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Abstract: Zaremba’s conjecture (1971) states that every positive integer number d can be rep-

resented as a denominator (continuant) of a finite continued fraction b
d = [d1, d2, . . . , dk], with

all partial quotients d1, d2, . . . , dk being bounded by an absolute constant A. Recently (in 2011)

several new theorems concerning this conjecture were proved by Bourgain and Kontorovich. The

easiest of them states that the set of numbers satisfying Zaremba’s conjecture with A = 50 has

positive proportion in N. In 2013 we proved this result with A = 7. In this paper the same theorem

is proved with A = 5.
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1. Historical background

Let A 2 N be any finite alphabet (jAj � 2) and let RA be the set of rational

numbers whose continued fraction expansion has all partial quotients from A :

RA =

�
b

d
= [d1, d2, . . . , dk]

���dj 2 A for j = 1, . . . , k

�
,
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where

[d1, . . . , dk] =
1

d1 +
1

. . . +

1

dk

(1.1)

is a finite continued fraction, d1, . . . , dk are partial quotients. Let DA be the set of

denominators of numbers in RA

DA =

�
d
���9 b : (b, d) = 1,

b

d
2 RA� ,

and define DA(N) =

n
d 2 DA���d � N

o
.

Conjecture 1.1 (Zaremba’s conjecture [12, p. 76], 1971). For an alphabet A =f1, 2, . . . ,Ag with sufficiently large A one has DA = N.

That is, every d � 1 can be represented as a denominator of a finite continued

fraction
b

d
whose partial quotients are bounded by A. In fact Zaremba conjectured

that A = 5 is already large enough for his hypothesis being true. A detailed survey

on results concerning Zaremba’s conjecture can be found in [1], [11]. Let CA be

the set of infinite continued fractions whose partial quotients belong to A
CA =

�
[d1, . . . , dj, . . .] : dj 2 A, j = 1, . . .

	
and let δA be the Hausdorff dimension of CA. Then the Bourgain-Kontorovich’s

theorem [1, p. 13, Theorem 1.25] is as follows

Theorem 1.1 ([1, p. 13, Theorem 1.25]). For any alphabet A with

δA > 1� 5

312
= 0, 983914 . . . , (1.2)

the following inequality (positive proportion)

#DA(N)� N (1.3)

holds.



80 Dmitrii A. Frolenkov (Moscow), Igor D. Kan (Moscow)

To be more precise, Bourgain-Kontorovich proved [1, p. 13, Theorem 1.29]

much stronger result that under the condition (1.2) one has

#DA(N) = N +O
�
N

1�c/ log logN� (1.4)

with c = c(A) > 0. This article deals only with the inequality (1.3). In view of the

Hensly’s [5] and Jenkinson’s [7] results the alphabetf1, 2, . . . ,A� 1,Ag (1.5)

with A = 50 is likely to satisfy the condition (1.2). Using the method of Bourgain-

Kontorovich [1] and Hensley’s theorem (see [2, sec.2.2], [6]) we proved in [2] the

following result

Theorem 1.2. For any alphabet A such that

δA > 1� 5p
369 + 23

= 0, 8815 . . . ,

the inequality (1.3) holds.

The main result of the paper is the following theorem.

Theorem 1.3. For any alphabet A such that

δA > 1� 1

6
= 0, 8333 . . . , (1.6)

the inequality (1.3) holds.

Remark 1.1. It is proved in [7] that δ5 = 0, 8368 . . . , δ7 = 0, 8889 . . . . So, the

alphabet f1, 2, . . . , 7g satisfies the condition of Theorem 1.2 and the alphabetf1, 2, . . . , 5g satisfies the condition of Theorem 1.3.

Remark 1.2. It should be mentioned that the proof of Theorems 1.1 and 1.2 is

essentially based on the result [1, p. 46, Lemma 7.1.] proved with the use of the

spectral theory of automorphic forms. At the same time the proof of Theorem 1.3

is rather elementary and is based only on the theory of continued fractions.

Remark 1.3. It is worth noting that the proof of the Theorem 1.3 repeats significantly

the proof of the Theorem 1.2 in [2]. So we will heavily refer to statements and
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constructions in [2]. The complete proof of Theorem 1.3 can be found in our

preprint [3].

2. Notation

Throughout ǫ0 = ǫ0(A) 2 (0, 1/2500). For two functions f(x) and g(x) the Vino-

gradov notation f(x)� g(x) means that there exists a constant C, depending on A

and ǫ0, such that jf(x)j � Cg(x). The notation f(x) = O(g(x)) means the same.

The notation f(x) � g(x) means that f(x) � g(x) � f(x). Also a traditional

notation e(x) = exp(2πix) is used. The cardinality of a finite set S is denoted eitherjSj or #S. [α] and kαk denote the integral part of α and the distance from α to

the nearest integer: [α] = max fz 2 Zj z � αg , kαk = min
njz� αj��� z 2 Z

o
.

3. The main properties of the ensemble ΩN

Let ΓA � SL (2, Z) be a semigroup with the unit element E =

0�1 0

0 1

1A, generated

by 0�0 1

1 ai

1A0�0 1

1 aj

1A =

0� 1 aj

ai aiaj + 1

1A ,

where ai, aj 2 A. Let VA(k) be the set of words with the length k

VA(k) =

n
(d1, d2, . . . , dk)

���dj 2 A, j = 1, . . . , k
o
,

and VA2 =
S
k�1 VA(2k) be the set of all finite words with even length. It is well

known that the map B : VA2 ! ΓA,B(d1, d2, . . . , dk) = γ =

0�a b
c d

1A =

0�0 1

1 d1

1A0�0 1

1 d2

1A . . .

0�0 1

1 dk

1A (3.1)

is a bijection and that

a

c
= [d1, . . . , dk�1],

b

d
= [d1, . . . , dk].
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We use the following norm for matrices γ 2 ΓAkγk = maxfjaj, jbj, jcj, jdjg = d = hd1, d2, . . . , dki, (3.2)

where hd1, d2, . . . , dki is the denominator (it is also called a continuant) of the

continued fraction (1.1). We will use the following well known result [4]hDihBi � hD,Bi � 2hDihBi, (3.3)

where B = fb1, b2, . . . , bng, D = fd1, d2, . . . , dkg and

D,B = fd1, d2, . . . , dk, b1, b2, . . . , bng.
For all sufficiently large N we set

J = J(N) =

�
log logN � 4 log(10A)+ 2 log ǫ0� log(1� ǫ0) �

. (3.4)

The finite sequencefN�J�1,N�J, . . . ,N�1,N0,N1, . . . ,NJ+1g ,
where NJ+1 = N and

Nj =

8<:N
1

2�ǫ0 (1�ǫ0)1�j , if �1� J � j � 1;

N
1� 1

2�ǫ0 (1�ǫ0)j, if 0 � j � J.

(3.5)

was defined in [2, sec.2.5]. We need the following statement [2].

Lemma 3.1 ([2, Lemma 2.7]). For any M such that

N1�J � M � NJ , (3.6)

there exist indices j and h for which the following inequalities hold

2 � j � 2J, 1 � h � 2J � 1, h = 2J � j+ 1, (3.7)



A strengthening of a theorem of Bourgain-Kontorovich II 83

N
1�ǫ0
j�J � M � Nj�J , (3.8)�

N

Nh�J�1�ǫ0 �M � N

Nh�J . (3.9)

The special set (ensemble) ΩN � fγ 2 ΓA ��� kγk � Ng constructed in [2, sec.2.6]

plays a key role in the proof of Theorem 1.2. It has the following form

ΩN = Ξ1(M1)Ξ2(M2) . . . Ξ2J(M2J)Ξ2J+1(M2J+1),

where Mj � Nj�J/Nj�1�J and the sets Ξ1(Mj) were constructed in [2, sec. 2.4].

Let us formulate one of the properties of the set ΩN .

Corollary 3.1 ([2, Corollary 2.3]). For any M satisfying the inequality

exp

�
105A4

ǫ20

� � M � N exp

��105A4

ǫ20

�
, (3.10)

there exist indices j and h in the intervals (3.7), such that for any collection of matrices

ξ1 2 Ξ1, ξ2 2 Ξ2, . . . , ξ2J+1 2 Ξ2J+1, (3.11)

the inequalities

0, 99kξ1ξ2 . . . ξjk1�ǫ0 �M � 70A2kξ1ξ2 . . . ξjk, (3.12)

1

73A2
kξh+1ξh+2 . . . ξ2J+1k1�ǫ0 � M � 150A2kξh+1ξh+2 . . . ξ2J+1k (3.13)

hold.

For M, satisfying the inequality (3.10), we denote by bj and bh the numbers j and

h from Lemma 3.1 corresponding to M . For brevity we will write that numbers bj
and bh correspond to M. In the following theorem bj(1) corresponds to M(1), andbh(3) corresponds to M(3).

