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1. Introduction and results

Let K denote an algebraic number field of degree d = [K : Q], and denote by
Ok the ring of integers of K. For any place w of K let |.|, be the corresponding
valuation normalized in such a way that |p|, = p~! for a finite place w lying
over p, and |z, = |z| (z € Q) for an infinite place w. In the present paper we are
interested in the class of g-series of the form

anl )’ P(qk);éO,k:l,z,..., (1)

where P(z) € K[z], deg P = D > 1. We now fix a place v of K and ¢ € K
satisfying |g|, > 1. Then the value f(a) at any point @ € K is defined in K,, the
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completion of K with respect to v. Our main aim here is to give a general linear
independence measure for the values of the function f(z) and its derivatives.

The most simple cases of f(z) are the Tschakaloff function (P(z) = x)
and g-exponential function (P(z) =z — 1),

Tq(z):ZW, Eq(Z)—nZ;(ql)...(qnl)_H(Hq")'

n=0 ¢* ? n=1

The study of arithmetic properties of these functions has a long history, we refer
to [6] and [15] for this.

In 1988 Bézivin [4] introduced a new method for considering the linear inde-
pendence of the values of series

Z I L A(k)

where {A(n)} is a linear recurrence sequence satisfying certain conditions. Essential
in this method is the use of rationality criterions for functions, see also André [3] for
this kind of ideas. Bézivin’s result applies to f(z) and gives the following theorem.

THEOREM BE. Let K be Q or an imaginary quadratic field and v the infinite place,

and let q be an integer in K with |q| > 1. Assume that «, ..., a,, € K* satisfy
Q; n . .
— #4q" Vi#j nel, (2
Q;
a; #P0)g" Vi=1,..,m; né€Z (3)

Then, for any positive integer s, the 1 + ms numbers
L), j=1,....m; o=01,...,s—1,

are linearly independent over K.

In [1] this result was extended to general K, v and to the more general set of
1 + msD numbers

L), j=1.....mk=01,....D-1;0=0,1,...,s— 1. (4)



407] On a quantitative form of Bézivin’s method for g-series 171

Again the proof uses Bézivin’s method. This result with its quantitative refinement
was then obtained in [2] by using an analogue of Siegel’s method for a system
of linear g-difference equations. To present this statement we define the height of
a € K* by

h(e) = [ ] max(1, |afs™?).

where the product is over all places w of K and d,, = [K,, : Q,]. Furthermore, for
nonzero a = (ai, ..., a,;) € K™, let

h(@) = [ max(1, lal,™"). |al, = max(lal).

The above condition |g|, > 1 is not enough in the following, but we have to assume
a further restriction to ¢ given in terms of

_ dlog h(q)

A=Mav) = dy log|ql,”

Note that A > 1 always, and A = 1 for example in the following cases: K = Q
or an imaginary quadratic field, v is infinite and ¢ is an integer of K; K = Q,
v =p, and ¢ = p~* with some positive integer £; K = Q(g), where g is a so-called
PV-number, v is infinite and |g[, > 1.

The following result is [2, Corollary 5.2].

THEOREM AMV. Assume that q € K satisfies |q|, > 1, and let ay, ..., oy, be nonzero
elements of K satisfying the conditions (2) and

a; #P0)g", j=1,..mn=12, ... ()

Then there exists an effectively computable constant A > 1 depending on m, s and D
such that if

I <A<A,

then the 1 +msD =: 1+ N numbers (4) belonging to K, are linearly independent
over K. Further, there exist positive constants C and H, depending on P, q,v, s and
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a;j such that for all non-zero A = (Ao, ..., Ajkq, ...) € K'Y we have
m D—1 s—1
o+ Aot day)l, > BV OIS (©)
j=1 k=0 0=0

where H = max(h(A), Hy) and p = A/(A = N).

Remark 1.1. If A = 1, then we have

<o (8sN +(s+4)N+s/3+2)
in Theorem AMYV. Furthermore, A is of the form | + ¢/(sN?) with a positive
constant c.

The proof of Theorem AMYV uses Siegel’s lemma in the construction of needed
approximation forms. There are also several works considering special cases of this
theorem by using explicit Padé approximations of the second kind, see Stihl [13]
in the case K = Q or an imaginary quadratic field, v infinite and P(0) =
without derivatives, and Katsurada [9] the same case with derivatives, and [14]
with general K,v and P(0) = 0. In all these cases the measure is better than
(6) above, u = cN with some constant ¢ > 0. Here we would like to point
out that a partial quantitative form of Bézivin’s results was also obtained using
Hilbert— Perron—Skolem method by Bundschuh and Wallisser [7], [8], but their
results do not apply to the consideration of our f(z).

