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1. Introduction

Until nowadays, the Riemann zeta-function {(s), s = o + it, which is defined, for
o > 1, by a very simple Dirichlet series

=3

and is analytically continuable to the whole complex plane, except for a simple
pole at the point s = 1 with residue 1, remains one of the most interesting
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and mysterious mathematical objects. Value-distribution of the function ((s), in
particular, the location of non-trivial zeros keeps still many secrets.

Already H. Bohr observed that the set of values of {(s) is very rich. He proved,
see [33], that, in the strip {s € C: 1 < o < 1+ 4} with any § > 0, ((s) takes
every non-zero value infinitely many times. Moreover, jointly with R. Courant, he
obtained [4] that, for 1 < o < I, the set

{¢(oc+it): teR} (1)

is dense in C. S. M. Voronin extended [34] the above result to the space C¥, N € N,
proving the denseness in CV of the set

{(C(a+it),§'(a+it),...,{(N’”(J—Ht)) te R} )

with 1/2 < o < 1. Of course, the latter result is very deep, however, it is not
so important than the following Voronin theorem [35] which reveals one more
denseness property of the Riemann zeta-function.

THEOREM 1. Suppose that 0 < r < 7];~ Let f(s) be a continuous non-vanishing function
on the disc |s| < r which is analytic in the interior of this disc. Then, for every € > 0,
there exists a real number T = T(€) such that

max
lsl<r

C(s+§+i7) - f(s)

1 <e. (3)

Voronin called a property of {(s) in Theorem 1 the universality. This name is
quite precise because really the function {(s) is universal in the sense that, roughly

1
speaking, any analytic function uniformly on the disc |s| < r, 7 < e can be

3
approximated with a desired accuracy by a shift ¢ (s + 7 + iT) with some 7 € R.

On the other hand, since the space of analytic functions is infinite-dimensional,
Theorem 1 can be considered as an infinite-dimensional version of the above
Bohr—Courant result on denseness of the set (1).

Theorem 1 can be improved in two directions. Firstly, the disc |s| < r can be
replaced by any compact subset. Secondly, it can be proved that there are infinitely
many shifts {(s + 47) approximating a given analytic function. Let D = {s € C :
% < 0 < 1}. Denote by K the class of compact subsets of the strip D with connected
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complements, and, for K € K, let Hy(K) be the class of continuous non-vanishing
functions on K which are analytic in the interior of K. Moreover, let meas A stand
for the Lebesgue measure of a measurable set A C R. Then a modern version of
Theorem 1 is of the form.

THEOREM 2. Let K € K and f(s) € Hy(K). Then, for every € > 0,
N | ,
lim inf —meas {7‘ €10,T]: sup|¢(s+1i1) — f(s)] < 5} > 0.
T=oo T SEK

The inequality of Theorem 2 shows that the set of shifts {(s+¢7) approximating
the function f(s) is infinite and has a positive lower density.

The main ingredient in the initial Voronin proof of Theorem 1 is an analogue of
Riemann’s theorem on rearrangement of terms for series in Hilbert spaces [26], [27].
This analogue is applied to prove the main lemma on the approximation of analytic
functions by finite Euler products. Using this and the Kronecker approximation
theorem, Voronin approximates ((s) in the mean by a finite Euler product, and
obtains Theorem 1.

A. Reich by Voronin’s method extended [28] Theorem 1 for general Euler
products, and observed that the set of numbers 7 satisfying inequality (3) has
a positive lower density. We note that this also follows from Voronin’s paper [35].

