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1. Introduction

The well-known finite-field version of the Kakeya problem is to estimate the smallest
size of a subset of a finite vector space, containing a line in every direction. A natural
dual problem is to estimate the smallest size of a subset containing a line through
every point of the space, with the possible exception of the point itself. (The problem
would become trivial had we not excluded the anchor point from consideration. This
can be considered as an analogue of forbidding the zero difference in the definition
of a progression-free set.) More generally, given an integer d one can consider sets
“essentially containing” a d-flat through every point of the space. This motivates
the following definitions.
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Let V be a finite vector space and d an integer with 0 < d < dim V. We say
that a subset C C V is d-complete if for every v € V there exists a d-subspace
L, <V such that

v+ (L \ {0}) € C;

that is, through every point of V passes a d-flat entirely contained in C, save,
perhaps, for the point itself. Equivalently, C C V is d-complete if any translate of C
contains all non-zero vectors of some d-subspace. By 7yy(d) we denote the smallest
possible size of a d-complete subset C C V; alternatively, vyy(d) is the smallest
possible size of a union of the form

Uver (U + (L \ {O})) )

for all families {L,: v € V} of d-subspaces.
Clearly, a subset C C V is d-complete if and only if its complement B := V\C
has the property that for every v € V there is a d-subspace L, < V with

(v+ (L, \ {0}))NB=g.

We call sets with this property non-blocking; quantitatively speaking, B C V
is d-non-blocking if through every point of V passes a co-d-flat disjoint with B, with
the possible exception of the point itself. Equivalently, B C V is d-non-blocking if
for any translate of B there is a co-d-subspace of V, avoiding all non-zero points
of the translate. We denote by By (d) the largest possible size of a d-non-blocking
subset BC V.

The significance of the quantity By(d) lies in the fact that every subset B C V
of size |B| > fy(d) is guaranteed to have a translate blocking (that is, having
non-zero and non-empty intersection with) all co-d-subspaces of V.

Writing r := dim V/, from the discussion above we have

Bv(d) = V| = yy(r — d) (1)

for all 0 < d < r. In view of this basic relation, our results can be equivalently
stated in terms of either of the quantities vy and (. We do not follow any strong
rule in this respect, each time choosing whatever seems more natural to us. In some
cases, two restatements are given; in most other cases the result is stated in terms of
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vy if it is of primary interest for flats of low dimension, and in terms of By when it
is mostly interesting for flats of low co-dimension.

It is straightforward to verify that for every finite vector space V of dimension
r:=dimV > 1 we have

0=9y(0) <yw(l) < <wlr=1) <yw(r)= V] ()

equivalently,

0=pv(0) <Bv(l) < < Brv(r—1) <Pv(r) =1VI. 3)

In what follows we confine ourselves to the situation where V' is a vector space
over the two-element field IF,. We denote the r-dimensional vector space over this
field by Iy, and we abbreviate gz (d) as 7-(d), and By (d) as B,(d).

We present our results in three blocks. In Section 3 we make some basic
observations and in particular, find ~,(1) and (,(1) (hence also ~,(r — 1) and
Br(r — 1), cf. (1)), and determine ~,(2) up to a multiplicative factor; the very
short proofs are also included in Section 3. Non-existence results showing that
complete sets are large (and accordingly, non-blocking sets are small) are presented
in Section 4. Section 5 lists a number of upper-bound estimates for =, (hence,
lower-bound estimates for (3,), based on specific constructions of complete and
non-blocking sets.

The proofs of the results discussed in Sections 4 and 5 are given in Sections 6
and 7, respectively.

2. Motivation and acknowledgement

Our initial motivation came from the following problem raised by Ernie Croot
(personal communication with the second-named author). Suppose that to each
v € F} there corresponds a subset A, C [}, and write 2 - A, for the set of all
non-zero elements of [}, representable as a sum of two elements of A,. Given that
all sets A, are large, how large must the union C' := Uyep;(v+2- 4,) be? Does there
exist a constant ¢ > 1 such that if |A,| > 2"/r¢, then C contains all but at most
2"/r¢ elements of [} ? In the special case where all A, are actually affine subspaces
of [F7, this question can be restated in our present terms: is it true that if d < clog, 7,
then f,(d) < 2"/r°? The reader will easily check that Theorem 4 below yields much
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stronger estimates: say, we have 3,(d) < 2°%" whenever d < 0.15r. However, the
general case where A, are arbitrary sets (not necessarily affine subspaces) cannot be
treated with our present approach.