Lemma 3.2 ([2, Lemma 2.15]). Let the inequality

M
(1)
M

(3)
< N

1�ǫ0 . (3.14)
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hold for some M(1) and M(3) in the interval (3.10). Then, firstly, we have bj(1) < bh(3) .
Secondly, the inequality (3.12) holds for M = M(1), j =bj(1) and the inequality (3.13)

holds for M = M(3), h = bh(3) .
For integers j and h we define the set Ω(j, h) = Ξj+1Ξj+2 . . . Ξh. We put Ω1(M) =

Ω(0,bj), Ω2(M) = Ω(bh, 2J + 1). It was proved in [2, Theorem 2.6] that

M
2δ�ǫ0 � jΩ1(M)j �M

2δ+4ǫ0, M2δ�ǫ0 � jΩ2(M)j . (3.15)

In [2, Corollary 2.1], we also proved that

N2δ�ǫ0 � jΩN j � N2δ. (3.16)

Theorem 3.1 ([2, Theorem 2.3]). For anyM = M(1) satisfying the inequality (3.10),

the ensemble ΩN can be represented in the following form

ΩN = Ω(1)Ω(3), (3.17)

where

Ω(1)
= Ω1(M

(1)) = Ξ1Ξ2 . . . Ξbj, Ω(3)
= Ξbj+1Ξj+2 . . . Ξ2J+1 (3.18)

and for any γ1 2 Ω(1), γ3 2 Ω(3) the following inequalities hold

M(1)

70A2
� kγ1k � 1, 03(M(1))1+2ǫ0 , (3.19)

N

140A2H1(M(1))
� kγ3k � 73A2N

M(1)
, where H1(M

(1)) = 1, 03(M(1))1+2ǫ0 , (3.20)

The following theorem is similar to [2, Theorem 2.4 and 2.5].

Theorem 3.2. Let M(4) � (M(1))2ǫ0 and let the inequality (3.10) hold for M = M(1)

and M = M(1)M(4). Let M(1)M(4) and M(6) satisfy the hypotheses of Lemma 3.2.

Then the ensemble ΩN can be represented in the following form

ΩN = Ω(1)Ω(3)
= Ω(1)Ω(4)Ω(5)Ω(6).
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In doing so one has (3.18) and

Ω(1)Ω(4)
= Ω1(M

(1)
M

(4)), Ω(4)
= Ξbj1+1Ξbj1+2 . . . Ξbj4 ,

Ω(5)
= Ξbj4+1Ξbj4+2 . . . Ξbh6 , Ω(6)

= Ω2(M
(6)) = Ξbh6+1Ξbh6+2 . . . Ξ2J+1,

where bj1 corresponds to M(1), bj4 corresponds to M(1)M(4), and bh6 to M(6). Moreover

for any γi 2 Ω(i), i = 1, . . . , 6 one has (3.19), (3.20), and

M(1)M(4)

70A2
� kγ1γ4k � 1, 03(M(1)M(4))1+2ǫ0 , (3.21)

M(4)

150A2(M(1))2ǫ0
� kγ4k � 73A2(M(4))1+2ǫ0 (M(1))2ǫ0 , (3.22)

M(6)

150A2
� kγ6k � 80A2,1(M(6))1+2ǫ0 , (3.23)

N

25000A5(M(1)M(6))1+2ǫ0
� kγ4γ5k � 11000A4 N

M(1)M(6)
. (3.24)

Proof. To ensure that the partition of the ensemble is well-defined, it is enough

to verify that bj1 < bj4 < bh6. The second inequality follows from Lemma 3.2

(bj4 = j(1), bh6 = h(3)). To prove bj1 < bj4 it is sufficient to show that the inequality

Nbj1�J � M(1)M(4) holds for any M(1) in the interval Nbj1�1�J � M(1) � Nbj1�J . It
follows from the conditions of the theorem that

M
(4) � (M(1))2ǫ0 � (M(1))

1
1�ǫ0 �1 � Nbj1�J

M(1)
, (3.25)

where the last inequality holds because of M(1) � N
1�ǫ0bj�J (see (3.8)). Thus we have

proved that the partition of the ensemble is well-defined. The bound (3.21) can be

proved in the same way as (3.19), and (3.22) follows from (3.19), (3.21), and (3.3).

It also follows from Lemma 3.2 that the inequality (3.13) holds for γ6 2 Ω(6). Using

this inequality we obtain the estimate (3.23). Next, in the same way as [2, (2.80)]

we obtain

N

280A2
� kγ1kkγ4γ5kkγ6k � 1, 01N. (3.26)

Substituting (3.19) and (3.23) into (3.26) we have (3.24). This completes the proof

of the theorem. �



86 Dmitrii A. Frolenkov (Moscow), Igor D. Kan (Moscow)

4. General estimates of exponential sums over the ensemble

It is common knowledge (for example, see [2, sec.2.3]) that to prove Theorem 1.3

it is sufficient to obtain the following estimate

1Z
0

jSN (θ)j2 dθ� jΩN j2
N

, where SN(θ) :=
X
γ2ΩN e(θkγk), (4.1)

and N is a sufficiently large integer. In view of (3.2) we have

SN (θ) =

X
γ2ΩN e(θkγk) =

X
γ2ΩN e((0, 1)γ0�0

1

1A θ). (4.2)

Let Z be a finite subset of [0, 1]. Using Vinogradov’s method, in [2, sec.3.1] we

reduced the problem of estimating the sum

σN,Z =

X
θ2Z jSN (θ)j ,

to the evaluation of cardinality of some sets. To do this we used the partition

Ω(1)Ω(2)Ω(3) of the ensemble ΩN and rewrote SN (θ) as a triple sum. After that the

sum over Ω(1) was expanded to the sum over all integer vectors kγ1k � H1 and the

Cauchy—Schwarz inequality was applied. Thereafter, standard bounds of the absolute

value of linear exponential sums were used. It was done in [2, Lemmas 3.1 and 3.2].

Now we present a slight simplification of the method. Using Theorem 3.1 or 3.2 we

obtain the following partition of the ensemble ΩN

ΩN = Ω(1)Ω(3). (4.3)

So in [2, sec.3.1], in particular, in [2, Lemma 3.1 and 3.2], we can put µ = 3 and

think of eΩ(2) as the set consisting only the unit matrix.

Let

N1/2 =
N1/2

10A
, N�

1/2 =
N

N1/2
. (4.4)
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It follows from the Dirichlet’s theorem that for any θ 2 [0, 1] there exist a, q 2
N [ f0g and β 2 R such that

θ =
a

q
+ β, (a, q) = 1, 0 � a � q � N1/2, β =

K

N
, jKj � N�

1/2

q
, (4.5)

with a = 0 and a = q being possible if only q = 1. Let

P
(β)
Q1,Q

=

�
θ =

a

q
+ β

��� (a, q) = 1, 0 � a � q, Q1 � q � Q

�
. (4.6)

We will always write numbers θ(1), θ(2) 2 P (β)
Q1,Q

in the following way

θ
(1)

=
a(1)

q(1)
+ β, θ

(2)
=
a(2)

q(2)
+ β. (4.7)

For n 2 f1, 3g we denoteeΩ(n)
=

8>>><>>>: (0, 1)Ω(1)
=

n
(0, 1)g1

���g1 2 Ω(1)
o
, if n = 1,

Ω(3)

0�0

1

1A =

8<:g30�0

1

1A ���g3 2 Ω(3)

9=; , if n = 3.
, (4.8)

Let

N =

n
(g

(1)
3 , g

(2)
3 , θ(1), θ(2)) 2 eΩ(3) � eΩ(3) � Z2

��� (4.10) and (4.11) holdo , (4.9)

where 


g(1)3

a(1)

q(1)
� g(2)3

a(2)

q(2)





1,2
� 74A2K

M(1)
, (4.10)���g(1)3 � g(2)3

���
1,2
� min

(
73A2N

M(1)
,
73A2N

M(1)K
+
N

K






g(1)3

a(1)

q(1)
� g(2)3

a(2)

q(2)







1,2

)
, (4.11)

and K = maxf1, jKjg.
Lemma 4.1 ([2, Lemma 3.3]). For Z � P

(β)
Q1,Q

and for M(1) in (3.10) such that

M(1) > 146A2K, the following inequality holds

σN,Z � H1

��Ω(1)
��1/2 jNj1/2 . (4.12)
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We denote

M =

n
(g

(1)
3 , g

(2)
3 , θ(1), θ(2)) 2 eΩ(3) � eΩ(3) � Z2

��� (4.14) and (4.15) holdo , (4.13)

where ��g(1)3 � g(2)3

��
1,2
� 73A2N

M(1)K
, (4.14)


g(1)3

a(1)

q(1)
� g(2)3

a(2)

q(2)





1,2

= 0. (4.15)

Now we transform the equation (4.15). Let q = [q(1), q(2)], then (4.15) can be

written as  
g
(1)
3

a(1)q(2)