S. M. Gonek in his thesis [7] proposed a method different from that of Voronin.
This method, in a certain sense, is related to an approach of A. Good [8] who
combined Voronin’s method with a method of H. L. Montgomery [23] for Q-esti-
mates of log {(s), and obtained interesting quantitative results including Theorem 1.
Moreover, Gonek’s version of Theorem 1 is proved, in place of a disc, for simply
connected compact subsets K of the strip D. Let f(s) be a continuous function
on K and analytic in the interior of K. First, Gonek shows that if n is sufficient
large, then there exist a N > n and real numbers 6, ( p denotes a prime number)
such that

e27rit9,, €
max Z pr — f(s) <5.

sEK
n<p<N

For this, the fundamental lemma on the approximation of analytic functions by
partial sums of general Dirichlet series, different from the main lemma of Voronin,
is applied. Further, combining mean-value estimates and zero-density estimates for
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the function ¢(s), and applying the Kronecker approximation theorem, he deduces
that, for a suitably chosen branch of the logarithm, there is a 7 € R such that

eZm'OP

1 iT) —
max |log (s +1i7) Z

n<p<N

<
p° 2
Two latter inequalities imply the existence of 7 € R such that
max |log {(s +i7) — f(s)| < e.
s€EK

Hence, Theorem 1 follows.

B. Bagchi proposed [1] another proof of the universality theorem for ((s).
His approach is based on probabilistic limit theorems for weakly convergent proba-
bility measures in the space of analytic functions. Let G be a region on the complex
plane. Denote by H(G) the space of analytic functions on G endowed with the
topology of uniform convergence on compacta. Let B(X) stand for the class of
Borel sets of the space X. Define the torus

Q:Hf)’py
p

where 7y,, for all primes p, is the unit circle on the complex plane. Since the
unit circle is compact, the torus €2, in view of the Tikhonov theorem, with the
product topology and pointwise multiplication is a compact topological Abelian
group. Therefore, on the measurable space (£2, B((2)), the probability Haar measure
my can be defined, and this leads to the probability space (£2, B(£2), my). For each
prime p, let w(p) denote the projection of w € Q to the circle 7v,. Now, on the
probability space (Q, B(Q2), my), define the H(D)-valued random element ¢(s, w)
by the formula

The latter infinite product, for almost all w € 2 with respect to the Haar measure
my, converges uniformly on compact subsets of the strip D, and therefore, defines
a H(D)-valued random element. Let P; be the distribution of {(s,w), i. e., P is



102 Antanas Laurinéikas (Vilnius) [338

a probability measure on (H(D), B(H(D))) defined by
P(A)=mp (weQ: {(s,w) € 4), A€ B(H(D)).

The first step in the Bagchi method is a limit theorem on the weak conver-
gence of

%meas {r€0,T]: {(s+1ir) € A}, A€ B(H(D)), 4)

to the measure P; as T — 00.

The second step consists of finding the support of the measure P;. By using
some elements of Hilbert spaces and of the theory of exponential functions, it is
proved that the support of P is the set

s “tge HD): g(s) # 0or g(s) =0} .

Now it is easy to obtain Theorem 2. The Mergelyan theorem on the approxima-
tion of analytic functions by polynomials [22], see also [37], is applied: Let K C C
be a compact subset with connected complement, and f(s) be a continuous on K
function which is analytic in the interior of K. Then, for every € > 0, there exists
a polynomial p(s) such that

sup | f(s) — p(s)| <e.
seEK

Since f(s) # 0 on K, by the Mergelyan theorem, there exists a polynomial p(s)
such that

<£ ()

2
<E
o[

Then @ is an open neighbourhood of the function e?®) which is an element of the

sup ‘f(s) — e
s€EK

Let

G= {g € HD) : sup ‘g(s) —P®
sEK

support of Pr. Thus, P;(G) > 0. This and the weak convergence of the measure (4)
show that

p(s)

1 €
lim inf —meas {T €[0,T] : sup |C(s+i1) — "] < 7} > P(G) > 0.
T—oo T seK 2
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Combining this with (5) gives Theorem 2.

The full proof of Theorem 2 can be found in [13].

Note that in [1], Theorem 2 is proved in the case when K is a compact simply
connected and locally path connected subset of the strip D, however, a simple
modification of the proof gives the statement for K € K.

