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Abstract: Zaremba’s conjecture (1971) states that every positive integer number d can be rep-
resented as a denominator (continuant) of a finite continued fraction % =|dy,d,, ...,dg], with
all partial quotients dy, dy, ..., dj being bounded by an absolute constant A. Recently (in 2011)
several new theorems concerning this conjecture were proved by Bourgain and Kontorovich. The
easiest of them states that the set of numbers satisfying Zaremba’s conjecture with A = 50 has
positive proportion in N. In 2013 we proved this result with A = 7. In this paper the same theorem
is proved with A = 5.
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1. Historical background

Let A € N be any finite alphabet (].A] > 2) and let Y34 be the set of rational
numbers whose continued fraction expansion has all partial quotients from A :

b
%A:{E:[dl,dz,...,dk] dJGAfOI'jZI,,k},
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where
1
[dl,---,clk]:—1 (1.1)
d; +
. +d—k
is a finite continued fraction, di, ..., dj are partial quotients. Let © 4 be the set of

denominators of numbers in R4

b
@A:{d’Elb: (b.d)= 1.~ em},

and define D o(N) = {d € @A‘d <N}.

CONJECTURE 1.1 (ZAREMBA’S CONJECTURE [12, p. 76|, 1971). For an alphabet A =
{1,2, ..., A} with sufficiently large A one has © 4 = N.

That is, every d > 1 can be represented as a denominator of a finite continued

fraction 7 whose partial quotients are bounded by A. In fact Zaremba conjectured

that A = 5 is already large enough for his hypothesis being true. A detailed survey
on results concerning Zaremba’s conjecture can be found in [1], [11]. Let €4 be
the set of infinite continued fractions whose partial quotients belong to .4

Q:A:{[dlﬂ'--,dj,--.]:djEA,jzl,...}

and let §4 be the Hausdorff dimension of € 4. Then the Bourgain-Kontorovich’s
theorem [1, p. 13, Theorem 1.25] is as follows

THEOREM 1.1 ([1, p. 13, Theorem 1.25]). For any alphabet A with
5> 1— — —0,983914 (1.2)
A 3 RN .
the following inequality (positive proportion)
#DA(N) > N (1.3)

holds.
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To be more precise, Bourgain-Kontorovich proved [1, p. 13, Theorem 1.29]
much stronger result that under the condition (1.2) one has

#D4(N) = N + 0 (N'~/ee) (1.4)

with ¢ = ¢(A) > 0. This article deals only with the inequality (1.3). In view of the
Hensly’s [5] and Jenkinson’s [7] results the alphabet

{1,2,...,A—1, A} (1.5)

with A = 50 is likely to satisfy the condition (1.2). Using the method of Bourgain-
Kontorovich [1] and Hensley’s theorem (see |2, sec.2.2], [6]) we proved in [2] the
following result

THEOREM 1.2. For any alphabet A such that

Sa>1- =0,8815...,

5
V369 + 23
the inequality (1.3) holds.

The main result of the paper is the following theorem.

THEOREM 1.3. For any alphabet A such that
1
ba>1-2=08333.., (1.6)

the inequality (1.3) holds.

Remark 1.1. It is proved in [7] that 65 = 0,8368 ..., §; = 0,8889.... So, the
alphabet {1,2,...,7} satisfies the condition of Theorem 1.2 and the alphabet
{1,2,...,5} satisfies the condition of Theorem 1.3.

Remark 1.2. It should be mentioned that the proof of Theorems 1.1 and 1.2 is
essentially based on the result [1, p. 46, Lemma 7.1.] proved with the use of the
spectral theory of automorphic forms. At the same time the proof of Theorem 1.3
is rather elementary and is based only on the theory of continued fractions.

Remark 1.3. It is worth noting that the proof of the Theorem 1.3 repeats significantly
the proof of the Theorem 1.2 in [2]. So we will heavily refer to statements and
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constructions in [2]. The complete proof of Theorem 1.3 can be found in our
preprint [3].

2. Notation

Throughout €) = €y(A4) € (0, 1/2500). For two functions f(z) and g(z) the Vino-
gradov notation f(z) < g(z) means that there exists a constant C, depending on A
and €, such that |f(z)| < Cg(x). The notation f(z) = O(g(z)) means the same.
The notation f(z) < g(x) means that f(z) < g(z) < f(z). Also a traditional
notation e(z) = exp(2miz) is used. The cardinality of a finite set S is denoted either
|S] or #S. [a] and ||a|| denote the integral part of a and the distance from « to

the nearest integer: [a] = max {2 € Z| 2 < a}, ||a|| = min {|z — a|’ Z € Z} )

3. The main properties of the ensemble Qy

10
Let T'y C SL(2,Z) be a semigroup with the unit element F = , generated
01
by
01\ fo1 1 a
1 a; 1 a; a; a;a; + 1

where a;, a; € A. Let V4(k) be the set of words with the length k

VA(k):{(dl,dza---,dk) djEA,jzl,...,k},

and Vg2 = Uy Va(2k) be the set of all finite words with even length. It is well
known that the map B : V. — 'y,

ab 01 01 01
B(d],dz,...,dk):’)/: = (31)
cd 1d1 1d2 1dk

is a bijection and that

—[du, ..., dy].

Ul o

a
E = [dl’ tee s dk—l]’
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We use the following norm for matrices v € I' 4
lI7Il = max{lal, [b], [c|, |d]} = d = (di, da, ..., d), (3.2)

where (dy,d,, ..., dy) is the denominator (it is also called a continuant) of the
continued fraction (1.1). We will use the following well known result [4]

(D)(B) < (D, B) < 2(D)(B), (33)
where B = {by,b,,...,b,}, D={d,,dy,...,d} and
D,B={d,dy,...,dg,b1,bs, ..., 0.}

For all sufficiently large N we set

J = J(N) = loglog N — 41og(10A) + 2 log eo]
B B — log(1 — €) '

The finite sequence

{N—J—I’N—Ja e 5N—1’N0’ Nla O ’NJ—l-l} 5

where Ny = N and

Ly
NT & 4 _g<ji<t

e (1—en )
N T o<

was defined in [2, sec.2.5]. We need the following statement [2].