For a long time Bézivin’s method itself was thought to be only of qualitative
nature, but recently the first author [11], [12] developed a quantitative refinement
of this method leading to the following improvement of the case K = QQ, v infinite
of Theorem AMY, see [12, Theorem 1].

THEOREM R. Lef q, oy, ...,y € Q* satisfy the conditions (2) and (5). Let sy, ..., Sm
be positive integers and put

S=8+...+8n, (7)

DS +1/2++/D2S2 +1/4, if P(z)=ppz", pp € Q",
M= 8)

DS+ 1+ 4/DS(DS+ 1), otherwise.
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I
1
A<+ —0rf

then the real numbers
L), j=1,....m; k=0,1,....D=1; 0=0,1,...,s;—1 (9)

are linearly independent over Q. Moreover, there exists a positive constant Cyy depending

on P,q,m, a;, and s; such that for any non-zero A = (A, ..., Ajjo, ...) € Z'HD5
we have
m  D-1 ;=1
|Ao + Z Z E Ajroaf(dey)| > rColviog H (10)
j=1 k=0 o=0

with H = max(2, |A'|), where A’ is A without Ay, and p = (M —1)/(M/X\—(M—1)).

In [11] the first author considered also general K, v under a milder condition
on ¢ but with the lower estimate of the form exp(—C(log H)*?), where C > 0
is a constant like C, above. The proof of Theorem R is a modification of the
method of [11].

The main result of our paper is the following improvement and generalization
of Theorem AMV and Theorem R.

THEOREM 1. Let q, ay, ..., ay, € K* satisfy the conditions (2) and (5), and let S and
M be as in Theorem R. If

1
A<+ ———
JrM—l

then the numbers (9) belonging to K, are linearly independent over K. Moreover, there
exists a positive constant C, depending on P, q,v, m, o, and s; such that for any

non-zero A= (Ao, ..., Ajko,-..) € K'TP5 we have
m D-1 8;—1
Ao+ DD D Ao d el > B YOV  max(1,14],) (1)
j=1 k=0 o=0

where H = max(2, h(A)) and p = M/(M — X(M — 1)).

In the case K = Q and v infinite our Theorem 1 implies Theorem R, and the
analogous result holds also in any imaginary quadratic field.
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We note that the measure of Theorem 1 is well comparable to the measures
obtained by using Padé approximations in special cases of f(z). The proof of our
theorem follows the main lines of the proof of Theorem R in [12]. For the sake
of completeness we shall give a self-contained proof in the following sections 2—4.
The final section 5 is devoted to some applications.

Let us sketch the main ideas of the proof. In Section 2 two sequences
(up(z)) and (v,(z)) of linear forms in the components of a variable vector
z = (Zo,...,%jke,...) are defined by

>}

—1 sj—1 un(m)

k= 1

vp(z) = P |z - ﬂ)
@ k=1 o <0+130 Hi:lp(qk)

'Tj,k,of(o)(qka] Z I

e
Il

0 0=0

3

Assume that at least one component A; ;. , of A is nonzero and define the vector w
by wjke = Ajke and

m D—1 sj—1
—Z A]kaf q Otj) € K,.
j=1 k=0 0=0
Then
00 w ( m D—1 sj—1
wO+Zﬂ7P=wO+Z wiko ! (d"ay) =0,
n=0 +1k=1 j=1 k=0 o=0

and therefore v, (w) is given by using ‘the tail*

VR ~ S ()
HZ:] P(qk) B (%1 Hk 1 ( )

A further construction starting from v,(z) gives, for an integer £ > 0 and n > S¢,
more linear forms vy,(z) in such a way that |vg,n(g)|v is ‘small® (Lemma 2),
|ven(A)], is ‘not too small* (which follows from non-vanishing of vy, (A4) (Lemma 3)
and the product formula) and v, (4) —ven(w) = C(£, n)(Ao—wy), where |C(£, n)|,
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is well controlled from above (Lemma 1). By a suitable choice of £, n we then obtain

1
S Jvea(A)], < |ven(4) = venW)], <1CE M), |Ag — wol, =
2

D—1 sj—1

=|CWn)l, |4+ Ajrafd o)

j=1 k=0 o=0 v

which leads to (11).