The Voronin theorem has many applications. We mention one theoretical and
one practical of them. The universality theorem implies the functional independence
of ¢{(s). The problem of the independence of functions comes back to O. Holder
and D. Hilbert. In [10], Holder proved the algebraic-differential independence for
the gamma-function T'(s). This means that there exists no polynomial p = 0 such
that, for N € Ny,

p (s (), T'(s), ... ,F(N)(s)) -0

for all s. Hilbert during the ICM in Paris in 1900 noted that the Riemann ze-
ta-function also does not satisfy any algebraic-differential equation, and that this
can be obtained by using the functional equation for {(s) and Holder’s result on the
algebraic-differential independence of T'(s). Moreover, he conjectured the algebraic-
differential independence of the function

0 m
T
C (5, il?) = %.
m=1
These problems were solved by A. Ostrowski in [24]. Using the universality theorem,
Voronin obtained in [36] the functional independence of the Riemann zeta-function.

He proved that the function {(s) does not satisfy any differential equation

> " Fu (4. (5). .y s)) =0,
m=0

where Fy, ..., F, are continuous functions not all identically zero.

In [2], the Voronin theorem was applied for estimation of complicated integrals
over analytic curves which are used in quantum mechanics.

The aim of this paper is to give a short survey of recent results related to
the universality of ((s) in the frame of Theorems 1 and 2. We will discuss the
effectivization problem of the Voronin theorem as well as will present some results
on the extension of Theorem 2 for some classes of functions F({(s)).
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2. Effectivization problem

Before Voronin, universal in a certain sense objects in analysis also were known,
however, they were not explicitly given. The first universal object was found by
M. Fekete, see [25]. He proved that there exists a real power series

00
E amx™”
m=1

such that, for every continuous function f(z) on the interval [—1, 1], f(0) = 0,
there exists an increasing sequence of positive integers ny for which

uniformly on [—1, 1]. We note that only the existence of the above series was proved,
examples were not presented. Several other universal but not explicitly given objects
are described in a very informative paper [9]. We mention once one of them which
has a certain similarity to the Voronin universality theorem. In [3], G. D. Birkhoff
proved a theorem on universality of an entire function. From his theorem, it follows
that there exists an entire function g(s) such that, for any entire function f(s),
a compact subset K C C and arbitrary € > 0, there exists a complex number a
such that

sup [g(s +a) — f(s)| <e.
SEK

The Birkhoff theorem is non-effective, it gives only the existence of the function g(s).
Also, the number a = a(f, K, ¢) is not effectively defined. However, a common
feature of the Birkhoff and Voronin theorems is the involving of shifts in the
definitions of universal properties.

All other universal objects known before Voronin also were non-explicit. Thus,
the Riemann zeta-function is the first explicitly given universal object. Appendix of
the monograph [31] contains more of information on universal objects.

Unfortunately, the Voronin theorem is also non-effective in the following sense.
Though, by Theorem 2, the set of shifts {(s + i7)approximating a given analytic
function is infinite, we do not know any concrete value 7 with approximation
property. For some applications, it is sufficient even to know an interval [0, T
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containing such a 7 that, for given € > 0, K and f(s) satisfying the hypotheses of
Theorem 2,

suB [C(s +1iT) — f(s)| < e.

Voronin knew this short-coming of his theorem, and invited the author to prove an
effective version of the universality theorem.

The first attempt in the effectivization of Voronin’s theorem was made by
A. Good in already mentioned paper [8]. He considered the logarithm log {(s)
which denotes the unique analytic function on the open region in the half-plane
o > 1/2 defined as

m

log ((s) = > AI(T)
m=1

for ¢ > 1, where

if m:pk, k€N,

> =

A](m) =

0 otherwise.

The results of [8] give quantitative versions of Theorem 1 and of earlier Voronin’s
results on the denseness of the set of values of {(s). The statements of theorems
from [8] are rather complicated, therefore, we present only a part of one of them.