LEMMA 3.1 ([2, Lemma 2.7]). For any M such that
Ni_; <M < Ny, (3.6)
there exist indices j and h for which the following inequalities hold

2<§<2J, 1<h<2J-1, h=2J—j+1, (3.7)
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N <M< Njy, (3.8)
N \ ! N
( ) <M< . (3.9)
Ny—g Ny

The special set (ensemble) Qy C {y € 'y ‘ [[7]] < N} constructed in |2, sec.2.6]
plays a key role in the proof of Theorem 1.2. It has the following form

Qn = E1(M)E2(M) ... By (M) Epys1(Magt1),

where M; < N;_;/N;_;_; and the sets =;(M;) were constructed in [2, sec. 2.4].
Let us formulate one of the properties of the set €.

CoROLLARY 3.1 (|2, Corollary 2.3]). For any M satisfying the inequality

103 A% 10° A*
exp 5 <M< Nexp [ —— , (3.10)
€ €

there exist indices j and h in the intervals (3.7), such that for any collection of matrices

§1 €51, & €5y, 6011 € Egy1s (3.11)
the inequalities
0,991€1& ... &I < M < 70471616, .. g, (3.12)
1 1*60 2
W||€h+l§h+2 Sl T <M < 150A7[E 1 Epga -+ Sl (3.13)

hold.

For M, satisfying the inequality (3.10), we denote by 3 and h the numbers 7 and
h from Lemma 3.1 corresponding to M. For brevity we will write that numbers ;
and h correspond to M. In the following theorem 7(1) corresponds to M), and
1) corresponds to M©.

LEMMA 3.2 (|2, Lemma 2.15]). Let the inequality

MYM® < N7, (3.14)



84 Dmitrii A. Frolenkov (Moscow), Igor D. Kan (Moscow)

hold for some M) and M®) in the interval (3.10). Then, firstly, we have 7(1) <hO.
Secondly, the inequality (3.12) holds for M = M) j :7(1) and the inequality (3.13)
holds for M = M®, b =10,

For integers j and h we define the set Q(j, h) = E;4 1545 ... E4. We put Q(M) =
Q(0,7), Qa(M) = Q(h, 2J + 1). It was proved in [2, Theorem 2.6] that

M7 < |Qy (M) < M M2 < |0,(M)] . (3.15)
In [2, Corollary 2.1], we also proved that
N?~ < |Qn| < N%. (3.16)

THEOREM 3.1 (|2, Theorem 2.3]). Forany M = M) satisfying the inequality (3.10),
the ensemble QA can be represented in the following form

Qy =, (3.17)
where
oV =oMV)=55...5, oY== 5. 5y (3.18)

and for any vy, € Qo Y3 € QO the following inequalities hold

MM
70A2

<yl < 1, 03(M )2, (3.19)

2

N 73A’N
- - 1)y _ (1) 14-2¢o
140 A2H, (M) <l < =5y where Hy (M) = 1,03(M) ™%, (3.20)

The following theorem is similar to [2, Theorem 2.4 and 2.5].

THEOREM 3.2. Let M > (MW)* and let the inequality (3.10) hold for M = M"
and M = MOM®. Let MOM® and M© satisfy the hypotheses of Lemma 3.2.

Then the ensemble Q2 can be represented in the following form

Qy = QB — Ma® a6 0©)
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In doing so one has (3.18) and

o —o,mVmY), ¥ —= S +15542 - Sy

b = e A0 =0M9) =55 =, B,

[I]

J4+|_']4+2

where 71 corresponds to M M, ;4 corresponds to M Y5 @, and ﬁ(, 1o M©. Moreover
forany v; € Q9 i =1,...,6 one has (3.19), (3.20), and

MO & .
o Sl < 1,03@e M) (3.21)
M@ . .
T50AZ (MY = < Jlall < 734° W) 20y, (3.22)
M©) .
o < Iell < 804 (a2, (3.23)
N

< Jlyasll < 110004° (3.24)

2500045 (MW M(©))1+260 = MO 6"

ProOF. To ensure that the partition of the ensemble is well-defined, it is enough
to verify that /jl < ;4 < 77,6. The second inequality follows from Lemma 3.2
(74 = 4§, B() = h®)). To prove ;1 < 74 it is sufficient to show that the inequality
N;,_; < MYM® holds for any MW in the interval N;_,_, < MU < N5t
follows from the conditions of the theorem that

N-

1
MY > ()P > (M) Ta ! > ]\%)J, (3.25)

where the last inequality holds because of M) > N%:;O (see (3.8)). Thus we have
proved that the partition of the ensemble is well-defined. The bound (3.21) can be
proved in the same way as (3.19), and (3.22) follows from (3.19), (3.21), and (3.3).
It also follows from Lemma 3.2 that the inequality (3.13) holds for ¢ € Q) Using
this inequality we obtain the estimate (3.23). Next, in the same way as [2, (2.80)]
we obtain

N
oo < Imlibversiliell < 1,01, (326)

Substituting (3.19) and (3.23) into (3.26) we have (3.24). This completes the proof
of the theorem. t



86 Dmitrii A. Frolenkov (Moscow), Igor D. Kan (Moscow)

4. General estimates of exponential sums over the ensemble

It is common knowledge (for example, see [2, sec.2.3]) that to prove Theorem 1.3
it is sufficient to obtain the following estimate

/ 1Sy (0)* do < % where Sy(60) := > e(6]11)), (4.1)

YEQN

and N is a sufficiently large integer. In view of (3.2) we have

v = 3 el = 3 e )y [ ] 0). (42)

YEQN YEQN 1

Let Z be a finite subset of [0, 1]. Using Vinogradov’s method, in [2, sec.3.1] we
reduced the problem of estimating the sum

onz =Y |Sn(0),

0cz

to the evaluation of cardinality of some sets. To do this we used the partition
Q@A) of the ensemble Qy and rewrote Sy(6) as a triple sum. After that the
sum over Q1) was expanded to the sum over all integer vectors ||v,|| < H; and the
Cauchy—Schwarz inequality was applied. Thereafter, standard bounds of the absolute
value of linear exponential sums were used. It was done in [2, Lemmas 3.1 and 3.2].
Now we present a slight simplification of the method. Using Theorem 3.1 or 3.2 we
obtain the following partition of the ensemble Qp

