]X
l=1

Qe�2l,n�1(α
(ν)) = 0 (6.9)

for any α(ν) 2 A(Xν) satisfying α(ν) 6= �1.jXνjr2eν wνjX1jw1r
2e
1 + jX2jw2r

2e
2

Qe,n�1(1) +

[e/2]X
l=1

Qe�2l,n�1(1) =
1

2
jXνj. (6.10)

Then Qe,n�1(1) =
�
n�1+e

e

���n�1+e�2
e�2

�
and

[e/2]P
l=0

Qe�2l,n�1(1) =
�
n�1+e

e

�
imply (2). �

Remark. In Proposition 6.2, t = 2e: Let A(Xν) = fα(ν)
1 , α

(ν)
2 , . . . , α

(ν)
e g, α(ν)

0 = 1

and b
(ν)
l =

jXνjwνr2lνjX1jw1r
2l
1 + jX2jw2r

2l
2

for l = e � 1, e and ν = 1, 2. Let Mν be the

square matrix of size e+1 whose (i, j)-entry is given by Mν(i, j) = Qi(α
(ν)
j ). Since

α
(ν)
0 , α

(ν)
1 , . . . , α

(ν)
e are distinct rational numbers. Mν is a invertible matrix. Then

(6.3) and (6.4) imply�
1, 1, . . . , 1, b

(ν)
e�1, b

(ν)
e

�
Mν = (jXνj, 0, 0, . . . , 0).
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Hence, b
(ν)
e�1 and b

(ν)
e are determined uniquely by

�
α
(ν)
1 , α

(ν)
2 , . . . , α

(ν)
e

	
.

Hence, the ratios r1/r2 and w1/w2 are uniquely determined by n, jX1j, jX2j, and�
α
(ν)
1 , α

(ν)
2 , . . . , α

(ν)
e

	
, (ν = 1, 2). On the other hand, the tight (2e+ 1)-designs on

two concentric spheres are flexible (see equation (6.6)).

7. Tight 11-design on 2 concentric spheres

Let (X,w) be a tight 11-design on two concentric spheres. Since there is no tight

spherical 9-designs, we have the following conditions:jXj = 2

  
n+ 4

5

!
+

 
n+ 2

3

!!
=

1

60
n(n+ 1)(n+ 2)(n2

+ 7n+ 32),

1

60
n(n+ 2)(n+ 1)(n2

+ 2n+ 17) > jX2j � 1

120
n(n+ 1)(n+ 2)(n2

+ 7n+ 32)� jX1j > 1

12
n(n+ 1)(n+ 2)(n+ 3).

Since X, X1 , and X2 are antipodal, jA(Xν)j = 6 and jA(X1,X2)j = 5, A(X1,X2),

and A(Xν) are expressed in the following way:

A(X1,X2) = fγ1, γ2, . . . , γ5g, γ1 = �γ2, γ3 = �γ4, γ5 = 0,

A(Xν) = fα(ν)
1 , . . . , α

(ν)
6 g, α(ν)

1 = �1, α(ν)
6 = 0, α

(ν)
3 = �α(ν)

2 , α
(ν)
5 = �α(ν)

4 .

Here A(Xν) coincides with the set of zeros of the following polynomial:

x(x� 1)� (7.1)��x4 � n(n+ 9)(n+ 2)(n+ 1)� 30Nν

((n+ 6)(n(n+ 2)(n+ 1)� 3Nν)
x2

+
3(n(n+ 4)(n+ 2)(n+ 1)� 15Nν)

(n+ 6)(n+ 4)(n(n+ 2)(n+ 1)� 3Nν)

�
and A(X1,X2) coincides with the set of zeros of the Gegenbauer polynomial

Q5,n�1(x) given by

Q5,n�1(x) =
1

120
n(n+ 8)(n+ 2)x((n+ 6)(n+ 4)x4 � 10(n+ 4)x2 + 15) (7.2)
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Then we have

γ1 =

s
(n+ 6)(n+ 4)

�
5n+ 20+

p
10(n+ 4)(n+ 1)

�
(n+ 6)(n+ 4)

,

γ3 =

s
(n+ 6)(n+ 4)

�
5n+ 20�p10(n+ 4)(n+ 1)

�
(n+ 6)(n+ 4)

. (7.3)

α
(ν)
2 =

1

2(n+ 6)(n+ 4)(3jXνj � n(n+ 2)(n+ 1))

�
2(n+ 6)(n+ 4)(3jXνj � n(n+ 2)(n+ 1))���30(n+ 4)jXνj � n(n+ 9)(n+ 4)(n+ 2)(n+ 1) +

q
(n+ 4)(n+ 1)��q360jXνj2 � 24n(n+ 9)(n+ 2)(n+ 1)jXνj+ n2(n+ 4)(n+ 1)(n+ 3)2(n+ 2)2

�� 1
2

, (7.4)

α
(ν)
4 =

1

2(n+ 6)(n+ 4)(3jXνj � n(n+ 2)(n+ 1))