2. Preliminary notation and basic construction

Let C, denote the completion of the algebraic closure of K,. For a function £(n)
of an integer argument n, we denote by B the backward shift operator

B(&(n)) = &(n —1).
For a € C, introduce the difference operator
D, =1-aB,

where 7 is the identity operator: 7(£(n)) = &(n). Note that these operators commute
with each other. It is well known that for a € C} and p(z) € C,[z] with degp <
<t € Zxo we have

Dy (p(n)a™) =0, nezZ (12)

Also, it is readily seen that for a,b € C, with b #= 0 we have

D, (b"E(n)) = " Dy (€(n)). (13)
If a, £(n) € K and |£(n)],, < 7(n) for some place w of K, then
|D.(&(n)) |, = [1(¢(m)) — aB(&(n)) |, < n(n) + lal, 1(n — 1) = D_ja, (1(n)).
Assume now that ¢, oy, ..., a, € K*. Let £ denote the vector of varia(tjliz

z= (T, ., Tjkor---), j=1,...,m;k=0,1,...,D-1;0=0,1,...,s;— 1.
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We shall consider sequences of linear forms in these variables

m D-1 sj—1 o
AN
b= (@) =33 ((a) o T =
—1 k=

j=1 k=0 =0
(15)
m D-1 sj—1 n
- Z a!( )(ajqk)"”wj,k_g € Klz], n€Z,
j=1 k=0 0=0 o
n n
uy(z)
U = Vp(2) = P(qk) ’ (1‘0 " fik) -
k=1 (=0 ITi: P(g")
(16)
n n n
=xy [[ P(d") + D w(@ [] P(d") €Klzl. n>o0.
k=1 =0 k=f+1
It is readily seen that
vp = P(@")Vp_1 + Uy, n=1, (17)
m D—1
with vy = o +ug = Lo+ >, Y, T;ro-. Further, for £,n > 0 with n > S¢, where S
j=1 k=0

is given in (7), put

£ m
Vo = Vop(z) = H H vn(z) H H D vn :v)) € K|z].
k=1 :

k=1 j=1
(18)
For a linear form L with coefficients from K we use the notation H, (L) :=
=|L|,, where L is the coefficient vector of L. Let

D
P) = Y b’ € Klal,

j=0
and denote v = (1, ay, ..., Qm, Po, - - -, Pp). Then the following lemma is valid.
LEMMA 1. For any place w of K we have

2n+Se *SE(0+1)/2

Hy(ven) < ¢ Jerso ‘

D 3)/2 —
gl ‘q 1

w
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where ¢y (as also ¢y, ... later) is a positive constant depending only on P,q,v,m, Qj,8;,
and §(w) = 1 for infinite w and §(w) = 0 otherwise, and |al;, = max(1, |al,)-

Prook. Clearly, by the definitions of u,, and v,,

o)

n
Hy () = max( 2 ol

<
j.k.o ) @

w

El

2n
Ho(0) < o [l2” 0 max(1, max Hy(u))<c ™" o] gl
0<l<n —lw
Then the use of (14) and (18) gives the truth of Lemma 1. O
To state the following lemma we introduce
1, if P(z)=ppz’, pp € K*,
€) =
0, otherwise.
LEMMA 2. Let |q|, > 1 and w = (wo, - - - , Wjjos - - -) € CyTP% be such that
m  D-1 sj—1
wot Y wikof(a;d) = 0. (19)
j=1 k=0 o=0

For £ > 0 and n > St we then have

_ _ 2
|U€,n(£)|v < ‘QIL, |q|vln+(S €0/D)E /2+cs(n+1) ,

where W' is w without w.

PrOOFE. By (15) and (19) we get

»

D—-1 sj—1

m
U
WEL:%Q; wine f i) =0,

n=0 = j=1 k=0 0=0

and therefore (16) implies

@) == 3 @

T=n+1 Hk n+1 P(qk)
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Since

[un(W)], < ¢ |o/|

v bl
we obtain
lon ()], < |&'], erck.