Qy = oa®, (4.3)
So in [2, sec.3.1], in particular, in [2, Lemma 3.1 and 3.2], we can put u = 3 and

think of Q@ as the set consisting only the unit matrix.
Let

(4.4)
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It follows from the Dirichlet’s theorem that for any 6 € [0, 1] there exist a,q €
NU {0} and 8 € R such that

%
1 /2

a K
9254‘/5, (G,Q)ZI,OSGSQSNl/z,ﬁ—— K| < (4.5)
with @ = 0 and a = q being possible if only ¢ = 1. Let
PO —20="18|(ag=10<a< <q< 4.6
2e=19=7 ) =1,0<a<q @ <qg<Qp. (46)
We will always write numbers 6, 62 ¢ Péfl)’Q in the following way
(1) @
m_* @_ 2"
0" = 40 +86, 09 = ey + 8. (4.7)
For n € {1, 3} we denote
0,000 = {0 Daifg e 2V}, itn=1,
o = 0 0 , (4.8)
o —{g ‘93 cQ® % itn =3
1 1

Let

N = {<gg L9200, 99y € 00 x 0¥ x Z ‘(4 10) and (411)hold} (4.9)

where
1) 74A2K
ma” <2>“ H
Hg3 q(l) 3 q(2) 12 1) ’ (410)
) [ BAN AN N | e 5a?
‘93 ‘ <m‘“{ MO w0E TR 2 O % | o @
1,2

and K = max{l, |K|}.

LEmMA 4.1 ([2, Lemma 3.3]). For Z C Pg?)’Q and for M"Y in (3.10) such that
MO > 146 A2K, the following inequality holds

1/2

onz < H|QV |7 ;. (4.12)
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We denote
am = {(g", &, 60,6%) € 8 x 8 x 2’| (4.14)and (4.15) hold |, (4.13)

where

FUNCT 734N
1,2 —

(1

H ma 5 a?

_ g WHM - (4.15)

Now we transform the equation (4.15). Let q = [¢\V, ¢?], then (4.15) can be

written as
Mg @) g
m a’q (2 a7q _
( (a, ¢%) @.4%) ),
By setting g( ) = (z1, 1), ¢ ( ) = (y1, ¥2)! in (4.16) we obtain the congruence
a0 @)
xl(q(‘),q(z)) =y @4 (mod q) (4.17)
g

1

and, the same for xz,, y,. But (a( ), ) < (a ) ,q ) = 1 and, therefore,

(g, ¢@)

0 q qV 0 4 q
T = mod ——— |, I, = mod ————
(q(l), q(2)) (g, q(2))

and, the same for yi, y,. At the same time (z, ;) = (y1, y2) = 1 as the components

of the vectors ggl), gg ), thus q(l) = (q(l), q(z)) = q(z) =4q. So

M = {(gg”, g2, 00, 6%) e 0O x 0O x Zz‘ (4.14) and (4.19) hold} . (4.18)
where

(a(l)ggl) - a(z)ggz)) 12 = 0 (mod q) and q= q(l) = q(z). (4.19)
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LEMMA 4.2 ([2, Lemma 3.4]). Let the hypotheses of one of the Theorem 3.1 or 3.2,
on which the partition of Qy in the form (4.3) is based, hold. Let M 1) be such that
for any 1), 0 € Z the following inequality holds

M
max{2, [¢", ¢?]} < ——=. 4.20
2007 ¢y < o 2 (4.20)
Then the following bound holds
(1)(1/2 12
on,z < H|QW]" ||/ (4.21)

Thus we reduced the problem of estimating oy, z to the evaluation the cardi-
nality of one of the sets 91, 2. Let us state one more lemma of a general nature.
A similar statement was used by S. V. Konyagin in [8, sec.17].

LEMMA 4.3 ([2, Lemma 3.5]). Let W be a finite subset of the interval |0, 1] and
let \W| > 1. Let f: W — Ry be a function such that, for any subset Z C W the
following bound holds

D f0) < Cil2)”,

ez

where C| is a non-negative constant not depending on the set Z. Then the following
estimate holds

D F£(8) < Cilog |W] (4.22)
few

with the absolute constant in Vinogradov symbol.

5. Consequences of general estimates of exponential sum

Let Q;, @, and (8 be given. For any ¢ in Q; < ¢ < @ we define by any means the
number a,, such that (ag, ¢) = 1, 0 < a, < g. Let us denote

z*—{e—%w]czls(;scz}, (5.1)
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then |Z*| < Q. The following trivial bound holds

S sv@PF<Q S max sN(9+5)‘2=QZ|SN(e)|2, (5.2)

1<a< =1 N
6Py, Qi<qsq 'S 1 bez*
1

where as a, we have chosen numerators for which the maximum is achieved. We
write v = 1—§ and

10°A* s
Qo = max < exp 5 ,exp(€e;”) ¢ -
€

LEMMA 5.1. 0‘?5/2623 < N'=20 KQ > Qo, then for any Z C Z* then the following
bound holds
ONIIZ] (552 3\ (515 o1\ ©
onz < —— (K7Q°) (E"Q") . 5.3
ve< 2 (£7°0) (K (53
PrROOFE. We put
MY = 76A4°KQ>, MY ="My, M®=EQ. (5.4)

It follows from the statement of the lemma that all conditions of the Theorem 3.2
and Lemma 4.2 hold. Let us prove that
40 1060 M©))1+2€ MO pr©))1+20
| < |z]|Q) ((M(4)) (M) )|Q‘5>| <%+1> (WJA),

(5.5)

where 90 is defined in (4.18). Let us fix q, for which there are |Z| choices, this

gives the first factor in (5.5). Then it follows from the conditions on the set Z that

a)) = a® and the congruence (4.19) can be simplified to

1 2
(9(3) - gg )) L= 0 (mod q). (5.6)

We fix the vector ggz), for which there are |Q®)| choices. This gives the second

factor in (5.5). Using Theorem 3.2 we can write the second vector in the following

form ggz) = v4757%6(0, 1)¢, where v; € Q0 i =4,5,6. Let ggl) = (z1, )", g(32) =

(Y1, y2)*. It follows from (4.14) that

A Y1

T2 Y

(M(1)>2€0

< (5.7)
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ab
Let v4 = then
cd
Y1 b 1
N2« = 5.8
Y2 d‘ < d? 8
It follows from (3.22) that
1 1 (MD)*
S =< - (5.9)
E Tl < (o)

b (M) ()
) d‘

— + .
K (M®)?
follows from (3.22) that for any two different matrices 721) and 'yf) in ¥, we have