(q(1), q(2))
� g(2)3

a(2)q(1)

(q(1), q(2))

!
1,2

� 0 (mod q). (4.16)

By setting g
(1)
3 = (x1, x2)t, g

(2)
3 = (y1, y2)t in (4.16) we obtain the congruence

x1
a(1)q(2)

(q(1), q(2))
� y1

a(2)q(1)

(q(1), q(2))
(mod q) (4.17)

and, the same for x2, y2. But
�
a(1),

q(1)

(q(1), q(2))

� � (a(1), q(1)) = 1 and, therefore,

x1 � 0

 
mod

q(1)

(q(1), q(2))

!
, x2 � 0

 
mod

q(1)

(q(1), q(2))

!
and, the same for y1, y2. At the same time (x1, x2) = (y1, y2) = 1 as the components

of the vectors g
(1)
3 , g

(2)
3 , thus q(1) = (q(1), q(2)) = q(2) = q. So

M =

n
(g

(1)
3 , g

(2)
3 , θ(1), θ(2)) 2 eΩ(3) � eΩ(3) � Z2

��� (4.14) and (4.19) holdo , (4.18)

where �
a(1)g

(1)
3 � a(2)g(2)3

�
1,2
� 0 (mod q) and q = q(1) = q(2). (4.19)
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Lemma 4.2 ([2, Lemma 3.4]). Let the hypotheses of one of the Theorem 3.1 or 3.2,

on which the partition of ΩN in the form (4.3) is based, hold. Let M(1) be such that

for any θ(1), θ(2) 2 Z the following inequality holds

maxf2, [q(1), q(2)]g < M(1)

74A2K
. (4.20)

Then the following bound holds

σN,Z � H1

��Ω(1)
��1/2 jMj1/2 . (4.21)

Thus we reduced the problem of estimating σN,Z to the evaluation the cardi-

nality of one of the sets N, M. Let us state one more lemma of a general nature.

A similar statement was used by S. V. Konyagin in [8, sec.17].

Lemma 4.3 ([2, Lemma 3.5]). Let W be a finite subset of the interval [0, 1] and

let jW j > 1. Let f : W ! R+ be a function such that, for any subset Z � W the

following bound holds X
θ2Z f(θ) � C1jZj1/2,

where C1 is a non-negative constant not depending on the set Z. Then the following

estimate holds X
θ2W f2(θ)� C

2
1 log jW j (4.22)

with the absolute constant in Vinogradov symbol.

5. Consequences of general estimates of exponential sum

Let Q1, Q, and β be given. For any q in Q1 � q � Q we define by any means the

number aq, such that (aq, q) = 1, 0 � aq � q. Let us denote

Z
�
=

�
θ =

aq

q
+ β

��� Q1 � q � Q

�
, (5.1)
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then jZ�j � Q. The following trivial bound holdsX
θ2P (β)

Q1,Q

jSN (θ)j2 � Q
X

Q1�q�Q max
1�a�q,(a,q)=1

����SN�aq +
K

N

�����2 = Q
X
θ2Z� jSN(θ)j2 , (5.2)

where as aq we have chosen numerators for which the maximum is achieved. We

write γ = 1� δ and

Q0 = max

�
exp

�
105A4

ǫ20

�
, exp(ǫ�5

0 )

�
.

Lemma 5.1. If K
5/2
Q3 � N1�2ǫ0, KQ � Q0, then for any Z � Z� then the following

bound holds

σN,Z � jΩN jjZjjZj1/2KQ1

�
K

5/2
Q

3
�γ �

K
15
Q

21
�ǫ0

. (5.3)

Proof. We put

M
(1)

= 76A2
KQ

2, M
(4)

= K
1/2

(M(1))2ǫ0 , M
(6)

= KQ. (5.4)

It follows from the statement of the lemma that all conditions of the Theorem 3.2
and Lemma 4.2 hold. Let us prove thatjMj�jZj��Ω(3)

����M(4)
�4ǫ0�

M
(1)
�10ǫ0���Ω(5)

�� (M(6))1+2ǫ0

Q1

+1

! 
(M(1)M(6))1+2ǫ0

M(1)KQ1

+1

!
,

(5.5)

where M is defined in (4.18). Let us fix q, for which there are jZj choices, this
gives the first factor in (5.5). Then it follows from the conditions on the set Z that

a(1) = a(2) and the congruence (4.19) can be simplified to�
g
(1)
3 � g(2)3

�
1,2
� 0 (mod q). (5.6)

We fix the vector g
(2)
3 , for which there are jΩ(3)j choices. This gives the second

factor in (5.5). Using Theorem 3.2 we can write the second vector in the following

form g
(2)
3 = γ4γ5γ6(0, 1)t, where γi 2 Ω(i), i = 4, 5, 6. Let g

(1)
3 = (x1, x2)t, g

(2)
3 =

(y1, y2)t. It follows from (4.14) that����x1x2 � y1

y2

����� (M(1))2ǫ0

K
(5.7)
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Let γ4 =

0�a b
c d

1A then ����y1y2 � b

d

����� 1

d2
(5.8)

It follows from (3.22) that

1

d2
=

1kγ4k2 � �
M(1)

�4ǫ0�
M(4)

�2 . (5.9)

Using (5.7), (5.8), and (5.9), we obtain

����x1x2 � b

d

���� � �
M(1)

�2ǫ0
K

+

�
M(1)

�4ǫ0�
M(4)

�2 . It

follows from (3.22) that for any two different matrices γ
(1)
4 and γ

(2)
4 in Ω(4), we have���� b1d1 � b2

d2

���� � 1

d1d2
� 1�

M(1)
�4ǫ0�

M(4)
�2+4ǫ0

Hence, the number of different fractions
b

d
, that is the number of different matrices

γ4 is less than�
M

(4)�2+4ǫ0�
M

(1)�4ǫ0  �M(1)
�2ǫ0

K
+

�
M(1)

�4ǫ0�
M(4)

�2 ! =

=
�
M

(4)�4ǫ0�
M

(1)�8ǫ0  1 +

�
M(4)

�2�
M(1)

�2ǫ0
K

!� �
M

(4)�4ǫ0�
M

(1)�10ǫ0
this is the third factor in (5.5). We fix the matrix γ5 for which there are jΩ(5)j
choices. This gives the fourth factor in (5.5). Let γ6(0, 1)t = (x, y)t, then (4.14)

and (5.6) can be written in the following formjx1 � (ax+ by)j � 73A2N

M(1)K
, jx2 � (cx+ dy)j � 73A2N

M(1)K
, (5.10)

x1 � (ax+ by) (mod q), x2 � (cx+ dy) (mod q), (5.11)



92 Dmitrii A. Frolenkov (Moscow), Igor D. Kan (Moscow)

where g
(1)
3 = (x1, x2)t, and γ4γ5 =

0�a b
c d

1A are fixed. As det(γ4γ5) = 1, we obtain

from (5.11) that

x � (dx1 � bx2) (mod q), y � (ax2 � cx1) (mod q), (5.12)

Since x � kγ6k and applying (3.23) and (5.12) we obtain that for x there are less

than

 �
M(6)

�1+2ǫ0

q
+ 1

!
choices. This gives the fifth factor in (5.5). It follows from

(5.10) and (5.12) that for y there are less than

�
73A2N

M(1)Kqd
+ 1

�
choices. Using

(3.24), we obtain that it is less than

73A2N

M(1)KQ1

25000A5
�
M(1)M(6)

�1+2ǫ0

N
+ 1� �

M(1)M(6)
�1+2ǫ0

M(1)KQ1

+ 1.

This gives the sixth factor in (5.5) Thus the bound (5.5) is proved. Substituting (5.5)

into (4.21) and applying (5.4), we obtain

σN,Z � jZj1/2��Ω(1)
��1/2��Ω(3)

��1/2��Ω(5)
��1/2(M(1))1+7ǫ0 (M(4))2ǫ0

(M(1))1/2+ǫ0(M(6))1+2ǫ0

(M(1))1/2K
1/2
Q1

,

Since��Ω(1)
��1/2��Ω(3)

��1/2��Ω(5)
��1/2=��Ω(1)

��1/2��Ω(4)
��1/2��Ω(5)

����Ω(6)
��1/2= jΩN j��Ω(1)

��1/2 ��Ω(4)
��1/2 ��Ω(6)

��1/2 ,
(5.13)

and applying (3.15) we obtain

σN,Z � jZj1/2jΩN j (M(1))1+8ǫ0(M(4))2ǫ0(M(6))1+2ǫ0�
M(1)M(4)M(6)

�δ�ǫ0/2
K

1/2
Q1

. (5.14)

Substituting M(i) from (5.4) into (5.14), one has

σN,Z � jZj1/2jΩN jK5γ/2�1+15ǫ0
Q

3γ�1+21ǫ0 Q

Q1
.