We are grateful to Ernie Croot for bringing this problem to our attention.

3. Basic observations: lines, hyperplanes, and 2-flats

The quantities (1) and 3,(1) and, consequently, y,(r — 1) and G,(r — 1), are easy
to determine.

THEOREM 1. For every integer v > 1 we have (1) = 3,(1) = 2. Hence, fB.(r—1) =

PrOOF. The equality (1) = 2 follows from the observation that a singleton set
does not contain a 1-flat passing through its unique element, whereas for any two-
element set C' C [}, and any v € [}, there is 1-flat passing through v and contained
in CU{v}.

To find f,(1) we first notice that for any two-element set B C F’ there is
a linear co- 1 -subspace, disjoint from B\ {0}; hence (3,(1) > 2. On the other hand,
if B = {by, by, b3} C T} is a three-clement set, then the translate (b; + b, + b3) +
+B = {b; + by, by + b3, b3 + by} blocks every linear co- 1-subspace: for, the vectors
by + by, by + b3, and by +b; add up to 0, and therefore they are not simultaneously
contained in the complement of a linear co-1-subspace. Thus, §,(1) < 2, and it
follows that, indeed, f3,(1) = 2. O

To estimate +,(2) we remark that if every element of F} is a sum of three
pairwise distinct elements of a set S C [, then (“g‘) > 2", whence |S| > V6 -273.
On the other hand, sets S of size |S| = 0(2’/ 3), with the property just mentioned, are
known to exist: see, for instance, [1, Theorem 5.4.28], or consider a decomposition
of I} into the direct sum of three subspaces of roughly equal dimension and take S
to be their union.

THEOREM 2. If 7 > 2, then 7,(2) is the smallest cardinality of a subset C C F% with
the property that every element of I, is representable as a sum of three pairwise distinct
elements from C. Consequently, v,(2) = @(2’"/3).

PrOOF. Just notice that for given vectors v, ci, ¢;,c3 € ) to form a 2-flat it is
necessary and sufficient that v = ¢; 4+ ¢, + ¢3 and ¢y, ¢;, ¢3 are pairwise distinct. [
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An interesting property of the quantity «y,(d) is that for any fixed value of d, it
is sub-multiplicative in r.

LEMMA 1. For any integer v(,7, > d > 0 we have

Yri4rs (d) < Yry (d)77“2 (d)
PrOOF. Let r := r;+r; and write ) = V,®V,, where dim V| = r; and dim V; = 5.

Find C; C V; and C, C V; such that for ¢ € {1, 2} we have |C;| = ,,(d) and C;
is d-complete in V;. We claim that C| + C, is d-complete in 7, so that

Yr 4+, (d) < |C1 4 Co| = [C1|Ca| = 77, (), (d).

To see this, fix v € F5, write v = v; + v, with v; € V| and v, € V,, find d-flats
F, CV, and F, C V5 such that v; € F; C C; U {v;} for i € {1,2}, and select

arbitrarily bases {e|, ..., eq} and {fi,..., fq} of the linear d-spaces v, + F; and
vy + F3, respectively. Then all points of the d-flat v+ (e; + fi, ..., eq+ fa), other
than v, are contained in C; + C,. O

Using a standard argument, it is easy to derive from Lemma 1 that to any fixed
d > 1 there corresponds some #4 € [0, 1] such that ,(d) = 2®+te()" a5 ¢ — 0o,
As it follows from Theorems 1 and 2, we have »; = 0 and %, = 1/3. For d > 3
the precise values of x; are not known to us, but we will see that 3/8 < x3 < 3/7
(Theorems 3 and 5), and that x4 < 1/2 for all d (Theorem 5).