For a small positive €, let % +e<o;<1l—e. Let B, r, and R, satisfy the
inequalities

)
0<ﬂ7T1’R1<13 6<ﬁ+R]<l, T1<€eil/6,

where

Define r = r(1 —0y), R = Ri(1—0y) and %—&—e—i—r <09 < 1—e—7. Asusual, let

m(z) = Z 1.

pPsE

Then, Good obtained the following assertion [8].
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THEOREM 3. There are the positive constants ¢y, ¢, and c3, and a function fo(s)
which is analytic in the half-plane o > % such that, for T > c,,

12 12 —5/2(201-1))
<V (1 d ) , p<c (longogl/2 V) (Vlogl/2 V) l
og p

and a function
o0
f(z) = Z w2
m=0

with complex numbers wy, satisfying

R*, keNy=Nu{o},

the number of positive integers n < T such that

plfa N p(l—:S)(%—a) N pfa(lfau)
Viogp log p log p

log ((s + ina) = fo(s) + f(s — 00) + O <

1)
a=dlog (—)71>0,
€Ty

1
Jor |s — so| < 7, exceeds gTVfﬂ(”).

with

For sufficiently small 7, Theorem 3 improves Theorem 1. Moreover, the interval
[0, ¢;] contains at least one n with approximation property of log {(s+ina). Thus,
it remains to estimate the constant c;.

The Good method does not use a non-effective analogue of the Riemann
theorem on rearrangement of series in Hilbert spaces. Instead of that theorem,
differently from Voronin, Good deals with some convexity results including the
tree-circle theorem, see [33], and the Hahn—Banach theorem, see [29].

Important effective results concerning Theorem 1 were obtained by R. Garunkstis
[5], however, in a very narrow region. Refining the Good method, Garunkstis
indicated an interval containing a number 7 with approximation property. We state
his particular result.
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THEOREM 4 ([5]). Let 0 < & < 1. Suppose that the function f(s) is analytic in the
disc |s| < 0.06, and that r‘nax |f(s)| < 1. Then there exists T € R,

Is|<

0<7<exp {exp{lOst}} s

such that

max
$<0.0001

<e.

log ¢ (s+ Z +i7’) - f(s)

Moreover,

1
liminf — meas { 7€[0,T]: max
T—00 $<0.0001

X

log¢ <S+ i +w) f(s)

<5}2

>exp{—e""}.

Now we state a recent effective result related to the Voronin theorem. This
result is based on the effective version of a statement on the denseness of the set

@) [11].

THEOREM 5. Let o € (%, 1), € € (0,1) and b = (b, by,...,by_1) € CN with
|bg| > € be fixed numbers. Then the system of inequalities

C(k)(a—f—it)fbk‘ <e, k=0,1,...,N—1,

has a solution t € [T, 2T provided that

T > C(N,o)exp {exp {SA(n b, s)i”Jr"* }} ,

where C(N, o) is a positive effectively computable constant depending only on N

An. b, ) = Jlog bl + (”"”)

rol—|

and o, and

N—1
with |[b] = 3 [by.

k=0
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Let r be a positive real number, oy € (1/2, 1), sp = 0¢ + ity and K={s€C:
|s—so|<r}. Define

M(t) = max [{(s+17)|.

[s—so|<r

Moreover, for any analytic function f(s) on |s — so| < r, we put

£= (G0 fs0)e o £ (s0))

Then we have the following effective result [6].

THEOREM 6. Let f: K — C be a continuous, f(so) # 0 and analytic for |s—so| <
Sunction. Then, for any ¢ € (0,|f(s0)]), there exist real numbers T € [T, 2T| and
0 =0(e, f, 7) > 0 defined by

N

M(T)l(i 5= %(2 — exp{dr})

such that

max _ |¢(s +1i7) — f(s)] <&,

[s=s0|<or

where T =T(f, e, 0¢) satisfies

ENTR T
T > C(N, o) exp {exp {SA (N,f, E) 0072}}

and T > r, and C(N, 04) and § are effectively computable.

We note that the assertion of Theorem 6 also remains valid in the case f(sq) = 0
if to replace A (N, f, £/3) in the lower bound for T by A (N, f.,£/3), where

€ _
fe = (E’ fl(50)> ) f(N 1)(80)) .
Thus, Theorem 6 is a satisfactory effectivization of Theorem 1.