Using (5.7), (5.8), and (5.9), we obtain

1 1

by b s
- d1d2 (M(l))450 (M(4))2+4€[)

4 d

b
Hence, the number of different fractions 7 that is the number of different matrices

V4 is less than

e (g ()Y ( - —
(M) (M) % )

€ € M(4) ? € €
= (M(4))40(M(1))8 0 (1 * (]\(4(1))2)60F> < (M(4))40(M(1))10 '

this is the third factor in (5.5). We fix the matrix s for which there are |Q0)|
= (z,y)?, then (4.14)

choices. This gives the fourth factor in (5.5). Let 7(0, 1)¢
and (5.6) can be written in the following form

73A%N 73A*N
|£L‘1 —(a:v+by)| S W, |1:2—(c:v+dy)| S W’ (510)
(5.11)

z; = (az + by) (mod q), 2z, = (cx + dy) (mod q),
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ab
where ggl) = (z1, 72)%, and v47y5 = are fixed. As det(7y47ys) = 1, we obtain
cd
from (5.11) that
z = (dz; — bzy) (mod q), y = (az; —czy) (mod q), (5.12)

Since z < ||y]] and applying (3.23) and (5.12) we obtain that for x there are less

(M(6)) 14-2¢p
than | ————— + 1 | choices. This gives the fifth factor in (5.5). It follows from
q
73A’N
(5.10) and (5.12) that for y there are less than (m + 1) choices. Using
q
(3.24), we obtain that it is less than

73A2N 250004 (M(I)M(ﬁ)) I+2¢ (M(1)M(6)) 14-2¢9
+ 1K

— — +1.
MOEQ, N MEKQ,

This gives the sixth factor in (5.5) Thus the bound (5.5) is proved. Substituting (5.5)
into (4.21) and applying (5.4), we obtain

MDY /2+e0 ((6))1+2€
ong < |Z|1/2‘Q(1)|1/2‘Q(3)‘1/2‘9(5)|1/2(M(1))1+760(M(4))2eo( ) ( )

(M) 2K "Q,
Since
QO [2100 121002 _ g0 [2|0@ 2100 |0© | — ||
2010 = 0 ) 8 e
(5.13)

and applying (3.15) we obtain

(M(l)) 14+8¢€g (M(4))250 (M(é)) 142¢

onz <12 10x] (5.14)

Substituting M® from (5.4) into (5.14), one has

FSW/PHISEOQ”_HZ]EO Q

on,z K |Z|1/2|QN| Q_
1

This completes the proof of the lemma. ]
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—5/2

LEMMA 5.2. If K '°Q? < N'"20 KQ > Q, then the following estimate holds

[*Q
> ISvOF < T

(8) 1
HEPQ]’Q

(B (K"Q"). (5.15)

PROOF. Applying Lemma 4.3 with W = Z*, we obtain from (5.3) that

2
Z |SN | < |QN| KS'Y 2+30€0Q6’y—2+4260 Q_2 )
0z @

Using the trivial bound (5.2), we obtain the desired estimate (5.15). The lemma is
proved. ]

LEMMA 5.3 ([2, Lemma 3.9]). If Kq > Qo then the following bound holds
| N| 2 9
5y < N ()" (5.16)

LEMMA 5.4. Let the following inequalities hold

Q<™ <@, <Q< - K<15ANI/2
0= BT R Q

Then for any Z C P(’B )Q the following bound holds

N4 (EQ)1/2—7/2
Sx(0)] < 2] |0x] | =—— + N2Vl EL__ ) (517
%| N( )l | | | N| (KQ1)1/2 El/z ( )

PrOOF. We use the partition of the ensemble €2y given by Theorem 3.1. We put
ZC Py, and

73A2N
MY =1504°N"*(KQ)"?, U= (5.18)

Then M) > 150A2K and conditions of Lemma 4.1 hold. Let

(1)

g3 - (xlaxQ)t ( )

= W), Y =21y - yi22. (5.19)
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It was proved in [2, Lemma 3.10] that if (4.10) and (4.11) hold then Y = 0 (mod q),
where q = [¢(V, ¢?)]. The set 9t can be represented as a union of the sets 9, and
9M,. For the first set Y = 0, for the second one ) # 0. To prove the estimate (5.17)
we use the following bounds

I, | < |z]1Q%), (5.20)

U’ (3)| a2 I+
|im2|<<|Z|E—Q](|Q IN* 4 Q ) (5.21)

The proof of (5.20) is given in [2, Lemma 3.12]. The bound (5.21) will be proved
in Lemma 5.5. Hence

N1+60 |Q(3)|1/2 NQE

1/2 1/2 (3)(1/2

N7 < 12| ( TRz Rver: +]Q2 ). (5.22)
1

Substituting (5.22) into (4.12) one has

Nl+e |Q(3)|l/2 NQ®
MO Q) MUK

O_N’Z<<(M(l))l+2€0‘Q(l)|1/2|Z|1/2 ( +|Q(3)|l/2> ] (523)

Using the bounds (3.15) and (3.16), we have

1 1
17213172 _
| = |QN|W < |QN|W. (5.24)
1/2 |Q(1)|1/2 (M(l))5+2€0
Q7 = x| oM <1 (5.25)

Substituting (5.24) and (5.25) into (5.23), we obtain

Nl —6-‘1—260 (M(l))ZEO
E1/2Q:/2

544 @7 (M(l))lHEO)

—26+€
UN,Z<<|QN||Z|1/2( +Nl 2+0(M(1)) ?1/2—1- No—a2

Substituting M) from (5.18) one has

NT4€ B KQ 1/2—=v/2 3 _
O'N,Z<< |Z|1/2|QN| ( +N3’y/2 1/2+560( K)1/2 +N’y 1/2+3€0(KQ)1/2 .