�
2(n+ 6)(n+ 4)(3jXνj � n(n+ 2)(n+ 1))���30(n+ 4)jXνj � n(n+ 9)(n+ 4)(n+ 2)(n+ 1)�q(n+ 4)(n+ 1)��q360jXνj2 � 24n(n+ 9)(n+ 2)(n+ 1)jXνj+ n2(n+ 4)(n+ 1)(n+ 3)2(n+ 2)2

�� 1
2

. (7.5)

Since γ21, γ
2
2, . . . , γ

2
5 are rational numbers and

p
10(n+ 1)(n+ 4) must be an

integer. On the other hand it is shown in [7] that X = X1 [ X2 has the structure

of an coherent configuration. Let α
(µ)
0 = 1 for ν = 1, 2. For any fixed x, y 2 Xν ,

let p
α
(ν)
k

ανi ,α
(ν)
j

=

���nz 2 Xν j x � z
r2ν

= α
(ν)
i ,

z � y
r2ν

= α
(ν)
j

o��� and pα(ν)
k
γi,γj =

���nz 2 Xµ j µ 6=
ν,

x � z
r1r2

= γi,
z � y
r1r2

= γj

o���, etc. Then using the formula given in Proposition 3.2

in [7], we have the following expressions for the intersection numbers. Actually, we

can determine all the intersection numbers but we list some of them here. We also

use the notation Nν = jXνj, ν = 1, 2.

p
α
(ν)
0
γ1,γ1 =p

α
(ν)
0
γ2,γ2 =

jXνj((7n+2)(n+4)(n+1)� (2n+7)(n�2)
p

10(n+4)(n+1))

60n(n+1)(n+2)
,

p
α
(ν)
0
γ3,γ3 = p

α
(ν)
0
γ4,γ4 =

jXνj((7n+ 2)(n+ 4)(n+ 1) + (2n+ 7)(n� 2)
p

10(n+ 4)(n+ 1))

60n(n+ 1)(n+ 2))
,

p
α
(ν)
0
γ5,γ5 = p

α
(ν)
1
γ5,γ5 = Nν �Nν

(n+ 2)(γ21 + γ23)� 3

n(n+ 2)γ21γ
2
3

= Nν � Nν(n+ 4)(7n+ 2)

15n(n+ 2)
(7.6)
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p
α
(ν)
0

α
(ν)
1 ,α

(ν)
1

= 1,

p
α
(ν)
0

α
(ν)
2 ,α

(ν)
2

=
3Nν � 2n2 � 4n� (n+ 2)(Nν � 2n)(α

(ν)
4 )2

2n(n+ 2)(α
(ν)
2 )2
�
(α

(ν)
2 )2 � (α

(ν)
4 )2
� ,

p
α
(ν)
0

α
(ν)
4 ,α

(ν)
4

=
(n+ 2)(Nν � 2n)(α

(ν)
2 )2 � 3Nν + 2n2

+ 4n

2n(n+ 2)(α
(ν)
4 )2
�
(α

(ν)
2 )2 � (α

(ν)
4 )2
� =

=
1

12n(n+ 2)(n+ 1)(�15Nν + n(n+ 4)(n+ 2)(n+ 1))
�� 1

n2(n+ 4)(n+ 1)(n+ 3)2(n+ 2)2 � 24nNν(n+ 9)(n+ 2)(n+ 1) + 360N2
ν

����(n+ 4)(n+ 1)(�3N2
ν(7n+ 2) + nNν(n+ 2)(n3

+ 9n2
+ 2n+ 24)��6n2(n+ 1)(n+ 2)2

��
n8

+ 15n7
+ 91n6

+ 144n2
+ 285n5

+ 484n4
+ 420n3 ��24nNν(n+ 9)(n+ 2)(n+ 1) + 360N2

ν

� ���6n3(n+ 4)(n+ 3)(n+ 1)2(n+ 2)3 +

+Nνn
2(n+ 1)(n5

+ 16n4
+ 77n3

+ 2n2 � 528n� 648)(n+ 2)2 ��3N2
νn(n+ 2)(n+ 1)(11n3

+ 111n2
+ 34n� 696) +

+180N3
ν(2n+ 7)(n� 2)

�q
(n+ 4)(n+ 1)��qn2(n+ 4)(n+ 1)(n+ 3)2(n+ 2)2 � 24nNν(n+ 9)(n+ 2)(n+ 1) + 360N2

ν,

p
α
(ν)
0

α
(ν)
6 ,α

(ν)
6

=

3Nν � 2n2 � 4n� (n+ 2)(Nν � 2n)

�
(α

(ν)
4 )2 + (α

(ν)
2 )2
�

(n+ 2)n(α
(ν)
4 )2(α

(ν)
2 )2

+Nν � 2 =

=
(n+4)(3(7n+2)N2

ν�n(n+2)(n3
+9n2

+2n+24)Nν+6n2(n+1)(n+2)2)

3n(n+2)