Consequently for 0 < v < D and n > Sv we have
[onn@l < 1]y - gl " < fu |y - gl TP AP (9)
Next we shall prove the following inductive step: Let £ > D. Assume that for
0<v<{andn > Sv we have

>
|'Uy,n(£)‘v < |£I|v . |q|;un+(5—eo/D)V /2+an+b’

where a > (log|al,)/(log|ql,), @ = (1, a1, ..., an), and b are independent of v
and n. Then, for all n > S¢,

2
e (@)l < o], - [gf, DI AR antbate,

Before the proof of this step we note that it together with (20) implies, for all
£>0and n > S,

|vl,n(£)|v |UJ |1) |q|v€n+(s CO/D)Z2/2+(CS+D)n+Cg+(Cg+D+Cg)Z

and since £ < n/S, this proves Lemma 2. So it remains to prove the truth of the
above inductive step.
Since £ > D, it follows from (12) and (15) that

{ m
11 H DY oi(un(w) =0, neZ (21)
k=1 j=1
Therefore, from (17) we get

L
TTII 22 (v1@) = @ yoa) =0, n> st (22)

k=1 j=1
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By using (13) this relation can be rewritten in the form

L m
pD'Ué,n(Q) = q—D(n-H) H H DZquD—k (Un+l(g)) =

k=1 j=1

—qu”WqH]WM%W)

k=1 j=1

(23)

It follows from (13), (14) and the assumptions of the inductive step that for
1 < v <D we have

L m v—1 m
g™ H H Dzjjqu—k (Un+eo (Q)) =g H H Dtsjjqk (W”""JFEO(E))
k=1j=1 k=0 j=1
v v
v—1 m )
—vn S ' |~ V) (nteo)+(S—eo/D)(E—v)*/2+a(n+e)+b ) _
<la " TITT2% (I} -Jgl, o (57 e
=0 j=
s v=1 m
= |u_)’|v.|q|;""—(f—V)(n+fo)+(5—fo/D)(4’—V) /2+u("+60)+bHH(1 + ‘ajqu_V_aH) S <
k=0 j=1
v—=1 m
|w |v |q|—yn (£—v)(n+€0)+(S—eo/D)(£—v)? /24+a(n+eo) +b+SKVHH 1+|ajqk—y|v)6j:
k=0 j=1
o |w’| . |q|7€n+(S—EU/D)€2/2+a(n+eo)+b7(1—u/D)eUZJr(Ser/D)I/Z/ZJreOV %
=W v v
_ _ _ 2
TTTT( o) <l fgss-mP e
k=1 j=1

(24)

The truth of the inductive step follows from (23) and (24). Thus Lemma 2 is
proved. OJ
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3. Non-vanishing lemma
The following non-vanishing lemma is of crucial importance for our considerations.

LEMMA 3. Let oy, ..., oy, satisfy the conditions of Theorem 1, and let w € (CL+DS

be such that ' # 0. Then, for any non-negative integers £y, ng with ng > S, there
exists an integer n with ng < n < ng + DS such that vy, ,(w) # 0.

This follows immediately from Lemmas 4 and 5 below.

LEMMA 4. Let w € CYTP5 be such that for some non-negative integers £y, ny with
ny = Sty we have

Vty,no (Q) = vfo,n(ﬂrl(g) == Ufo.noJrDS(@) =0. (25)

Then the generating function

F(z) =) w2 € Cl2]]
n=0

of the sequence vy (w) is rational.

PROOF. We consider the linear recurrence sequence {wy,},>o given by

Wy = 'Unq—SlO+n(@)s 0 <n< SZOJ

ZO m
H H Dls)jjqfk(wn) =0, n=> S@o.

k=1 j=I
From (18) and (25) it follows that
Wy = 'UnUfSZOJrn(ﬂ)o 0<n< S(EO + D) (26)

By (13) and (25), for all v € Z we have

L m b m

T2 (@ w) =" TT T 2}, (wa) =0, n> Sk,

k=1 j=1 k=1 j=1
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Hence the sequence

ny—S4+n+1

Zp = Wp41 — P(q )wn - um>—S&;+n+l(@)s n = 0>

satisfies the linear recurrence relation
D-1 m
IT 1120 () =0. n>5(t+ D),
k=—1t, j=1

of order S(¢y + D).