(KQOI/Z
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Under the hypotheses of the lemma the last summand is less than the first one and
we obtain (5.17). This completes the proof of the lemma. O

LEMMA 5.5. Under the hypotheses of Lemma 5.4 one has

U’ ()| 2 I+
|Dﬁ2|<<|Z|E—Q](|Q IN* 4 Q ) (5.26)

PROOF. In the same way as in [2, Lemma 3.13] we obtain
¢ =q”=q, ("""~ g¥a?)1,=0 (mod q). (5.27)
Then, using (4.11), one has

(1)

8 - g7, < (5.28)

?-
It was proved in [2, Lemma 3.13] that if ggl), g(32), and a are fixed then a® is
determined uniquely by (5.27). Let ggl) = (z1, z,)! and gg2) = (y1, ¥2)*. Since q|Y

one has z,y, = z,y; (mod q) and so

|9ﬁ2| S |Z| Z Z l{zlyzfﬁzyl (mod q)} (5'29)

eqd  Pead

-] <o

The change of variables z; = x| — y; and 2z, = x, — ¥y, leads to

DL <12 DY DT Namzna (mod o) (5.30)

Vel |212|<U/K

We consider three cases.
1. Let 2y > 0 and 2z, > 0. We fix the vector ggl) € 00 then z,2) — 2,2 = 7q.

Let us estimate the number of j’s which contribute. We have

—_ _< 1 < _— =
X Tr— q 1= X

2
and, hence, #j < P + 1. For a fixed j the solution of the congruence is given

by the formulae
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21 = 21,0 + nTy, 2 = 20 + Nxy.

( (1))2e0

U
In view of z, > and |z;,| < % we have #n < % + 1. Thus

U
(M(l))ZEo

Ml))260
1z =02 (mo Q() < ) (7 1 5.31
Z Z {z129=322) ( dQ)}<<| | KQ] e + ( )

g gQ (3)0<2,<T/K

2

It follows from the conditions of Lemma 5.4 that %0 > Q “, so one has
1

U2
3 2€
Z Z 1{112251221 (mod q)} < |Q( )|?Q N (5'32)

aeq® 0<z,<U/K !

2. Let z; > 0 and 2, < 0. In the same way as in the previous case we obtain

Z Z 1{112251221 (mod ¢q)} < |Q(3)|?Q N2€O (533)
aVe® 0<—2.2<U/K !

3. Let z; = 0. One has

Z Z L{z,2,=0 (mod g} < Z ( (z1,q) + 1) (5.34)

e |2|<U/K Vea®
3, U
<10%+ — > (@19 (5.35)
q lL'ISU
Next,
ERE <> d (1) <ud g
and so
@, U I+
Z Z l{xleEO (mod q)} <L |Q | + q‘_? (UqE +q E) . (536)

aeql) |2|<U/K
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Using (5.32), (5.33), and (5.36) and putting € = €, we obtain

U2 1 3 2 U2 1 3 2
0] < 12— (UQF + Q" + 100N ) <|2]—— (@ + [2V|N*) .
KQ \ ! KQ
(5.37)
The lemma is proved. O

COROLLARY 5.1.  Under the hypotheses of Lemma 5.4, one has

N2+8€ - %o) "
Z |SN(0)|2<< |QN|2QEU ( E +N37 H—lOeo% , (538)
gep®? @
Q1.Q

Prook. Using Lemma 5.4 and Lemma 4.3 with W = Pé)ﬂl),Q’ f(8) = |Sy(0)| we
obtain (5.38). This completes the proof of the corollary. O

6. Replacing integrals by sums

The purpose of the following arguments is a slight modification of the results of
Sec. 4. It follows from the statement of Lemma 7.1 that we need to know how to
estimate the following expression

1 *
N 2

0<a<q<X

2

(24 %)

~ )| 4K (6.1)

|K|<Y

where Y may depend on ¢. The following arguments are similar to [9, Lemma 26,
p. 145]. Let us take a sufficiently large number T', then

P (+1)/T P
a a
s (— —) dK < / s (— —) dK 6.2
/ ’ N q+N Z N ¢ N (6.2)
K|<Y U<ty pr
Hence K= ~+x g2y K _a L A
ence = - = - _——= - —_— —_— an
T g N g TN N’

+A% QN7 (6.3)

SN(2+%)

a l
5305y (5+70) ‘S)\|QN|:>|SN(9)|2§
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So, one has

v

a K
se(2+ )
q N
OSQSqSX‘K‘SY

XY (3

0<a<q<X [I|<TY

2
dK <

a LN P
SN(E+W) + T3 . (6.4)

Choosing T' sufficiently large, we obtain that the investigation of the expression of
the form (6.1) reduces to the investigation of the quantity

=D

a l 2
Sw(2 4 ‘ . 6.5)
0<a<q<X [I<TY <q TN)

Our next purpose is to modify Lemma 4.1 and Lemma 4.2. Let

A _a l .

A A _
and A = ?l and A = T It should be mentioned that A is similar to K and that

‘Pc/}:ég‘ K AQ*=ATQ? Let Z C PS:% we denote

N = {(gg‘>, d2.006) € 0 % 0 x Zz‘ (6.8) and (6.9) hold} . (67)

where
M @ 74A2A
(1@ 2@
G5 "% @| = am (6.8)
q 7, M
mal  a®

l 73A%A 7347
’(n_l b i{

}, 69

m = {(ggw,ggzh 81, 9@y € 9O » 9O 22‘ (6.11) and (6.12) hold} . (6.10)

95 TN 9 TN 1,2—mn MO o |93 q(l)_g3 ﬁ



A strengthening of a theorem of Bourgain-Kontorovich Il 99

where

m h o b < 1 6

L _ g2 — 11

’93 ™~ 5 TNl = M0 (6.11)
a(D (2

(na 2@ _

9 ol - 05 o) =0. (6.12)

1,2

The following lemma can be proved in the same manner as Lemma 4.1.

LEMMA 6.1. For Z C P(’;\,::’(\Q and for MY in (3.10) such that M) > 146 A2\, the
Jfollowing inequality holds

12 1/2

onz < H|QW |7 |ov| (6.13)
The following lemma can be proved in the same manner as Lemma 4.2.