4. Non-existence results: lower bounds for ~,,
upper bounds for 3,

By Theorem 2 and (2), we have 7,(3) = Q(2"/?). The following theorem presents
an improvement of this estimate.

THEOREM 3. If r > 15 is an integer, then
7,(3) > ¢ 28,

where ¢ = (16 464)/8 ~ 3.3656.



8 Aart Blokhuis (Eindhoven), Vsevolod F. Lev (Haifa) [128

The argument employed in the proof of Theorem 3 (see Section 6) can also
be used to estimate ,(3) non-trivially for 3 < r < 14; say, it is easy to derive from
(11) that ~y,(3) > 2"/2 for every such r. The only reason to confine to r > 15 is that
this allows us to keep the coefficient ¢ reasonably large.

COROLLARY 1. For integer v > d > 3, we have ~,(d) = Q(2°7/%) with an absolute

implicit constant.

Recall, that the entropy function is defined by
H(z):=—-zhnz—(1-2z)In(l —z), 0 <z <1,

and that
d
1 rH(d/r) r r rH(d/r)
—e < < ] <e (4
\V2r d ]Zo J )

for all integer 1 < d < r/2; this follows easily, for instance, from [3, Ch. 10, § 11,
Lemmas 7 and 8. (Although this is not used below, we remark that the expression
in the right-hand side of (4) can be given a nice symmetrical form; namely,
erH(d/r) — TT/(dd(T _ d)r_d).)

Using (4), it is easy to verify that our next theorem improves Corollary 1 for
flats of dimension d 2 0.073r (by which we mean d > (x + o(1))r with an absolute
constant x = 0.073).

THEOREM 4. For integer r > d > 0 we have

d—1 r
Yr(d) > ' (j) : (5)

d
Bld) < (;) (6)

In Section 6, two proofs of Theorem 4 are given. Elaborating on one of them,

Equivalently,

we will also establish the following slight refinement.
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Theorem 4'. For integer r > d > 0 we have

(1-2"8d) < 3 (J) Y

J=0

It is not difficult to derive from Theorem 4', for instance, that (,(d) <

d d
<> (;) —291 whenever d < /2, orthat 3,(d) < 3 (2) —2¢ whenever d < 0.227r
=0 =0

(for the latter conclusion assume, for a contradiction, that 3,(d) > > (;) —2¢ 41,
j=0
and use (4)).

5. Constructions: upper bounds for ~,, lower bounds for 3,

All bounds listed in this section are constructive. We confine here to the resulting
estimates and comparison between them, with the underpinning constructions being
incorporated into the proofs (presented in Section 7). For the background material
in coding theory (simplex codes, dual-BCH codes, Greismer and Carlitz-Uchiyama
bounds), the reader can refer any standard textbook, such as [3, 4].

THEOREM 5. For any integer v > d > 3 we have
7(d) < Ky 26720

where €, = and K; = (2¢ - 1)22d"—(3/2)+ad'

1
2027=1)

As a particular case to be compared against Theorem 3, we have v,(3) =
— 0(23r/7)_

As the reader will see, the proof of Theorem 5 relies on the properties of simplex
codes. The reason to prefer simplex codes over other codes is that these codes have
the largest possible relative minimum distance among all codes of given dimension d
(as the Griesmer bound readily shows). The drawback of the simplex codes, on the
other hand, is that their length is exponential in the dimension, leading eventually
to the double-exponential dependence on d in the constant K; of Theorem 35,
and hence resulting in very poor bounds as d grows. Indeed, the estimate of the
theorem becomes trivial for d ~ logr. Using other codes one can produce non-
trivial estimates for reasonably large values of d. Specifically, the argument employed
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in the proof of Theorem 5 shows that if n and p are positive integers such that there
exists a code S of length n, minimum distance u, dimension d, and the largest
weight M satisfying (n — M) |r/n| > d, then

’Yr(d) < 2(1—u/n)r+n+d—u.