This completes the proof of the lemma. �
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Lemma 5.2. If K
5/2
Q3 � N1�2ǫ0 ,KQ � Q0, then the following estimate holdsX

θ2P (β)
Q1,Q

jSN(θ)j2 � jΩN j2Q
K

2
Q2

1

�
K

5
Q

6�γ�
K

30
Q

42�ǫ0 . (5.15)

Proof. Applying Lemma 4.3 with W = Z�, we obtain from (5.3) thatX
θ2Z� jSN (θ)j2 � jΩN j2 K5γ�2+30ǫ0

Q
6γ�2+42ǫ0

Q2

Q2
1

.

Using the trivial bound (5.2), we obtain the desired estimate (5.15). The lemma is

proved. �

Lemma 5.3 ([2, Lemma 3.9]). If Kq � Q0 then the following bound holdsjSN(θ)j � jΩN j
Kq

N
γ
�
K

2
q
2
N
�ǫ0 . (5.16)

Lemma 5.4. Let the following inequalities hold

Q0 � Q
1�ǫ0 � Q1 � Q � N1/2

15A
, K � 15A

N1/2

Q1
.

Then for any Z � P
(β)
Q1,Q

the following bound holdsX
θ2Z jSN (θ)j � jZj1/2jΩN j Nγ+4ǫ0

(KQ1)1/2
+N

3γ/2�1/2+5ǫ0 (KQ)
1/2�γ/2

K
1/2

!
. (5.17)

Proof. We use the partition of the ensemble ΩN given by Theorem 3.1. We put

Z � P
(β)
Q1,Q

and

M
(1)

= 150A2
N

1/2(KQ)1/2, U =
73A2N

M(1)
. (5.18)

Then M(1) � 150A2K and conditions of Lemma 4.1 hold. Let

g
(1)
3 = (x1, x2)

t, g
(2)
3 = (y1, y2)

t, Y = x1y2 � y1x2. (5.19)
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It was proved in [2, Lemma 3.10] that if (4.10) and (4.11) hold then Y � 0 (mod q),

where q = [q(1), q(2)]. The set N can be represented as a union of the sets M1 and

M2. For the first set Y = 0, for the second one Y 6= 0. To prove the estimate (5.17)

we use the following bounds jM1j � jZjjΩ(3)j, (5.20)jM2j � jZj U2

KQ1

�jΩ(3)jN2ǫ0
+Q

1+ǫ0
�
. (5.21)

The proof of (5.20) is given in [2, Lemma 3.12]. The bound (5.21) will be proved

in Lemma 5.5. HencejNj1/2 � jZj1/2  N1+ǫ0

M(1)

jΩ(3)j1/2
K

1/2
Q

1/2
1

+
NQǫ

M(1)K
1/2 + jΩ(3)j1/2! . (5.22)

Substituting (5.22) into (4.12) one has

σN,Z�(M(1))1+2ǫ0
��Ω(1)

��1/2jZj1/2 N1+ǫ0

M(1)

jΩ(3)j1/2
K

1/2
Q

1/2
1

+
NQǫ0

M(1)K
1/2 +jΩ(3)j1/2!. (5.23)

Using the bounds (3.15) and (3.16), we havejΩ(1)j1/2jΩ(3)j1/2 = jΩN j 1jΩN j1/2 � jΩN j 1

Nδ�ǫ0/2 . (5.24)��Ω(1)
��1/2 = jΩN j jΩ(1)j1/2jΩN j � jΩN j (M(1))δ+2ǫ0

N2δ�ǫ0 . (5.25)

Substituting (5.24) and (5.25) into (5.23), we obtain

σN,Z�jΩN jjZj1/2�N1�δ+2ǫ0(M(1))2ǫ0

K
1/2
Q

1/2
1

+N
1�2δ+ǫ0(M(1))δ+4ǫ0 Q

ǫ0

K
1/2 +

(M(1))1+2ǫ0

Nδ�ǫ0/2 �
.

Substituting M(1) from (5.18) one has

σN,Z�jZj1/2jΩN j Nγ+4ǫ0

(KQ1)1/2
+N

3γ/2�1/2+5ǫ0 (KQ)
1/2�γ/2

K
1/2 +N

γ�1/2+3ǫ0(KQ)1/2
!

.
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Under the hypotheses of the lemma the last summand is less than the first one and

we obtain (5.17). This completes the proof of the lemma. �

Lemma 5.5. Under the hypotheses of Lemma 5.4 one hasjM2j � jZj U2

KQ1

�jΩ(3)jN2ǫ0
+Q

1+ǫ0
�
. (5.26)

Proof. In the same way as in [2, Lemma 3.13] we obtain

q
(1)

= q
(2)

= q, (g
(1)
3 a

(1) � g(2)3 a
(2))1,2 � 0 (mod q). (5.27)

Then, using (4.11), one has ��g(1)3 � g(2)3

��
1,2
� U

K
. (5.28)

It was proved in [2, Lemma 3.13] that if g
(1)
3 , g

(2)
3 , and a(1) are fixed then a(2) is

determined uniquely by (5.27). Let g
(1)
3 = (x1, x2)t and g

(2)
3 = (y1, y2)t. Since qjY

one has x1y2 � x2y1 (mod q) and sojM2j � jZj X
g
(1)
3 2Ω(3)

X
g
(2)
3 2Ω(3)��

g
(1)
3 �g(2)3

��
1,2

�U/K 1fx1y2�x2y1 (mod q)g (5.29)

The change of variables z1 = x1 � y1 and z2 = x2 � y2 leads tojM2j � jZj X
g
(1)
3 2Ω(3)

Xjz1,2j�U/K 1fx1z2�x2z1 (mod q)g (5.30)

We consider three cases.

1. Let z1 > 0 and z2 > 0. We fix the vector g
(1)
3 2 Ω(3), then x1z2 � x2z1 = jq.

Let us estimate the number of j’s which contribute. We have

x1 � x2 U
K
� jq � x1

U

K
� x2

and, hence, #j � U2

qK
+1. For a fixed j the solution of the congruence is given

by the formulae
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z1 = z1,0 + nx1, z2 = z2,0 + nx2.

In view of x2 � U

(M(1))2ǫ0
and jz1,2j � U

K
we have #n� (M(1))2ǫ0

K
+ 1. ThusX

g
(1)
3 2Ω(3)

X
0<z1,2�T/K1fx1z2�x2z1 (modq)g�jΩ(3)j� U2

KQ1

+1

� �
M(1)

�2ǫ0
K

+1

!
. (5.31)

It follows from the conditions of Lemma 5.4 that
U2

KQ1

� Q
�ǫ0, so one hasX

g
(1)
3 2Ω(3)

X
0<z1,2�U/K 1fx1z2�x2z1 (mod q)g � jΩ(3)j U2

KQ1

N
2ǫ0 . (5.32)

2. Let z1 > 0 and z2 < 0. In the same way as in the previous case we obtainX
g
(1)
3 2Ω(3)

X
0<�z2,z1�U/K 1fx1z2�x2z1 (mod q)g � jΩ(3)j U2

KQ1

N2ǫ0 . (5.33)

3. Let z1 = 0. One hasX
g
(1)
3 2Ω(3)

Xjz2j�U/K 1fx1z2�0 (mod q)g � X
g
(1)
3 2Ω(3)

�
U

qK
(x1, q) + 1

�
(5.34)� jΩ(3)j+ U2

qK

X
x1�U(x1, q) (5.35)

Next, X
x1�U(x1, q) �Xdjq d�Ud + 1

��ǫ Uq
ǫ
+ q1+ǫ

and soX
g
(1)
3 2Ω(3)

Xjz2j�U/K 1fx1z2�0 (mod q)g �ǫ jΩ(3)j+ U2

qK

�
Uq

ǫ
+ q

1+ǫ
�
. (5.36)
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Using (5.32), (5.33), and (5.36) and putting ǫ = ǫ0, we obtainjM2j � jZj U2

KQ1

�
UQ

ǫ0
1 +Q

1+ǫ0
+ jΩ(3)jN2ǫ0

� � jZj U2

KQ1

�
Q

1+ǫ0
+ jΩ(3)jN2ǫ0

�
.