LEMMA 6.2. Let Z C PAl and let ensemble Qy satisfy the hypotheses of Lemma 4.2.
Let MY pe such that for any 6, 6? ¢ Z the Jollowing inequality holds

MY > 7642 [q‘“, q(z)] A. (6.14)
Then the following bound holds

2

onz < |07 [on] (6.15)

For any ¢ in @, < g < @ we define by any means the number a4, such that
(ag,q) =1, 0 < a, < g. Let us denote

Z*_{H——+—’Q1<q<Q )\1<|l|<)\} (6.16)

then | Z*| < ATQ. The following statements are similar to Lemma 5.1 and Lemma 5.2.

LEMMA 6.3. If A32Q3 < N'=20_ A > Q'%, and AQ > Q, then for any Z C Z*
then the following bound holds

(AWPQY)" (15 gazya QA

ON,Z < |Z|l/2Tl/2|QN| Al/zQ Q A6/2'
1431

(6.17)
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PrROOE. We put
MY = 764°0Q%, MW = AP (M), MO = Q. (6.18)

It follows from the statement of the lemma that all conditions of the Theorem 3.2
and Lemma 6.2 hold. We prove that

2
M(6) 1-‘1—260
o<z () [0 (@) () 0 ) || (7( Q> +1> . (6.19)
1
In the same manner as in Lemma 5.1 one can prove that ¢!) = (q(l), q(z)) =q?¥ =q.
We fix 6; (thus q; = q and [, are fixed) for which there are |Z| choices, this gives
the first factor in (6.19). Then it follows from the conditions on the set Z that
al) = @@ and the congruence (6.12) can be simplified to (5.6). Using the first
inequality in (6.11) and the lower bound (3.20) we obtain that there are less than
T(MW)2 choices for I, (if g( ) gg ), and I, have been already fixed). This gives the
second factor in (6.19). We fix the vector ggl) for which there are |Q2)| choices.
This gives the third factor in (6.19). Using Theorem 3.2, we can write the second

vector in the following form g(32) = 747576(0, 1)t, where y; € Q(i),i =4,5,6. Let

ggl) = (z1, )" and ggz) = (y1, y2)!. It follows from (6.11) that

M)
< Q. (6.20)
Ay

T Y1

z Y2

In the same manner as in Lemma 5.1 we obtain that the number of matrices 74 is
less than (M )460 (M) " This is the fourth factor in (6.19). We fix the matrix
7s for which there are |Q()| choices. This gives the fifth factor in (6.19). Let
76(0, 1)t = (z, y)?, then (5.6) can be written in the form

z; = (az + by) (mod q), 2z = (cx + dy) (mod q),

ab
where ggl) = (z1, 1y)%, and y47ys = have been already fixed. Using (3.23),

cd

(M(G)) 142¢p
we obtain that for x and for y there are less than | ————— + 1} choices.
q
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This gives the sixth factor in (6.19). Thus the estimate (6.19) is proved. Substituting
(6.19) into (6.15) and applying (6.18), we obtain

1+2e
onz <121 1/2’9(1)‘]/2|Q(3 |1/2’ 5)“/2 1))1+7so( (4))260M‘

Q1
Using (5.13) and (3.15), one has
M(]) 14+7¢€g M(6) 14+2¢p M(4) 2¢p
Y (Ut M 0
(M(I)M(4)M(6)) "0,
Substituting M® from (6.18) into (6.21), we have
1/2m1/2 12 156 14226 @A
onz < |Z]7"T 7 |Qn|A™ Q7 O —.
QlAl

The lemma is proved. O

LEMMA 6.4. If A32Q3 < N2 A > Q' and AQ > Qo, then the following
estimate holds

AQ°)” e QA
Z 1Sn(O) < |QN|2T%(A3°Q“4) %. (6.22)
BePQ Q |

PROOF. Applying Lemma 4.3 with W = Z*, we obtain from (6.17) that

QA

€ 6 €
Z |Sn (6 | < |Qp] 23 300 by 2444 OQZAJ

0cz*

Using the trivial bound (5.2), we obtain the desired estimate (6.22). The lemma is
proved. O

The following statement is similar to Lemma 5.4.

LEMMA 6.5. Let the following inequalities hold Qy < Q < N'/2=10e AQ < N/>teo,
Then for any Z C Pg:g the following bound holds

NY+26 (AO)>S .
2 :|SN(9)|<<|QN||Z|1/2TI/2 ( Q) +Ny—l/2+260(AQ)1/2+20 +
6 (MQ)"”

4
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4—/243
(aQ) "G
1/2
1

— - 3/4—v/2+43
+ N3'y/2 1/4+4¢ +N3'y/2 3/44-4¢g (AQ) /4=7/2+ 60Q1/2+50> )

(6.23)

PrROOF. We use the partition of the ensemble 2y given by Theorem 3.1. We put
Z C Py and

 T3AN

MY =1504°N"(AQ)"?, U= 0 (6.24)

Then M > 150A42A and conditions of Lemma 6.1 hold. Therefore, inequali-
ty (6.13) holds. Let

9(31) = (21, 12)", 9(32) = (y1, )" Y =219 — Y172

In the same way as in [2, Lemma 3.10] we obtain that Y = 0 (mod q), where
q= [q(l), q(z)]. The set 91" can be represented as a union of the sets 91, and M.
For the first set ) = 0, for the second one Y # 0. To prove the estimate (6.23) we
use the following bounds

| < |27 (M) 10, (6.25)

|Q(3)|U2 N U3Qe
MGy @

0| < |2|T (M1)* ( +UQ'+€> , (6.26)

which will be proved below in Lemma 6.7 and 6.8 respectively. Hence,

X . |Q(3)|1/2U U3/2Q50 o
|m |l/2 < |Z|1/2T1/2 (M(l)) 0 ( o + |Q(3)|1/2 + o + U1/2Q1/2+ )
(AQ1) Q

(6.27)
Substituting (6.27) into (6.13), we obtain

oxz < 12TV (M) 9|02

Q312 3206
» ( ‘ ‘ 1[/]2 i ‘9(3)‘1/2 n U ]g L UrQiita )
(AIQI) 1
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Using the bounds (5.24) and (5.25) and the definition of M) and M®®, we have

N2 (AQ)Zfo
(A@Q)'?

AQ)A Qe 3y/2-3/4+4 3/4—/243€0 A 1/24
7 + N Y EO(AQ) 9, EOQ € )
1

oz < |QxllZ]P T < IO s

L NP2 A (

The lemma is proved. O

To prove Lemma 6.7 we use the following statement.