Indeed, it suffices that the dimension of S be at least d, as it follows by considering
any subcode of S of dimension d. Choosing S to be the dual of a BCH code with
appropriately chosen parameters, we prove

THEOREM 6. There exists an absolute constant K such that for any integer v > d > 3
we have

~ (d) < 20.5T+K(dr/log2 )3
r .

Hence, if d = o(y/T log, 1), then ~,(d) < 2(0-3+o)r,

We now turn to estimates which (unlike those of Theorems 5 and 6) are mostly
of interest for flats of low co-dimension.

THEOREM 7. For integer v and d with 2 < d < r/2, let p denote the remainder of the
division of v by 2d. Then

sz ¥ (7)) 1) )+

Consequently,
2d r |d
d) > =]
We notice that Theorems 4 and 7 give B,(d) = ©4(r?). It follows, say, that

¥(r —2) = 2" — Q(r?); compared with Theorem 2 this shows that 7, , considered
as a function of d € [0, r], exhibits a highly asymmetric behavior.

THEOREM 8. For integer v > d > 2, let p denote the remainder of the division of r

by d. Then
T d=p 7|7 p
i@ = (|5 +1) " (|5] +2)"
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Consequently,

B,(d) > (r/d)*,

Brld) > (;)r(g)d.

While the bounds of Theorems 7 and 8 may not be easy to compare analytically,

and if d > r/2, then

computations suggest that Theorem 7 gives a better estimate for all d < r/2, save
for a finite (and small) number of exceptional pairs (d, r). For d > r/2 Theorem 7

mw>mwﬂn>f”m), )

yields

/2]

which is superseded by Theorem 8 for d very close to r; namely, for r—d < 1.738 Inr.
We also notice that if, indeed, r—d < 1.443 In r, then Theorem 8 itself is superseded
by Theorem 3.

THEOREM 9. Suppose that v > d > 1, k> 1, and r; > d; >0 (i = 1,...,k)
are integers such that vy + - +1r, < r, dy+ - +dp <d, and r; < d+d; for

i1=1,..., k. Then
T Tk
> .

It is not difficult to see that for d > r/2, Theorem 9 gives

r
ﬁr(d) > (Lr/2J> >

this is identical or marginally stronger than (7). For 1 < d < r/2, the maximum of
the product (2‘1) (”) under the constrains r; > d; >0, r + - + 7, <7, and
dy + -+ +dp < d (with 7; < d + d; not assumed!) is (

with Theorem 4 and also with the following corollary.

) this is to be compared

COROLLARY 2. If r > 1 and +/r < d < r/2 are integer, then

ﬁr(d) > erH(d/r)—2(r/d) lnr.
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Consequently, if d/\/r — oo and d < r/2, then

1+o(1)
B.(d) > (;) -

A precise comparison between Theorems 7 and 9 is hardly feasible. However,
the “main terms” (cf. Corollary 2) are easy to compare, and it turns out that

e () G)

for all positive integer r and d < r/2. We remark, on the other hand, that Theorem
9 fails to produce reasonable bounds if d is very small (as compared to r).

6. Proofs, I: non-existence results

PrOOF OoF THEOREM 3. Suppose that C' C I} is 3-complete; that is, every element
v € IF} lies in a 3-flat F, with the other seven elements in C. We want to show that
if 7 > 15, then |C| > ¢~ 2%"/8.

Let S be the set of all those s € [F} representable as a sum of two distinct ele-
ments of C, and for each s € S denote by v(s) the number of such representations,
with two representations that differ by the order of summands considered identical.
Write B := I} \ C, and for each s € S let B(s) be the set of all those b € B with
s € b+ Fy. (Notice, that b+ Fy is the linear 3-subspace, parallel to the flat Fj.)
Thus, every b € B belongs to exactly seven sets B(s), and hence

> IB(s)| = 7|BI. (3)

sES

Forevery s € S and b € B(s) there are three distinct representations s = ¢;+c;
with ¢, ¢; € F,NC. Since these representations uniquely determine Fj, and hence b