On the other hand, it follows from (17) and (26) that z, = 0 for 0 < n <
< S(¢y+ D). Hence z, is identically zero. This implies that w,, = v,—gs,+n(w) for
all n >0, i.e., v,(w) is a linear recurrence sequence and

F(2) = Z va(w)z" € Cy(2).

n=0
This completes the proof of Lemma 4. J
LEMMA 5. Let a, ..., o, satisfy the conditions of Theorem 1, and let w € (C,1J+DS

be such that w' # 0. Then the generating function F(z) of the sequence v,(w) is not
rational.

PrROOF. We assume that F(z) is rational and deduce a contradiction by considering
the poles of it. From (17) it follows that F(z) satisfies the functional equation

D
(1-p2)F(z) = Y puq’zF(¢’2) + R(z), (27)
v=1
where
D
P(z) = Z pl/zu»
v=0
00 m D-1sj—1 Wi g o012
R(2) = wy + up(w)2" = wy + i +(2)
; ]:El k=0 o=0 (1 - ajqz)t!

Condition (2) implies that all czjq]C are different. Since w’' # 0, the function
R(z) has at least one pole. It follows from (27) that F(z) also has a non-zero pole.
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We claim that any pole of F(z) is of the form aj_lq” with a positive integer n.
Assume the contrary. Let 3 be a pole that cannot be represented in this form with
the least |B|,. Then R(z) doesn’t have a pole at the point B¢~. It follows from
(27) that one of the functions F(q”2) with 0 < v < D has a pole at B¢~". Hence
we have 3 = 'qP~" for some pole 3 of F(2). But then ||, < |3|,. Consequently
' can be represented in the required form as well as 3. This contradiction proves
our claim about poles of F(z). In particular, it follows from condition (2) that F(z)
and R(z) do not have common poles.

Now suppose S is a pole of F(z) with maximal |],. It follows from (27) and
the above that the function (1 — pyz)F(z) does not have a singularity at the point 3.
Hence pyf = 1. Since § = a;'q" with n > 0, this contradicts condition (5). This
contradiction proves the lemma. (|

4. Proof of Theorem 1

Let the assumptions of Theorem | be satisfied, and let A = (Ao, ..., Ajro,--.) €
€ K'tPS be non-zero. If A’ = 0, then the estimate (11) holds, since |Agl, >
> h(Ay)~%% . So we may assume in the following that A’ # 0.

Take now

DS — €0/2+/(DS)2 + (1 — ) DS + €} /4
¢

P (28)

e

|55t
D

where M is given in (8) and the integer £ > 0 will be chosen later. From Lemma 3
it follows that there exists an integer n, ny < n < ny + DS, such that vy, (4) # 0.
Clearly vy,(A) € K, and therefore, by the product formula and Lemma 1,

dU dw dv *
5 108 [ven(D)], = =3 2 log [vea(A)], > — log h(4) + - log |4, -

WV
Dn(n+3 d, Dn(n+3 S(L+1 _
PO g g + LI vy g, FEED pog (g ) et >
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Dn? + S¢? d, Dn(n + 3)

d, i
> —log h(4) +  log |A], — —y log h(q) + 7 5 log |gl, —c12€.

(29)

We now define w by ' = A’ and

D—1 s;—1
wo == D Ao ) € K,
j=1 k=0 0=0

Then Lemma 2 gives an estimate

log [vpn(w)|, <log |A'|, + (—n + (S — €o/D)/2 + cs(n + 1)) log |ql, <
<log|A], + (—=¢n + (S — €o/D)*/2 + cs(n + 1)) log g, .

If now

[ven(4)], <2 |vgn(w)

(30)

v

then the definition of A, (28), (29) and the above estimate imply
log h(A) > QO — ¢34, (31)
where

0=

(M—-1)2+DS ((M—-1)>+2(M—1)—DS+¢ d,
-A *IOg‘qh}:

2D (M —1)> + DS d

M—-12+DS 1 d,
:( ) (1+M —/\)—log|q|v.

2D -1 d

Note that > 0 by the assumptions of Theorem 1. Let now H = max(2, h(4)),
and fix the integer £ by the equation

/log H
f: ’V Q +Cl4-‘ 5

log H < 00 — ci3l,

where ¢4 > ¢13/€2. Then
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which contradicts (31). Therefore with this choice of £ (30) cannot hold and we have
|’UZ’H(A)|’U >2 |U£>"(£)|U :

The above inequality together with Lemma 1 and the definition of w give

1
E |’UZ,n(A)|U < |vl,n(é) - v[,n(g)|v < Hv(vf,n) |AO - wO‘v <

S

—1 s5—1

m
2 ..
Erast AO"’E A]kaf()qa)

j=I 0 0=0

(M 1)

<lgl,?