(5.37)

The lemma is proved. �

Corollary 5.1. Under the hypotheses of Lemma 5.4, one hasX
θ2P (β)

Q1,Q

jSN (θ)j2 � jΩN j2Qǫ0

 
N2γ+8ǫ0

KQ1

+N3γ�1+10ǫ0

�
KQ
�1�γ
K

!
, (5.38)

Proof. Using Lemma 5.4 and Lemma 4.3 with W = P
(β)
Q1,Q

, f(θ) = jSN (θ)j we
obtain (5.38). This completes the proof of the corollary. �

6. Replacing integrals by sums

The purpose of the following arguments is a slight modification of the results of

Sec. 4. It follows from the statement of Lemma 7.1 that we need to know how to

estimate the following expression

1

N

X�
0�a�q�X ZjKj�Y ����SN�aq +

K

N

�����2 dK, (6.1)

where Y may depend on q. The following arguments are similar to [9, Lemma 26,

p. 145]. Let us take a sufficiently large number T , thenZjKj�Y ����SN�aq +
K

N

�����2 dK � Xjlj�TY (l+1)/TZ
l/T

����SN�aq +
K

N

�����2 dK. (6.2)

Hence K =
l

T
+ λ, θ =

a

q
+
K

N
=
a

q
+

l

TN
+
λ

N
, and����SN(θ)�SN�aq+

l

TN

������λjΩN j )jSN (θ)j2�����SN�aq+
l

TN

�����2+λ2jΩN j2. (6.3)
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So, one has

1

N

X�
0�a�q�X ZjKj�Y ����SN�aq +

K

N

�����2 dK �� 1

N

X�
0�a�q�X Xjlj�TY  1

T

����SN�aq +
l

TN

�����2 +
jΩN j2
T 3

!
. (6.4)

Choosing T sufficiently large, we obtain that the investigation of the expression of

the form (6.1) reduces to the investigation of the quantity

1

TN

X�
0�a�q�X Xjlj�TY ����SN�aq +

l

TN

�����2 . (6.5)

Our next purpose is to modify Lemma 4.1 and Lemma 4.2. Let

P
λ1,λ
Q1,Q

=

�
θ=

a

q
+

l

TN

���(a,q)=1,0�a�q,Q1�q�Q,λ1�jlj�λ�, (6.6)

and Λ1 =
λ1

T
and Λ =

λ

T
. It should be mentioned that Λ is similar to K and that���Pλ1,λ

Q1,Q

���� λQ2
= ΛTQ2. Let Z � P

λ1,λ
Q1,Q

we denote

N
�
=

n
(g

(1)
3 , g

(2)
3 , θ(1), θ(2)) 2 eΩ(3) � eΩ(3) � Z2

��� (6.8) and (6.9) holdo , (6.7)

where 




g(1)3

a(1)

q(1)
� g(2)3

a(2)

q(2)







1,2

� 74A2Λ

M(1)
, (6.8)���g(1)3

l1

TN
�g(2)3

l2

TN

���
1,2
�min

(
73A2Λ

M(1)
,
73A2

M(1)
+






g(1)3

a(1)

q(1)
�g(2)3

a(2)

q(2)







1,2

)
, (6.9)

M
�
=

n
(g

(1)
3 , g

(2)
3 , θ(1), θ(2)) 2 eΩ(3) � eΩ(3) � Z2

��� (6.11) and (6.12) holdo , (6.10)
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where ���g(1)3

l1

TN
� g(2)3

l2

TN

���
1,2
� 1

M(1)
, (6.11)




g(1)3

a(1)

q(1)
� g(2)3

a(2)

q(2)







1,2

= 0. (6.12)

The following lemma can be proved in the same manner as Lemma 4.1.

Lemma 6.1. For Z � P
λ1,λ
Q1,Q

and for M(1) in (3.10) such that M(1) > 146A2Λ, the

following inequality holds

σN,Z � H1

��Ω(1)
��1/2 ��N���1/2 . (6.13)

The following lemma can be proved in the same manner as Lemma 4.2.

Lemma 6.2. Let Z � P
λ1,λ
Q1,Q

and let ensemble ΩN satisfy the hypotheses of Lemma 4.2.

Let M(1) be such that for any θ(1), θ(2) 2 Z the following inequality holds

M
(1)
> 76A2

h
q
(1), q(2)

i
Λ. (6.14)

Then the following bound holds

σN,Z � H1

��Ω(1)
��1/2 ��M���1/2 . (6.15)

For any q in Q1 � q � Q we define by any means the number aq, such that

(aq, q) = 1, 0 � aq � q. Let us denote

Z
�
=

�
θ =

aq

q
+

l

TN

��� Q1 � q � Q, λ1 � jlj � λ

�
, (6.16)

then jZ�j�ΛTQ. The following statements are similar to Lemma 5.1 and Lemma 5.2.

Lemma 6.3. If Λ3/2Q3 � N1�2ǫ0 , Λ � Q10ǫ0 , and ΛQ � Q0, then for any Z � Z�
then the following bound holds

σN,Z � jZj1/2T 1/2jΩN j�Λ3/2Q3
�γ

Λ1/2Q

�
Λ15Q22�ǫ0 QΛδ/2

Q1Λ
δ/2
1

. (6.17)
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Proof. We put

M
(1)

= 76A2ΛQ2, M
(4)

= Λ1/2
1

�
M

(1)�ǫ0 , M
(6)

= Q. (6.18)

It follows from the statement of the lemma that all conditions of the Theorem 3.2

and Lemma 6.2 hold. We prove that��M����jZjT(M(1))2ǫ0
��Ω(3)

���(M(4))4ǫ0 (M(1))10ǫ0
���Ω(5)

�� (M(6))1+2ǫ0

Q1
+1

!2

. (6.19)

In the same manner as in Lemma 5.1 one can prove that q(1) = (q(1), q(2)) = q(2) = q.

We fix θ1 (thus q1 = q and l1 are fixed) for which there are jZj choices, this gives
the first factor in (6.19). Then it follows from the conditions on the set Z that

a(1) = a(2) and the congruence (6.12) can be simplified to (5.6). Using the first

inequality in (6.11) and the lower bound (3.20) we obtain that there are less than

T(M(1))2ǫ0 choices for l2 (if g
(1)
3 g

(2)
3 , and l1 have been already fixed). This gives the

second factor in (6.19). We fix the vector g
(1)
3 for which there are jΩ(3)j choices.

This gives the third factor in (6.19). Using Theorem 3.2, we can write the second

vector in the following form g
(2)
3 = γ4γ5γ6(0, 1)t, where γi 2 Ω(i), i = 4, 5, 6. Let

g
(1)
3 = (x1, x2)t and g

(2)
3 = (y1, y2)t. It follows from (6.11) that����x1x2 � y1

y2

����� �
M(1)

�2ǫ0
Λ1

. (6.20)

In the same manner as in Lemma 5.1 we obtain that the number of matrices γ4 is

less than
�
M(4)

�4ǫ0�
M(1)

�10ǫ0 . This is the fourth factor in (6.19). We fix the matrix

γ5 for which there are jΩ(5)j choices. This gives the fifth factor in (6.19). Let

γ6(0, 1)t = (x, y)t, then (5.6) can be written in the form

x1 � (ax+ by) (mod q), x2 � (cx+ dy) (mod q),

where g
(1)
3 = (x1, x2)t, and γ4γ5 =

0�a b
c d

1A have been already fixed. Using (3.23),

we obtain that for x and for y there are less than

 �
M(6)

�1+2ǫ0

q
+ 1

!
choices.
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This gives the sixth factor in (6.19). Thus the estimate (6.19) is proved. Substituting

(6.19) into (6.15) and applying (6.18), we obtain

σN,Z � jZj1/2T 1/2
��Ω(1)

��1/2��Ω(3)
��1/2��Ω(5)

��1/2�M(1)�1+7ǫ0�
M(4)�2ǫ0 �M(6)

�1+2ǫ0

Q1
.

Using (5.13) and (3.15), one has

σN,Z � jZj1/2T 1/2jΩN j�M(1)
�1+7ǫ0�

M(6)
�1+2ǫ0�

M(4)
�2ǫ0�

M(1)M(4)M(6)
�δ�ǫ0/2

Q1

(6.21)

Substituting M(i) from (6.18) into (6.21), we have

σN,Z � jZj1/2T 1/2jΩN jΛ3γ/2�1/2+15ǫ0Q
3γ�1+22ǫ0

QΛδ

Q1Λ
δ
1

.

The lemma is proved. �

Lemma 6.4. If Λ3/2Q3 � N1�2ǫ0 , Λ � Q10ǫ0 , and ΛQ � Q0, then the following

estimate holds X
θ2Pλ1,λQ1,Q

jSN (θ)j2 � jΩN j2T �Λ3Q6
�γ

ΛQ

�
Λ30

Q
44�ǫ0Q2Λδ

Q2
1Λ

δ
1

. (6.22)

Proof. Applying Lemma 4.3 with W = Z�, we obtain from (6.17) thatX
θ2Z� jSN (θ)j2 � jΩN j2TΛ3γ�1+30ǫ0Q

6γ�2+44ǫ0Q
2Λδ

Q2
1Λ

δ
1

.

Using the trivial bound (5.2), we obtain the desired estimate (6.22). The lemma is

proved. �

The following statement is similar to Lemma 5.4.

Lemma 6.5. Let the following inequalities hold Q0 � Q � N1/2�10ǫ0 , ΛQ � N1/2+ǫ0 .