Bls)] < (”(s)> <L) o)

itself, we have

3

Also,
[B(s)| < |C]| (10)
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as b+ s € Fy \ {b} for each b € B(s), implying B(s) +s C C.
Averaging multiplicatively (9) and (10) with the exponent weights 1/3 and 2/3,
respectively, we get

1B(s)| < %ﬁ CPA (),

and substitution into (8) yields

70 =100 < e 107 S vto) = e 1e1” ('f'). (1)

If |C| > 2772, then we are done as 2772 > ¢ - 2%/% for r > 15. If |C] < 2™/?, then
2" —1C)/(C| = 1) > 27/|C|; consequently, (11) gives

1) > 146 - 2"

implying the result. O

Next, we give two proofs of Theorem 4. Both proofs rely on the fact that if £, 4
is the vector space of all multilinear polynomials in 7 variables over the field IF, of

d
total degree at most d, then dim £, 4 = > (;) (which is immediate from looking
=0

at the “monomial basis”). Nevertheless, the two proofs seem to differ significantly.
We keep using the notation £, 4 below.

Our first proof goes along the lines of Dvir’s proof [2] of the finite field Kakeya
conjecture. We need two basic facts about polynomials over the field IF,.

Fact 1. For integer d > 1, a polynomial in d variables over IF, of degree smaller
than d cannot vanish on all, but at most one point of Fg. (To see this, observe
that every monomial of the polynomial in question is independent of at least one
variable, hence the sum of its values over Iﬁ‘g is equal to 0.)

Fact 2. For integer » > 1, a non-zero multilinear polynomial in 7 variables over
[F, cannot vanish on all points of F3. (For the proof, notice that every function
from F) to I, can be represented by a multilinear polynomial, and that both the
total number of all functions and the total number of all multilinear polynomials are
equal to 22", Thus, every function is uniquely represented by such a polynomial.)
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FIRST PROOF OF THEOREM 4. Assuming that (5) is false, find a d-complete set
d-1

C C Fj with |C] < 2:0 (;) Thus, for every v € F} there exists a d-subspace
]:

d—1
L, < F5 with v + (L, \ {0}) C C. Since dim £, 4-1 = 3 (}), the evaluation
j=0

map from L, 4_; to F|20\ (sending every polynomial to the |C|-tuple of its values at
the points of C) is degenerate. Hence, there is a non-zero polynomial P € L, 4_
vanishing at every point of C. As a result, for each v € I} there exist vy, ..., vq € I}
such that

P(U+t]vl+"'+tdvd):05 (t19'7td)€F£2i\{0}
This means that the polynomial
P('l) + Tv + -+ Td’Ud) € Fz[Tl, ey Td]

vanishes at every point of Fg \ {0}. The degree of this polynomial is at most
deg P < d — 1. Hence, by Fact 1, we have P(v) = 0; that is, P vanishes at every
point of ;. This, however, contradicts Fact 2. O

SECOND PROOF OF THEOREM 4. Aiming at (6), fix B C F} with |B| = 3,(d) such
that to every b € B there corresponds a co-d-flat F, C F} with F;, N B = {b}. For
every such flat, find a polynomial P, € L, 4 with Py(z) = 1 whenever z € Fy, and
Py(z) = 0 otherwise. (Such a polynomial can be constructed by taking the product
of d linear factors corresponding to d hyperplanes whose intersection is Fj.) These
|B| polynomials are linearly independent, as it follows by substituting the points
b € B into their linear combinations. Consequently,

d
B,(d) = |B| < dim L,g =y (;") . 0

J=0

PROOF OF THEOREM 4. We elaborate on the second proof of Theorem 4. Fix
a d-non-blocking set B C F% with |B| = f3,(d), and write C' := [ \ B. For each
v € F7 find a co-d-flat F, with v € F,, C CU{v} and, as above, let P, € L, 4 be an
“indicator polynomial” of F,. Write P := {P,: b € B} and P¢ := {P.: c € C}.
Notice, that the subspace of L, 4 generated by Pp intersects trivially the subspace
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generated by Pg: for if

> ey => elc)P

beB ceC

with e: F} — I, then, evaluating at any specific b € B, we get £(b) = 0. Thus,
denoting by Lo the subspace, generated by P, we have