=
Il

Thus the use of (29) and the definition of £ imply

m D-1 sj—1
A+ Ao fO(day)| >
j=1 k=0 o=0
v
(M-1)2
> laly "7 v (4)], > AL, eV,
where
(M -1)*+DSd, \ u
I G A il P O ~ |
p=1+ 2DQ 7 logldl, =1+ : TG
I+ Vo1 A

This proves Theorem 1.

5. Two applications

Sometimes functions of other type are connected to f(z) in such a way that
Theorem 1 can be applied to get linear independence measures. Here we give two
examples. To present the first one we define for . € C the function

00 nH]11+z/q])
g ;qu]_l) .
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Recently Bézivin [5] studied linear independence of the values of this function by
using the identity, see [5, Lemma 2.4 and Lemma 2.5(a)],

7L

= Ey(a) Z T 1)(q7 s a#—¢",n=12,... (32)

Clearly Theorem 1 can be applied to the sum on the right-hand side of (32), and
we get the following Theorems 2 and 3, where v is an archimedean place and we
denote |.|, = .|

THEOREM 2. Assume that ¢, € K,|q| > 1,a #£ 0,—q¢",n =1, 2, ..., and let
QY ..., Oy, be nonzero elements of K satisfying the conditions (2) and

aj#—¢" Vi=1,....,m; n=12....

If

1
A<l o M =25+ 1+4/2525 +1),

where S is given in (7), then the 1 + 25 numbers
Efa), F9(¢"e;), j=1,...,m; k=0,1; a=0,1,...,8 -1,

belonging to K, are linearly independent over K. Moreover, there exists a posi-
tive constant C, depending on o, q,v, m,a;, and s; such that for any non-zero
A= (Ao, ..., Ajko,...) € K2 we have

|AoEg() + > > Aj,k,0F<“>(qkaj)|v > HHYACVIe ] ay(1,14],) (33)

where H = max(2, h(A)) and p = M/(M — \(M —1)).

Theorem 2 is an improvement and generalization of [5, Theorem 1.2 and
Theorem 1.6] and the result of the second author [16, Theorem 1] proved by
using Theorem AMYV. In the special case m = s; = 1, «; = —1 Theorem 2 gives
linear independence of 1, T,(a) and E,(c). By Theorem R and the remark after
Theorem 1 we get the following linear independence measure.
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THEOREM 3. Assume that K = Q or an imaginary quadratic field. Let q € Og,
lgf > 1, a € K, a #£0,—q", n=1,2,.... Then there exists a positive constant Cs
depending on q and o such that for all nonzero (ay, a1, a;) € O% we have

lao + a1 Ty(0) + a:E(a)| > H GHYO-O/vie

where H = max(2, |ao| , |ai], |az|).
Our second example considers the function

00

Dy(z) = Y (1 =b)(1 = b/g) -+~ (1= b/g"")2",

n=0

a g-analogue of divergent series
o0
Z nlzZ".
n=0
Linear independence properties of the values of
9(2) = D,(a), a#4q'.,n=0,1,...

are studied by using Padé approximations in [10], where it is also proved that

an)" n
9(2) = . a#q, n=0,1,....
Z “(¢—a)---(¢" —a)
Since the sum on the right-hand side is a special case of our f(z), Theorem 1 gives
immediately.
THEOREM 4. Let q, a, @y, ..., Qyy, be nonzero elements of K satisfying |ql, > 1, (2)

and the conditions
a#q¢, a;j#d, j=1.,mn=01,..

Ir

1
l+——, M= 144/ 1
A< +M T S+ 1+4+4/5(5+1),
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where S is given in (7), then the | + S numbers
1L,¢ey), j=1,....myo=0,1,...,8—1,

belonging to K, are linearly independent over K. Further, there exists a posi-
tive constant C4 depending on a,q,v,m, o, and s; such that for any non-zero
A= (Ay, ..., Aj,,...) € K'S we have

m  sj—1
140+ >0 " 4500 ()l > H Y4 H max(1,14],) (34)

j=1 o=0
where H = max(2, h(4)) and p = M/(M — \(M — 1)).

In the special case s; = ... = s,, = 1 this result is analogous to the estimate
in [10, Theorem 1], but there the bound does not have the term max(1, |4|,).
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