�
n(n+1)(n+2)(n+4)�15Nν

� +Nν�2. (7.7)
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Equalities (7.6) and (7.7) imply that

Nν(n+ 4)(7n+ 2)

15n(n+ 2)
(7.8)

and

(n+ 4)(3(7n+ 2)N2
ν � n(n+ 2)(n3

+ 9n2
+ 2n+ 24)Nν + 6n2(n+ 1)(n+ 2)2)

3n(n+ 2)

�
n(n+ 1)(n+ 2)(n+ 4)� 15Nν

� (7.9)

are integers. Fraction (7.9) has the following expression:� 2(n+ 4)(n� 1)2(n+ 1)3n(n+ 2)

225(15Nν � (n+ 4)(n+ 1)n(n+ 2))
� 2

225
(n+ 4)(n� 4)(n2

+ 14)� Nν(n+ 4)(7n+ 2)

15n(n+ 2)

Hence, by (7.8),� 2(n+ 4)(n� 1)2(n+ 1)3n(n+ 2)

225(15Nν � (n+ 4)(n+ 1)n(n+ 2))
� 2

225
(n+ 4)(n� 4)(n2

+ 14) (7.10)

is an integer. Since α
(ν)
2 (ν = 1, 2) is a rational number and

p
10(n+ 4)(n+ 1) is

an integer, (7.4) implies thatq
602N2

ν � 240n(n+ 9)(n+ 2)(n+ 1)Nν + 10n2(n+ 4)(n+ 1)(n+ 3)2(n+ 2)2 (7.11)

is an integer. Since If n � 60000, then
p

10(n+ 4)(n+ 1) is an integer only for
n = 26, 124, 241, 1079, 4801, 9244, 41066. For these cases we can show that there is
no tight 11-design on two concentric spheres using the integrality conditions (7.8),
(7.10), and (7.11). We expect the nonexistence of such designs. However it seems
very difficult even to prove that there exists at most finitely many tight 11-design
on two concentric spheres comparing to the case t = 2e+ 1 � 13. In the following

we give some more useful integrality conditions. Since α
(ν)
i , 1 � i � 6, ν = 1, 2 are

rational numbers (7.4) and (7.5) implies that Cν,+ and Cν,� (ν = 1, 2) defined by

Cν,� =

�
2(n+ 6)(n+ 4)(3Nν � n(n+ 2)(n+ 1))���30(n+ 4)Nν � n(n+ 9)(n+ 4)(n+ 2)(n+ 1)�q(n+ 4)(n+ 1)��q360N2
ν � 24n(n+ 9)(n+ 2)(n+ 1)Nν + n2(n+ 4)(n+ 1)(n+ 3)2(n+ 2)2

�� 1
2

(7.12)

are integers. Then we have

C2
ν,+C

2
ν,� = 48(n+ 6)3(n+ 4)3(15Nν � n(n+ 4)(n+ 2)(n+ 1))(3Nν � n(n+ 2)(n+ 1))3
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(7.13)

and C2
ν,+C

2
ν,� is the square of an integer. Hence,

3(n+ 6)(n+ 4)(15Nν � n(n+ 4)(n+ 2)(n+ 1))(3Nν � n(n+ 2)(n+ 1)) (7.14)

must be the square of an integer for ν = 1, 2.

Remark. A generalization of the Larman—Rogers—Seidel’s theorem was obtained
by Nozaki [22]. We can apply Nozaki’s theorem for X2 . Then it follows that

K2 =
1� �α(2)

4

�2�
α
(2)
2

�2 ��
α
(2)
2

�2 � �α(2)
4

�2� and K4 =
1� �α(2)

2

�2�
α
(2)
4

�2 ��
α
(2)
4

�2 � �α(2)
2

�2� must

be integers. Then we have

K2 +K4 = � (n+ 4)n(n+ 2)(n� 1)(n+ 1)2

15(15N2 � n(n+ 4)(n+ 2)(n+ 1))
� 1

15
(n+ 4)(n� 4), (7.15)

K2K4=� 1

600
(n+ 6)2(n+ 4)(n� 1)� 1

600

n(n+2)(n+1)(n+6)2(n+4)(n�1)(2n+3)

15N2 � n(n+ 4)(n+ 2)(n+ 1)
+

+
1

3000

n3(n+ 2)3(n+ 1)2(n+ 6)2(n+ 4)2(n� 1)3(2n+ 7)

15N2 � n(n+ 4)(n+ 2)(n+ 1)
�� 1

360N2
2 � 24n(n+ 9)(n+ 2)(n+ 1)N2 + n2(n+ 4)(n+ 1)(n+ 3)2(n+ 2)2

�� 1

3000

n2(n+ 2)2(n+ 1)(n+ 6)2(n+ 4)2(n� 1)2(3n+ 13)

(360N2
2�24n(n+9)(n+ 2)(n+ 1)N2 + n2(n+ 4)(n+ 1)(n+ 3)2(n+ 2)2)

.(7.16)

Some of the formulas given in this section are also obtained by Huan Wang, a

student of Hebei Normal University.
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