IB| < dim £, 4 — dim L¢,

and we claim that dim Le > 2~ 9|C|. To see this, we observe that for any subset
Cy C C with |Co| < 2-9|C|, we have

’UCECO Fc‘ <240l < |0,

and that for any ¢’ € U.cc, Fe, the polynomial P, is not a linear combination of the
polynomials P. with ¢ € C. Consequently, we have

1Bl < dim L4 — 2" 9|C| = dim £, 4 — 279" - |B]),

whence

d
(-2 < (J) -

J=0

implying the result. O

7. Proofs, 1l: constructions

PROOF OF THEOREM 5. For r < 2¢ — | the assertion follows, by a straightfor-
ward computation, from the trivial estimate 7,(d) < 2". Suppose, therefore, that
r>24—1.

Write n:=2% — 1 and let S < % be the simplex code of length n. Thus, S is
a d-subspace of 7, generated by the rows of the d x n matrix whose columns are
all the non-zero vectors in Fg, and every non-zero element of S has weight 24!
with respect to the standard basis of ;. Choose subspaces Vi, ..., V; <, so that
F}, =V, @ - @&V, and the dimension of each V; is either |r/n| or [r/n], and
consider the set

C:= U(sl,...,sn)ES\{O} @ie[l,n]: 5;=0 Vi.
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We have
cl< Y 9n=2"Nlr/m]
ceS\{0}

<2120 ) 2
— K, 2Ge)r,

and to complete the proof we show that for every v € I} there is a d-flat passing
through v and contained in C' U {v}. To this end, we write v = v; + --- + v,, with
v; € V; for=1,...,n, and let

F, = {Zie[l,n]: ooV (S1,..-,8p) € S} =

=v+ {s1v; + -+ Sy (S1,...,8,) €S}

Evidently, F, is a flat with v € F,, C C U {v}. Moreover, the dimension of F,, is at
most d. If it is equal to d, then we are done. Otherwise, there exists an element
(s1,.--,8n) € S\ {0} such that sjv; + --- + s,v, = 0; equivalently, v is an element
of the subspace ®;c[in|: 5,—0Vi C C, and we conclude the proof observing that the
dimension of this subspace is at least (2¢~! — 1) |r/n| > d. O

As we have mentioned in Section 5 (and the reader can easily check now), the
argument employed in the proof of Theorem 5 shows that if » and p are positive
integers such that there exists a code .S of length n, minimum distance p, dimension
at least d, and the largest weight M satisfying (n — M) |r/n| > d, then

7r(d) < 2(17ﬂ/n)r+n+d7‘u]. (12)

This observation is used in the proof of Theorem 6 below.

ProoF oF THEOREM 6. Consider the code dual to the BCH code with the parame-
ters m and e defined by

m = E (log,(dr) — log, log2(dr))—‘ , €= [i-‘ .

m

This is a code of length n := 2™ — 1, with the weight of every non-zero code word
in the interval [0.5n — (e — 1)y/n, 0.5n + (e — 1)4/n | and consequently, having the
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minimum distance

p=05n—(e—1)v/n

and the maximum distance
M <0.5n+ (e—1)v/n

(the Carlitz-Uchiyama bound).
We notice that » > d > 3 implies rd > 9, whence

m > 0.25log,(dr). (13)

1 dr 2/3 dr 2/3
— _— < 2 14
2 (mgz(dr)) n< <1og2<dr>> (14

(the first inequality following from n = 2™ — 1 > 2™~ 1),

Also,

Assuming now

d<cyrlog,r (15)

with a sufficiently small absolute constant ¢ > 0 (as we clearly can, choosing K
large enough), by (14) we get

dr 2/3
-2/3
— 16
> () > 9

and, by (14), (15), and (13),

< 0.25.

e—1 d zi (logz(dr)> 1/3 PR log, (dr)
dr m

— < —=<
vn o omay/n m
As a result, and taking into account (16) and (15),

(n— M) |r/n) > (0.5n — (e — 1)\/5)% > 0.1257 > d.