LEMMA 6.6 (|2, Lemma 3.11]). Let

a a
1<a; <q<Q, (ag)=1,i=12 —#—,
q1 9

2
then for R > max {?f—, 4Y, 2Q} there are no coprime numbers y, and vy,, satisfying
1

the following conditions

b (5-5)
Yi\ —— —
q1 Q2

LEMMA 6.7. Under the hypotheses of Lemma 6.5 one has

1
<E, 0<Y1§y1§Y,Z:l,2 (628)

26() ‘

o] < 1ZIT (MD)W (6.29)

x
ProoF. It follows from the condition ) = 0 that L &. Since
) [0

1 2
gg) = (l'l,l'z)t, gg) = (yl, yz)t,

we have (zy, ;) = 1 and (y;,¥,) = | and hence z; = y; and z, = y,. Then it

follows from (6.8) that
) g® |
n W — ﬁ < 7 (6.30)
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OREC)

1
o - W) H < R It follows from (6.9) that

a(D
Y2\
! q(l) q(2)

a ll)
(2 -22)

and similarly, one has Hyz(

73A2

L-1h

T

Thus we obtain

RIS B {

gPeq 8Wez g0z

(ﬁ_ﬁ)‘}'
Y2y {0~ 4@

(6.31)

1 1 =
<E( {|mate?|<U+N

Let us prove that all conditions of Lemma 6.6 hold. It follows from Theorem 3.1
that

N 73A’N

Vi <y <Y, where Y} = 150A2(M(D)1+2° Y=

2

Under the hypotheses of Lemma 6.5 one has R > max {3—, 4Y, 2Q} ,and so
1

we can apply Lemma 6.6. We obtain that in (6.31) only summands corresponding
to % = % are nonzero. We fix #) for which there are Z choices. Thus
o) q@
¢ ¢
bound from (3.20) we obtain that for [, there are less than T(M (1))260 choices.

Hence || K |Z|T(M(1))2€0|Q(3)|. The lemma is proved. O

Iy -1
and [; are fixed. Using the inequality ‘yu L= ‘ < U and the lower

LEMMA 6.8.  Under the hypotheses of Lemma 6.5 one has

. Q(S) U2 U3 €
| <. 12T (M) 127 + 9 +UQ't . (6.32)
AQy Q@

PROOF. In the same way as in Lemma 5.5 we obtain (5.27). Then it follows from (6.9)
that
(1) l1 l2 73A°N

193 N 93 ﬁhz BYOR (6.33)
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We fix 6, (that is ¢, = q and [; are fixed) for which there are |Z| choices. Using the
first inequality (6.33) and the lower bound (3.20) we obtain that (g(3 ), g(3 and [y
are fixed) there are less than T' (M ('))260 choices for [;. As in Lemma 5.5 we obtain
that a(? is determined uniquely by (5.27). Hence,

2
| < |ZiT (M) > Lo p=roy, (mod o)} (6.34)
g(l) E) g(Z) cal®)
Lo b | 134
QTN 2 TN |< M
To simplif} tU—73A2NLt
O simplity we pu —W €

T Hip) Y Y2 q
6 = 9 b 6 = b 9 = _J = _’ b b = —7
1 (951 Q) 2 ($2 q), T3 5, T4 5 Ys = 61 Ys = 52 p 5.0,

then one has

|9ﬁz| S |Z|T(]M(l))2EO Z Z Z 1{z3y45z4y3 (mod p)}+ (6'35)

(1) U U
93 €90) yi< 5 wsy

0 b
T4 Y

U
262

Since (x3,p) = (x4,p) = 1, the congruence (6.35) can be written in the form
Y4 = cys (mod p), where ¢ = 23 'z4 (mod p). Then using the function &,(a)

o (ax> _ ) Lifa=0 (mod p);

z=1 0, else,

we obtain

(1 2 RS L3Y4 — T4Y3
1] < |Z|T(M7)™ 5 —E E el kb——— ).
eqo P k=1 U i p
3 (51 y4S(52
L LI U
W UT S,
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In the same way as in [9, p.18], we obtain

1 & T3Ys — T4Y3
EZ 2 X e (k p .
k=1 U U
93561 1/4S52
L bLlLU
UTWT |5,

<1(U+1) <L+1>+O<s<f)loz )
0 dA, p =P)

where s(a) = > a; is the sum of partial quotients of the number a = [ay, ...

1<i<s
Substituting (6.36) into (6.35), we have

e U Ud
) <z ()| 3T (A_ #Us ) ¢
) !
g3 €90

+1082Q 3 Y s zy
q/0;

z,<U z,<U

Using the following result of Knuth and Yao [10],

Z s(a/b) < blog® b,
a<b
we have
T3 T U )
— +1 lo < (U? +Uq) lo
p3 ( /51) S (35 1) wwdas g g
One has

D < U+9q°

JUISU

Substituting (6.38) and (6.39) into (6.37) we obtain

. |Q(3)|U2 USQe |
Mm,| <. |Z2|T(M™M)* T LuQ'tel .
PRl € ATOE) T e e

The lemma is proved.

(6.36)

, Q).

(6.37)

(6.38)

(6.39)
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Applying Lemmas 6.5 and 4.3 with W = Pg g, we obtain

LEMMA 6.9. Let No < Q < NV2 104 AQ < N2%%_ then then the following bound
holds

N2fy+450 (AQ)4€0

+ N2’y—1+4€0 AQ 1+460+
A Qy (AQ)

> ISw(O) < 9T

GeP Q

1/2—’)/-‘,-660 Q260

L N1/ (AQ)
Qi

" N37_3/2+8€°(AQ)3/2_7+6€°Q1+2€°) . (6.40)

7. Estimates for integrals of Sy(0)|

We recall that the sequence {N j}f}l] was defined in (3.5) and the quantities N,
and Nj,, were defined in (4.4). Note that Ny < Ny, < Nj. Using the Dirichlet’s
theorem in the form (4.5) we obtain the following statement

LEMMA 7.1 (|2, Lemma 5.1]). The following inequality holds

1
1 *
JICURZES DS
0

0<a<q<Ni

where S." means that the sum is taken over a and q being coprime for q > 1, and
a=0,1forq=1.