Then for any Z � P
λ1,λ
Q1,Q

the following bound holdsX
θ2Z jSN(θ)j � jΩN jjZj1/2T 1/2

 
Nγ+2ǫ0

�
ΛQ
�2ǫ0�

Λ1Q1

�1/2 +N
γ�1/2+2ǫ0

�
ΛQ
�1/2+2ǫ0

+
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+ N
3γ/2�1/4+4ǫ0

�
ΛQ
�1/4�γ/2+3ǫ0

Qǫ0

Q
1/2
1

+N
3γ/2�3/4+4ǫ0

�
ΛQ
�3/4�γ/2+3ǫ0

Q
1/2+ǫ0

!
.

(6.23)

Proof. We use the partition of the ensemble ΩN given by Theorem 3.1. We put

Z � Pλ1,λ
Q1,Q

and

M
(1)

= 150A2
N

1/2(ΛQ)1/2, U =
73A2N

M(1)
. (6.24)

Then M(1) � 150A2Λ and conditions of Lemma 6.1 hold. Therefore, inequali-

ty (6.13) holds. Let

g
(1)
3 = (x1, x2)

t, g
(2)
3 = (y1, y2)

t, Y = x1y2 � y1x2.
In the same way as in [2, Lemma 3.10] we obtain that Y � 0 (mod q), where

q = [q(1), q(2)]. The set N� can be represented as a union of the sets M1 and M2.

For the first set Y = 0, for the second one Y 6= 0. To prove the estimate (6.23) we

use the following bounds jM1j � jZjT�M(1)�2ǫ0 jΩ(3)j, (6.25)jM2j �ǫ jZjT�M(1)�2ǫ0  jΩ(3)jU2

Λ1Q1
+
U3Qǫ

Q1
+ UQ

1+ǫ

!
, (6.26)

which will be proved below in Lemma 6.7 and 6.8 respectively. Hence,jN�j1/2 � jZj1/2T 1/2�M(1)�ǫ0  jΩ(3)j1/2U�
Λ1Q1

�1/2 + jΩ(3)j1/2 +
U3/2Qǫ0

Q
1/2
1

+ U1/2Q1/2+ǫ0

!
.

(6.27)

Substituting (6.27) into (6.13), we obtain

σN,Z � jZj1/2T 1/2�M(1)�1+3ǫ0
��Ω(1)

��1/2�� ��Ω(3)
��1/2U�

Λ1Q1

�1/2 +

��Ω(3)
��1/2 +

U3/2Qǫ0

Q
1/2
1

+ U1/2Q1/2+ǫ0

!
.
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Using the bounds (5.24) and (5.25) and the definition of M(1) and M(3) , we have

σN,Z � jΩN jjZj1/2T 1/2

�
Nγ+2ǫ0(ΛQ)2ǫ0

(Λ1Q1)1/2
+N

γ�1/2+2ǫ0(ΛQ)1/2+2ǫ0
+

+ N
3γ/2�1/4+4ǫ0 (ΛQ)

1/4�γ/2+3ǫ0Qǫ0

Q
1/2
1

+N
3γ/2�3/4+4ǫ0(ΛQ)3/4�γ/2+3ǫ0Q

1/2+ǫ0

!
.

The lemma is proved. �

To prove Lemma 6.7 we use the following statement.

Lemma 6.6 ([2, Lemma 3.11]). Let

1 � ai � qi � Q, (ai, qi) = 1, i = 1, 2;
a1

q1
6= a2

q2
,

then for R > max

�
Q2

Y1
, 4Y , 2Q

�
there are no coprime numbers y1 and y2, satisfying

the following conditions



yi �a1q1 � a2

q2

�



 < 1

R
, 0 < Y1 � yi � Y , i = 1, 2. (6.28)

Lemma 6.7. Under the hypotheses of Lemma 6.5 one hasjM1j � jZjT�M(1)�2ǫ0��Ω(3)
��. (6.29)

Proof. It follows from the condition Y = 0 that
x1

x2
=
y1

y2
. Since

g
(1)
3 = (x1, x2)

t, g
(2)
3 = (y1, y2)

t,

we have (x1, x2) = 1 and (y1, y2) = 1 and hence x1 = y1 and x2 = y2. Then it

follows from (6.8) that 




y1 a(1)q(1)
� a(2)

q(2)

!




 < 1

R
(6.30)
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and similarly, one has



y2�a(1)

q(1)
� a(2)

q(2)

�


 < 1

R
. It follows from (6.9) that����y1,2 l1 � l2TN

���� � 73A2

M(1)
+






y1,2  a(1)q(1)
� a(2)

q(2)

!




 .

Thus we obtainjM1j � X
g
(2)
3 2eΩ(3)

X
θ(1)2Z Xθ(2)2Z 1�



y1,2�a(1)q(1)

�a(2)
q(2)

�



< 1
R

�1����y1,2 l1�l2T

����U+N

����y1,2�a(1)q(1)
�a(2)
q(2)

������.
(6.31)

Let us prove that all conditions of Lemma 6.6 hold. It follows from Theorem 3.1

that

Y1 � yi � Y , where Y1 =
N

150A2(M(1))1+2ǫ0
, Y =

73A2N

M(1)
.

Under the hypotheses of Lemma 6.5 one has R > max

�
Q2

Y1
, 4Y , 2Q

�
,and so

we can apply Lemma 6.6. We obtain that in (6.31) only summands corresponding

to
a(1)

q(1)
=

a(2)

q(2)
are nonzero. We fix θ(1) for which there are Z choices. Thus

a(1)

q(1)
=
a(2)

q(2)
and l1 are fixed. Using the inequality

���y1,2 l1 � l2
T

��� � U and the lower

bound from (3.20) we obtain that for l2 there are less than T
�
M(1)

�2ǫ0 choices.

Hence jM1j � jZjT�M(1)
�2ǫ0 jΩ(3)j. The lemma is proved. �

Lemma 6.8. Under the hypotheses of Lemma 6.5 one hasjM2j �ǫ jZjT�M(1)�2ǫ0  jΩ(3)jU2

Λ1Q1
+
U3Qǫ

Q1
+ UQ1+ǫ

!
. (6.32)

Proof. In the same way as in Lemma 5.5 we obtain (5.27). Then it follows from (6.9)

that jg(1)3

l1

TN
� g(2)3

l2

TN
j1,2 � 73A2N

M(1)
. (6.33)
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We fix θ1 (that is q1 = q and l1 are fixed) for which there are jZj choices. Using the

first inequality (6.33) and the lower bound (3.20) we obtain that (g
(1)
3 , g

(2)
3 and l1

are fixed) there are less than T
�
M(1)

�2ǫ0 choices for l2 . As in Lemma 5.5 we obtain

that a(2) is determined uniquely by (5.27). Hence,jM2j � jZjT�M(1)�2ǫ0 X
g
(1)
3 2Ω(3)

X
g
(2)
3 2Ω(3)�����x2 l1

TN
�y2 l2

TN

������ 73A2

M(1)

1fx1y2�x2y1 (mod q)g (6.34)

To simplify we put U =
73A2N

M(1)
. Let

δ1 = (x1, q), δ2 = (x2, q), x3 =
x1

δ1
, x4 =

x2

δ2
, y3 =

y1

δ1
, y4 =

y2

δ2
, p =

q

δ1δ2
,

then one hasjM2j � jZjT�M(1)�2ǫ0 X
g
(1)
3 2Ω(3)

X
y3� U

δ1

X
y4� Uδ2�����x4 l1T �y4 l2T ������ Uδ2 1fx3y4�x4y3 (mod p)g. (6.35)

Since (x3, p) = (x4, p) = 1, the congruence (6.35) can be written in the form

y4 � cy3 (mod p), where c � x�1
3 x4 (mod p). Then using the function δp(a)

δp(a) =
1

p

pX
x=1

e

�
ax

p

�
=

8<: 1, if a � 0 (mod p);

0, else,

we obtainjM2j � jZjT(M(1))2ǫ0
X

g
(1)
3 2Ω(3)

1

p

pX
k=1

X
y3� U

δ1

X
y4� Uδ2�����x4 l1T �y4 l2T ������ Uδ2 e�kx3y4 � x4y3p

�
.
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In the same way as in [9, p.18], we obtain

1

p

pX
k=1

X
y3� U

δ1

X
y4� Uδ2�����x4 l1T �y4 l2T ������ Uδ2 e�kx3y4 � x4y3p

� �� 1

p

�
U

δ1
+ 1

��
U

δ2Λ1
+ 1

�
+O

�
s

�
c

p

�
log2 p

�
, (6.36)

where s(α) =
P

1�i�s ai is the sum of partial quotients of the number α = [a1, . . . , as].