Furthermore, a straightforward computation confirms that (15) yields e < 2/™/21-1,
which is known to imply that the dimension of the code under consideration is
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em > d. The result now follows by applying (12) and observing that, by (14)
and (13),

— = n
myn mn? m

d d log,(d
r n dr ; 0g,(dr) < 1n.

whence
(l—ﬁ)r+n+d—,u< (I—E)r+2n<
n n

—1
< (0.5+67)r+2n<

dr
my/n
< 0.5r + 14n. O

< 0.5r + ( +2n> <

PROOF OF THEOREM 7. Observing that

(2d - p) LéJ +p(L%J +1) — LéJ 2d4p=r,

choose subspaces Vi, ..., Vog < F) with F} =V} @ -+ @ V)4 so that
dim Vi = -+ = dim Vg, = | - |
2d
and
dim Vag_py1 = - = dim Vag = [%J +1.

In every subspace V; fix a basis ¢;. For v € F} let suppv denote the support
of v with respect to the union of the bases ¢;, and for each i € [I,2d] let
supp; (v) := supp(v) Ne;. Also, let w(v) = | supp(v)| and w;(v) := supp;(v); that is,
w(v) is the weight of v with respect to the union of the bases ¢;, and w;(v) is the
contribution of ¢; to w(v), so that w = w; + -+ 4+ wyy. Finally, set

B:={veTF;: ww)=d and w(v), ..., wy(v) < 1};

thus,

e S ()(0) Gy
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and we show that through every v € I, passes a flat F, of co-dimension at most d,
disjoint with B\ {v}. We distinguish three cases.
If v € B, then we let

F,:={u € Fy: suppv C supp u}.

Evidently, we have v € F, and codim F,, = w(v) = d; moreover, if u € F, \ {v},
then w(u) > w(v) = d, implying u ¢ B.

If there exists 7 € [1, 2d] with w;(v) > 2, then we choose E C supp;(v) with
|E| =2 and set

F,:={u €TF;: E C supp(u)}.

We have v € F,,, F,N B =@, and codim F,, = 2.

Finally, if v ¢ B and w;(v) < | for each i € [I,2d], then there exists
I C[1,2d] with |I| = d+ 1 such that for all ¢ € I, the weights w;(v) are equal to
each other. In this case we take F), to be the co-d-flat (actually, a co-d-subspace)
consisting of those u € F} with the property that for all ¢ € I, the weights w;(u)
are of the same parity. It is immediately verified that v € F, and F,, N B=o. O

PrROOF OF THEOREM 8. Choose subspaces Vi,..., V; < F, with F, =V, & - @V,
so that
dimVj = - = dim Vg_, = EJ
and
r
dim Vi py =+ = dimVy = | 2| + 1.

In every subspace V; fix a basis ¢;, and define the sets supp, supp;, and the weight
functions w and w; as in the proof of Theorem 7. Let

B:={vel;: wyv) <1, i€(l,d]};
thus,

= (L))" ([ +)"

and we claim that through every v € I} passes a flat F, of co-dimension at most d,
disjoint with B\ {v}. To show this we distinguish two cases, according to whether
veEBorv¢B.
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If there exists ¢ € [1,d| with w;(v) > 1 (that is, v ¢ B), then we choose
E C supp;(v) with |E| =2, and set

F,:={u€TF;: E Csupp(u)}.

Clearly, this is a flat of co-dimension 2, disjoint with B and passing through v.
If, on the other hand, we have w;(v) < 1 for each i € [1, d] (that is, v € B),
then we consider the partition [1, d] = Iy U I; with

I, :={ie[l,d]: wy(v)=v}; ve{0,1}

and let F, be the co-d-flat consisting of those vectors u € I}, with the property
that w;(u) is even for each ¢ € Iy, and supp; v C supp; u for each i € I;. It is

immediately verified that F, N B = {v}. O
PROOF OF THEOREM 9. Letting K := 1 — (r{ + - +T%), Tpyr1 = = = e = 1,
and dg | = - = dgrx = 0, we see that r; + --- + 7y, = r can be assumed without
loss of generality. With this extra assumption, we choose subspaces Vi, ...,V <}

sothat F} =V, @ ®V; and dimV; =r; for i = 1,..., k, in every subspace V;
fix a basis ¢;, and define supp, supp;, w, and w; as in the proofs of Theorems 7
and 8. Finally, we set