Recall that

10° A4
Qo = max {exp (—2> ,exp(eas)} , y=1-46.
€

0

LEMMA 7.2 (|2, Lemma 5.2]). The following inequality holds

/ Sw(0) SN<

dK+

2 | QN | Z /
0<a<q<Nl/2

>Q |K‘<Nl/2
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2
g a+K
N PR

First we estimate the second integral in the right side of (7.2). It is convenient

1 %
+5 > dK. (7.2)
0<a<g<Qy N

Ik

q

to use the following notation
¢ = NoHi0e, (7.3)

1
LEMMA 7.3. For v < s Tey and €, € (0, 1/2500) the following inequality holds

2
g a+K
N PR

PROOF. We denote by I the integral in the left side of (7.4). Applying Lemma 5.2
we obtain

ax < S0P (7.4)
- .

1 *
IO
Ieusang, 1
q ~ Q1

< |QN|2Q87+1+4250 / B . (7.5)

©<lki<e

by the choice of the parameter . Summing (7.5) over 0 < a < g < @, we obtain
inequality (7.4). The lemma is proved. O

2
a K
Sul =+ =
N <q + N)
It remains to estimate the first integral in the right side of (7.2), that is,
1 * a K
— Svl = +=
N 2 N <q * N)

0<a<q<Ny)
The following lemmas will be devoted to this. We partition the range of summation

The integral

1 *

v 2 dK. (7.6)
0<a<q<Qo N,

G<IKIs=

will be estimated later in Lemma 7.6.

dK. (7.7)

>Q @<|K|<—
g SIKI<

and integration over ¢, K into five subareas:
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é.l N1/2 q

Fig. 1. Decomposition on subdomains

Lemma 7.6 corresponds to the domain 1, Lemma 7.7 corresponds to the
domain 2, Lemma 7.8 corresponds to the domain 3, Lemma 7.9 corresponds to the

domain 4, and Lemma 7.10 corresponds to the domain 5. Let

¢ =ci(N), ¢;=c)(N), Qo< ¢ <c; <N,
*

Nij
fi=fN,q, fr=f(N,q9, i<fHi < T

my = min{ fi(N, N;), fi(N, Nj11)}, ma = max{ f»(N, N;), f»(N, Nj;1)}.
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LEMMA 7.4. If the functions fi(N,q) and f>(N,q) are monotonic for q, then the

following inequality holds
a K
Svl 2+ =
N ( q + N)

]
(i)

c1<g<c)
ProOF. The interval [cy, ¢;] can be covered by the intervals [Nj, Nji], then

1<azq AiISIKI<S
*
< > >
< > X
asgse g c:*OSN]'SCz N;j<g<Nj

2
dK <

2

=g Ni<q<N;
. . J J+1
Jiey T<Nj<e; m<|K|<m, 1<a<q

Interchanging the order of summation over ¢ and integration over K, we obtain
inequality (7.8). This completes the proof of the lemma. O

Using (6.4), we in the same way as in Lemma 7.4 obtain the following statement.

2
dK <

Sa+l
NqTN

Qi =Nj, Q=Nji1, Ay =TN;, A\=TN;;y, Ay = N;, A= Nyy,.

then the following inequality holds
s a n K
N ¢ N
1zazg NiZIKILf

-
3D YD DD DD S

LEMMA 7.5. Ifthe functions f1(N, q) and fA(N, q) are monotonic for ¢ and m; > Qo,
e <a<e;
jiey O<N;<c iimy V<N <m, NJSIZEM TN;<|[|STN; 4

2

To simplify we denote

Using the results of [2, Lemma 2.5] we obtain

Q <QULENY 7"<Qi <, ¢ <Q<Le,

1
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A _
T SATSNY T <A <my, my SASm
1

Further, we will use this bounds without reference to them.

LEMMA 7.6. For €y € (0, 1/2500) the following inequality holds
1 K ’
* a
_ Sul =+ —
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1<a<g<Nip N,
PrROOF. We denote by I the integral in the left side of (7.10). Applying Lemma 5.3,
we obtain

ax < F (7.10)
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Substituting (7.11) into the left side of (7.10), we have
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By the choice of the parameter £, we obtain
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Substituting (7.13) into (7.12), we obtain (7.10). This completes the proof of the
lemma. O

LEMMA 7.7. For v < % — 4, € € (0, 1/2500) the following inequality holds
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PrROOF. We use Lemma 7.4 with
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We note that KQ < N’ /23 < NY#T9 “thus, applying Corollary 5.1, we obtain
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Integrating over K, we have
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Since Q; > £,7°° and v < s 4¢g, we obtain
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Since the number of summands in the sum over j is less than log log N, one has
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The lemma is proved. ]
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LEMMA 7.8. For v < 6 10€, €y € (0, 1/2500) the following inequality holds
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PrOOF. We use Lemma 7.4 with
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Applying Lemma 5.2 one has
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Integrating over K we have
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For the sum over j to be bounded by a constant, it is sufficient to have vy < 6 10¢y.
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The lemma is proved. ]

1
LEMMA 7.9. For v < 6 6€o, €0 € (0, 1/2500) the following inequality holds
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Using Lemma 7.5 we have
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For the sums over ¢ and j to be bounded by a constant, it is sufficient to have

1
v < i 6¢y. The lemma is proved. ]
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LEMMA 7.10. For v < i 10€y, €o € (0, 1/2500) the following inequality holds
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Applying Lemma 6.9, we obtain
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By Lemma 7.5 we have
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Using the following estimates (we recall that A = N; )

N N®m3, if a > 0;
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we obtain
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The last inequality holds if v < 6 10€y. The Lemma is prooved. ]
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8. The proof of Theorem 1.3

1 1
Let v < < We choose € such that ¢, € (0,1/2500) and v < i 10€g. Then it
follows from Lemmas 7.6—7.10 that the first integral in the right side of (7.2) is less

|Qn|? .
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Substituting (8.1) and the results of Lemma 7.3 in Lemma 7.2, we obtain

1
Qn|? 1

/ Sw(0) df < 'TNl when 7 < . (82)

0

Thus inequality (4.1) is proved. But Theorem 1.3 is an easy consequence of (4.1)
(see [2, Sec. 2.3]). This completes the proof of the theorem.
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