Substituting (6.36) into (6.35), we havejM2j � jZjT�M(1)�2ǫ0 0B� X
g
(1)
3 2Ω(3)

1

q

�
U2

Λ1
+ Uδ2 +

Uδ1

Λ1
+ δ1δ2

�
+

+ log2 Q
X
x1�U Xx2�U s x�1

3 x2

q/δ1

!1A . (6.37)

Using the following result of Knuth and Yao [10],X
a�b s(a/b)� b log2 b,

we haveX
x1�U Xx2�U s x�1

3 x2

q/δ1

! �X
x1�U � U

q/δ1
+ 1

�
q

δ1
log2 q � (U2

+ Uq) log2 q. (6.38)

One has X
x1�U δ1 � (U + q) qǫ0 . (6.39)

Substituting (6.38) and (6.39) into (6.37) we obtainjM2j �ǫ jZjT�M(1)�2ǫ0  jΩ(3)jU2

Λ1Q1
+
U3Qǫ

Q1
+ UQ

1+ǫ

!
.

The lemma is proved. �
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Applying Lemmas 6.5 and 4.3 with W = P
λ1,λ
Q1,Q

, we obtain

Lemma 6.9. Let Nǫ0 � Q � N1/2�10ǫ0 , ΛQ � N
1
2+ǫ0, then then the following bound

holds X
θ2Pλ1,λQ1,Q

jSN(θ)j2 � jΩN j2T�N2γ+4ǫ0(ΛQ)4ǫ0

Λ1Q1
+N

2γ�1+4ǫ0(ΛQ)1+4ǫ0
+

+N
3γ�1/2+8ǫ0 (ΛQ)

1/2�γ+6ǫ0Q2ǫ0

Q1
+N

3γ�3/2+8ǫ0(ΛQ)3/2�γ+6ǫ0Q
1+2ǫ0

�
. (6.40)

7. Estimates for integrals of jSN(θ)j2
We recall that the sequence fNjgJ+1�J�1 was defined in (3.5) and the quantities N1/2

and N�
1/2 were defined in (4.4). Note that N0 < N1/2 < N1. Using the Dirichlet’s

theorem in the form (4.5) we obtain the following statement

Lemma 7.1 ([2, Lemma 5.1]). The following inequality holds

1Z
0

jSN (θ)j2 dθ � 1

N

X�
0�a�q�N1/2

ZjKj�N�
1/2

q

�����SN aq +
K

N

!�����2 dK, (7.1)

where
P�

means that the sum is taken over a and q being coprime for q � 1, and

a = 0, 1 for q = 1.

Recall that

Q0 = max

�
exp

�
105A4

ǫ20

�
, exp(ǫ�5

0 )

�
, γ = 1� δ.

Lemma 7.2 ([2, Lemma 5.2]). The following inequality holds

1Z
0

jSN(θ)j2 dθ � 2Q2
0

jΩN j2
N

+
1

N

X�
0�a�q�N1/2

q>Q0

ZjKj�N�
1/2

q

�����SN aq +
K

N

!�����2 dK+
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+
1

N

X�
0�a�q�Q0

Z
Q0

q
�jKj�N�

1/2

q

�����SN aq +
K

N

!�����2 dK. (7.2)

First we estimate the second integral in the right side of (7.2). It is convenient

to use the following notation

ξ1 = N
2γ+10ǫ0 . (7.3)

Lemma 7.3. For γ <
1

5
� 7ǫ0 and ǫ0 2 (0, 1/2500) the following inequality holds

1

N

X�
0�a�q�Q0

Z
Q0

q
�jKj�ξ1 �����SN aq +

K

N

!�����2 dK � jΩN j2
N

. (7.4)

Proof. We denote by I the integral in the left side of (7.4). Applying Lemma 5.2

we obtain

I � jΩN j2Q6γ+1+42ǫ0
0

Z
Q0

q
�jKj�ξ1 K5γ�2+30ǫ0

dK � jΩN j2, (7.5)

by the choice of the parameter γ. Summing (7.5) over 0 � a � q � Q0 , we obtain

inequality (7.4). The lemma is proved. �

The integral

1

N

X�
0�a�q�Q0

Z
ξ1�jKj�N�

1/2

q

�����SN aq +
K

N

!�����2 dK. (7.6)

will be estimated later in Lemma 7.6.

It remains to estimate the first integral in the right side of (7.2), that is,

1

N

X�
0�a�q�N1/2

q>Q0

Z
Q0

q
�jKj�N�

1/2

q

�����SN aq +
K

N

!�����2 dK. (7.7)

The following lemmas will be devoted to this. We partition the range of summation

and integration over q, K into five subareas:
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PS: ./fig-eps/7.eps

Fig. 1. Decomposition on subdomains

Lemma 7.6 corresponds to the domain 1, Lemma 7.7 corresponds to the

domain 2, Lemma 7.8 corresponds to the domain 3, Lemma 7.9 corresponds to the

domain 4, and Lemma 7.10 corresponds to the domain 5. Let

c1 = c1(N), c2 = c2(N), Q0 � c1 < c2 � N
1/2,

f1 = f1(N, q), f2 = f2(N, q), f1 < f2 � N�
1/2

q
,

m1 = minff1(N,Nj), f1(N,Nj+1)g, m2 = maxff2(N,Nj), f2(N,Nj+1)g.
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Lemma 7.4. If the functions f1(N, q) and f2(N, q) are monotonic for q, then the

following inequality holdsX�
c1�q�c2
1�a�q Z

f1�jKj�f2 �����SN aq +
K

N

!�����2 dK �� X
j: c

1�ǫ0
1 �Nj�c2 Z

m1�jKj�m2

X�
Nj�q�Nj+1

1�a�q �����SN aq +
K

N

!�����2 dK. (7.8)

Proof. The interval [c1, c2] can be covered by the intervals [Nj,Nj+1], thenX
c1�q�c2 � X

j: c
1�ǫ0
1 �Nj�c2 X

Nj�q�Nj+1

.

Interchanging the order of summation over q and integration over K, we obtain

inequality (7.8). This completes the proof of the lemma. �

Using (6.4), we in the same way as in Lemma 7.4 obtain the following statement.

Lemma 7.5. If the functions f1(N, q) and f2(N, q) are monotonic for q andm1 � Q0,

then the following inequality holdsX�
c1�q�c2
1�a�q Z

f1�jKj�f2 �����SN aq +
K

N

!�����2 dK �� 1

T

X
j: c

1�ǫ0
1 �Nj�c2 X

i:m
1�ǫ0
1 �Ni�m2

X�
Nj�q�Nj+1

1�a�q X
TNi�jlj�TNi+1

�����SN aq +
l

TN

!�����2 . (7.9)

To simplify we denote

Q1 = Nj, Q = Nj+1, λ1 = TNi, λ = TNi+1, Λ1 = Ni, Λ = Ni+1.

Using the results of [2, Lemma 2.5] we obtain

Q

Q1
� Qǫ0 � Nǫ0/2, c

1�ǫ0
1 � Q1 � c2, c1 � Q � c

1+2ǫ0
2 ,
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Λ

Λ1
� Λǫ0 � N

ǫ0/2, m
1�ǫ0
1 � Λ1 � m2, m1 � Λ � m

1+2ǫ0
2

Further, we will use this bounds without reference to them.

Lemma 7.6. For ǫ0 2 (0, 1/2500) the following inequality holds

1

N

X�
1�a�q�N1/2

Z
ξ1�jKj�N�

1/2

q

�����SN aq +
K

N

!�����2 dK � jΩN j2
N

. (7.10)

Proof. We denote by I the integral in the left side of (7.10). Applying Lemma 5.3,

we obtain

I � jΩN j2N2γ+2ǫ0

q2�4ǫ0

Z
ξ1�jKj�N�

1/2

q

dK

K
2�4ǫ0

� jΩN j2 N2γ+2ǫ0

q2�4ǫ0ξ
1�4ǫ0
1

. (7.11)

Substituting (7.11) into the left side of (7.10), we have

1

N

X�
1�a�q�N1/2

Z
ξ1�jKj�N�

1/2

q

�����SN aq +
K

N

!�����2 dK � jΩN j2
N

X
1�q�N1/2

N2γ+2ǫ0

q1�4ǫ0ξ
1�4ǫ0
1

.

(7.12)

By the choice of the parameter ξ1, we obtainX
1�q�N1/2

N2γ+2ǫ0

q1�4ǫ0ξ
1�4ǫ0
1

� N2γ+4ǫ0

ξ
1�4ǫ0
1

� N
�ǫ0/2 � 1. (7.13)

Substituting (7.13) into (7.12), we obtain (7.10). This completes the proof of the

lemma. �

Lemma 7.7. For γ � 1
5 � 4ǫ0, ǫ0 2 (0, 1/2500) the following inequality holds

1

N

X�
1�a�q�N1/2

q>ξ1

ZjKj�N�
1/2

q

�����SN aq +
K

N

!�����2 dK � jΩN j2
N

. (7.14)
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Proof. We use Lemma 7.4 with

c1 = ξ1, c2 = N1/2, f1 = 0, f2 =
N�

1/2

q
, m1 =

Q0

Q
, m2 =

N�
1/2

Q1
.