B:={veTFy: wiv)=d; i€]l,k|};

B = (;1) (dz)

and we claim that through every v € [} passes a flat F, of co-dimension at most d,

thus,

disjoint with B\ {v}. To show this we distinguish several cases: the case where
v € B, that where w;(v) > d;+ 1 for some 4 € [1, k], and that where w;(v) < d; — 1
for some i € [1, k|, with the last two cases further splitting into two subcases each.
If v € B, then we take F, := {u € F}: suppv C suppu}. Clearly, F,N B =
{v}, and the co-dimension of F, is d; + -+ + dj, < d.
If there exists @ € [1, k] with w;(v) > d; + 1, then we find E C supp;(v) with
|E| = d; + 1, and set

F,:={u€TF;: ECsupp(u)} ifd;<d,
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and

F,:={u €TF;: E Csupp(u) or ENsupp(u) = o} ifd; =d.

Clearly, we have v € F,,, and

|E|=d;+1<d ifd; <d,
codim F, =
|E|—1=d;,=d ifd;=d.

Furthermore, we have F, N B = &: for, if E C supp(u), then w;(u) > |E| > d;,
and if ENsupp(u) = & and d; = d, then

In a similar way we treat the situation where w;(v) < d; — 1 for some i € [1, k|.
In this case we find a set E C ¢; \ supp;(v) with |E| =7; — d; + 1, and let

F,:={u€Fy: Ensupp(u) =@} ifr; <d;+d,
and
F,:={u€F3: ENsupp(u) = @ or E Csupp(u)} if r; = d; +d.

Thus, v € F,, the co-dimension of F), is

|E|:7‘Z—dz—|—1<d ifr; <d; +d,
codim F, =

|E|—1:7‘i—di:d lfT‘l:di-i‘d,

and F, is disjoint with B: for, if supp(u) N E = &, then w;(u)<r;—|E|=d;—1<d;,
and if E C supp(u) and 7; = d; + d, then w;(u) > |E| = d + 1 > d;, implying
u € B in both cases. Il

PrROOF OF COROLLARY 2. Let
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thus,
2<k<d (17)
352<C<d,and
d
d d 1
-<—< = (18)
T T 2

d d
(the first inequality following from r; < E] r, the second from El r > 2d;). Ob-
serving also that

kd, < d, kry < kdlg <,

and
r
_ — - — < <
r—di=|(5-1)di| <kdi<d,
we apply Theorem 9 with vy = - =1, =r; and d, = -+ = d = d; to get
k
1
(d) > :
s ;)
Consequently, (4) yields
In ﬁr(d) > k)?"]H(d]/’f’]) — (k/2) 11’1(27"1). (19)
Now from
r d; r d+1r
7q+k>[E+EwJ—l[My+DEJ—1>{—?—EJ—1
_ L£+LJ_1>£+L_2>C_1
Lk kd k  kd “k

and (17) we deduce
kri>r—k —k>r— (32K,

from (18) and the fact that H is increasing on [0, 1/2] we conclude that

H(d/r\) > H(d/r),
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d T
and r < El r < % along with (17) gives 2r; < r. Combining these observations

with (19) we obtain
In B,(d) > (r — (3/2)k*)H(d/r) — (k/2) InT.
To derive the first assertion of the corollary we now notice that the inequality

H(t) < tin(e/t), t €[0,1]

gives
3r er 17 T
3/2)k*H(d k/2)Inr < Z=In—+ = =1 2-1
(3/2)k"H(d/r) + (k/2) InT Sgn—T g ginr<2oinr
since d > 3 by (17). For the second assertion just observe that if d//r — 0o, then
rH(d/r) > dIn 2 whereas S Inr=o (d In g), and use (4). O
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