We note that KQ � N�
1/2

Q

Q1
� N

1/2+ǫ0/2, thus, applying Corollary 5.1, we obtainX�
Nj�q�Nj+1

1�a�q �����SN aq +
K

N

!�����2 � jΩN j2  N2γ+8,5ǫ0

KQ1

+N3γ�1+11ǫ0

�
KQ
�1�γ
K

!
. (7.15)

Integrating over K, we haveZ
m1�jKj�m2

X�
Nj�q�Nj+1

1�a�q �����SN aq +
K

N

!�����2 dK � jΩN j2 N2γ+9ǫ0

Q1
+N5/2γ�1/2+11ǫ0

!
.

Since Q1 � ξ
1�2ǫ0
1 and γ <

1

5
� 4ǫ0, we obtainZ

m1�jKj�m2

X�
Nj�q�Nj+1

1�a�q �����SN aq +
K

N

!�����2 dK � jΩN j2N�0,1ǫ0 . (7.16)

Since the number of summands in the sum over j is less than log logN, one hasX
j: c

1�ǫ0
1 �Nj�c2 Z

m1�jKj�m2

X�
Nj�q�Nj+1

1�a�q �����SN aq +
K

N

!�����2 dK � jΩN j2.
The lemma is proved. �

Lemma 7.8. For γ � 1

6
� 10ǫ0, ǫ0 2 (0, 1/2500) the following inequality holds

1

N

X�
1�a�q�ξ1
q>Q0

ZjKj�N2/5�2ǫ0
q6/5

�����SN aq +
K

N

!�����2 dK � jΩN j2
N

. (7.17)
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Proof. We use Lemma 7.4 with

c1 = Q0, c2 = ξ1, f1 = 0, f2 =
N2/5�2ǫ0

q6/5
, m1 =

Q0

Q
, m2 =

N2/5�2ǫ0

Q
6/5
1

.

Applying Lemma 5.2 one hasX�
Nj�q�Nj+1

1�a�q �����SN aq +
K

N

!�����2 � jΩN j2K5γ�2+30ǫ0
Q

6γ�1+42ǫ0
Q2

Q2
1

. (7.18)

Integrating over K we haveZ
m1�jKj�m2

X�
Nj�q�Nj+1

1�a�q �����SN aq +
K

N

!�����2 dK � jΩN j2Q6γ�1+42ǫ0Q
2

Q2
1

� jΩN j2Q6γ�1+44ǫ0.

For the sum over j to be bounded by a constant, it is sufficient to have γ � 1

6
�10ǫ0.

The lemma is proved. �

Lemma 7.9. For γ � 1

6
� 6ǫ0, ǫ0 2 (0, 1/2500) the following inequality holds

1

N

X�
1�a�q�ξ1

q>N(1�5γ)/3�9ǫ0 Z
N2/5�2ǫ0
q6/5

�jKj�N2/3�3ǫ0
q2

�����SN aq +
K

N

!�����2 dK � jΩN j2
N

. (7.19)

Proof. We use Lemma 7.5 with c1 = N(1�5γ)/3�9ǫ0, c2 = ξ1, f1 =
N2/5�2ǫ0

q6/5
,

f2 =
N2/3�3ǫ0

q2
, m1 =

N2/5�2ǫ0

Q6/5
, m2 =

N2/3�3ǫ0

Q2
1

.Applying Lemma 6.4 we obtainX�
Nj�q�Nj+1

1�a�q X
TNi�jlj�TNi+1

�����SN aq +
l

TN

!�����2 � jΩN j2TΛ3γ�1+30ǫ0Q6γ�1+44ǫ0
Q2Λδ

Q2
1Λ

δ
1

�� jΩN j2Λ3γ�1+32ǫ0Q6γ�1+46ǫ0 .
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Using Lemma 7.5 we haveX�
c1�q�c2
1�a�q Z

f1�jKj�f2 �����SN aq +
K

N

!�����2 dK �� 1

T

X
j: c

1�ǫ0
1 �Nj�c2 X

i:m
1�ǫ0
1 �Ni�m2

X�
Nj�q�Nj+1

1�a�q X
TNi�jlj�TNi+1

�����SN aq +
l

TN

!�����2 �� jΩN j2 X
j: c

1�ǫ0
1 �Nj�c2 X

i:m
1�ǫ0
1 �Ni�m2

Λ3γ�1+32ǫ0Q
6γ�1+46ǫ0 .

For the sums over i and j to be bounded by a constant, it is sufficient to have

γ � 1

6
� 6ǫ0. The lemma is proved. �

Lemma 7.10. For γ � 1

6
� 10ǫ0, ǫ0 2 (0, 1/2500) the following inequality holds

1

N

X�
1�a�q�ξ1

q>N(1�3γ)/3�7ǫ0 Z
N2/3�3ǫ0
q2

�jKj�N�
1/2

q

�����SN aq +
K

N

!�����2 dK � jΩN j2
N

. (7.20)

Proof. We use Lemma 7.5 with

c1 =N(1�3γ)/3�7ǫ0, c2 = ξ1,f1 =
N2/3�3ǫ0

q2
, f2 =

N�
1/2

q
,m1 =

N2/3�3ǫ0

Q2
,m2 =

N�
1/2

Q1
.

(7.21)

Applying Lemma 6.9, we obtainX�
Nj�q�Nj+1

1�a�q X
TNi�jlj�TNi+1

�����SN aq +
l

TN

!�����2� jΩN j2T N2γ+4ǫ0(ΛQ)4ǫ0

Λ1Q1
+N

2γ�1+4ǫ0��(ΛQ)1+4ǫ0
+N3γ�1/2+8ǫ0

(ΛQ)1/2�γ+6ǫ0Q2ǫ0

Q1
+N3γ�3/2+8ǫ0(ΛQ)3/2�γ+6ǫ0Q1+2ǫ0

!
.
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By Lemma 7.5 we haveX�
c1�q�c2
1�a�q Z

f1�jKj�f2 �����SN aq +
K

N

!�����2 dK �� 1

T

X
j: c

1�ǫ0
1 �Nj�c2 X

i:m
1�ǫ0
1 �Ni�m2

X�
Nj�q�Nj+1

1�a�q X
TNi�jlj�TNi+1

�����SN aq +
l

TN

!�����2 �� jΩN j2 X
j: c

1�ǫ0
1 �Nj�c2 X

i:m
1�ǫ0
1 �Ni�m2

 
N2γ+7ǫ0

ΛQ
+N

2γ�1+4ǫ0(ΛQ)1+4ǫ0
+

+N
3γ�1/2+8ǫ0 (ΛQ)

1/2�γ+6ǫ0Q3ǫ0

Q
+N

3γ�3/2+8ǫ0(ΛQ)3/2�γ+6ǫ0Q
1+2ǫ0

!
.

Using the following estimates (we recall that Λ = Ni+1)X
i:m

1�ǫ0
1 �Ni�m2

Λα �8<:N
ǫ0m

α
2 , if α > 0;

N
ǫ0m

α
1 , if α < 0.

(7.22)

we obtain X�
c1�q�c2
1�a�q Z

f1�jKj�f2 �����SN aq +
K

N

!�����2 dK �� jΩN j2 X
j: c

1�ǫ0
1 �Nj�c2 �N2γ�2/3+12ǫ0Q+N2γ�1/2+14ǫ0

+N5γ/2�1/4+14ǫ0Q�1+10ǫ0
+

+N
5γ/2�3/4+14ǫ0Q

1+6ǫ0
�� jΩN j2�N2γ�2/3+12ǫ0N

2γ+12ǫ0
+N

2γ�1/2+15ǫ0
+

+N
5γ/2�1/4+14ǫ0N

�(1�3γ)/3+7ǫ0
+N

5γ/2�3/4+14ǫ0N
2γ+14ǫ0

�� jΩN j2N�ǫ0 .
The last inequality holds if γ � 1

6
� 10ǫ0. The Lemma is prooved. �
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8. The proof of Theorem 1.3

Let γ <
1

6
. We choose ǫ0 such that ǫ0 2 (0, 1/2500) and γ � 1

6
� 10ǫ0. Then it

follows from Lemmas 7.6–7.10 that the first integral in the right side of (7.2) is less

than
jΩN j2
N

, that is,

1

N

X�
0�a�q�N1/2

q>Q0

Z
Q0

q
�jKj�N�

1/2

q

�����SN aq +
K

N

!�����2 dK � jΩN j2
N

. (8.1)

Substituting (8.1) and the results of Lemma 7.3 in Lemma 7.2, we obtain

1Z
0

jSN(θ)j2 dθ� jΩN j2
N

when γ <
1

6
. (8.2)

Thus inequality (4.1) is proved. But Theorem 1.3 is an easy consequence of (4.1)

(see [2, Sec. 2.3]). This completes the proof of the theorem.
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