Also, it is known [14] that the effectivization problem of the Voronin theorem
can be reduced to the estimation of the rate of convergence in a limit theorem for
the probability measure (4). Suppose that a polynomial p(s) satisfies inequality (5).
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< 3
7 (

and suppose that € is such that the set A(e) is a continuity set of the limit measure P.

Define an open ball

Ae) = {g € HD): 32}3 ‘g(s) RO

Clearly, this is true for all € > 0, except, maybe, for a countable set of values. Then
we have that

%meas (re[0,T]: ¢(s+im) € Ale)} = P(A(e)) + Rrle) )
with
Jim Rr(e) = 0.

Since e is an element of the support of the measure P, and the set A(e) is open,
we have that P(A(e)) > 0.

THEOREM 7. Suppose that T > 0 satisfies the inequality
|Rr(e)] < P(Ale)). (7)
Then there exists a real number T € [0, T'| such that

up I¢(s +i7) — f(s)| <e. ®)

PROOF. Inequality (7) shows that the right-hand side of (6) is positive. Thus, the
left-hand side is positive, too. Therefore, there exist the numbers 7 € [0, T'| such that

€
sup |¢(s +im) —e!®| < =
SEK 2

This together with (5) shows that with the same 7 inequality (8) is satisfied. O

We note that, because the strip D is not compact, the estimation of Rr(e) is
a complicated problem.

Effective upper bounds for the upper density of universality also belong to
a group of effective results related to Voronin’s theorem, and were obtained by
J. Steuding in [30]. His results are valid for a wide class of meromorphic functions,
however, we present a corollary for ¢(s).
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Let B, denote a closed disc |s| < r. The mapping g : B, — Bj is called
analytic isomorphism if the inverse g~! exists and is analytic. Clearly, g has exactly
one simple zero p in the interior of B,, and the Schwarz lemma [32] implies that

ip p—Ss
r? —ps

o(s) =re

with ¢ € R, |s| < r. Let A, be the class of analytic isomorphisms g : B, — By,
and N(o,0,,T) denote the number of zeros of log {(s) lying in the rectangle
I2<0,<0<0,<1,0<t<T, according multiplicities.

THEOREM 8. ( [30]) Suppose that g € A,. Then, for any € € (0, (2r)~'(3 + [Repl),

<5}<

o1 3 3
D Tll_)rrolO ?N (Z + Rep — 2ee, i Rep + 2ee, T) =o(e)

4

T—00 s|<r

3
¢ (s + = —l—i'r) — )

1
lim sup meas {7‘ €10,T]: |max

8erde
~

as € — 0.

We see that Theorem 8 relates the upper density of universality to the value-
distribution of {(s). Moreover, the decay of that density is more than linear as
e—0.

3. Extension of Theorem 2

In this section, we consider the universality of F'({(s)) for some classes of operators
F: H(D) - H(D).

Define the logarithm log {(s) in the strip {s € C: 1/2 < 0 < 1} more pre-
cisely, namely, by continuous variation from the value log {(2) € R along the line
segments [2, 2+1t] and [2+it, o +14t] provided that the path does not pass a possible
zero or pole s = 1 of {(s). If it does, then we take

log {(o + it) = E}rﬂo log {(o + i(t + ¢)).

Then it is known [11] that the function log {(s) is universal in the sense of Theorem 1.
In Introduction, we have mentioned that Gonek also deduced [7] the universality
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of ¢(s) from that of log {(s). However, in the case of log {(s), the approximated
function f(s) is not necessarily non-vanishing on the disc |s| < r (on the set K
in Gonek’s version). Using of log {(s) in place of {(s) often is more convenient

because the investigation of products is replaced by that of sums.

THEOREM 9. ( [7], [11]) Suppose that 0 < r < %. Let f(s) be a continuous function
on the disc |s| < r which is analytic in the interior of this disc. Then, for every € > 0,
there exists a real number T = T(€) such that

max
[s|<r

<e.

log ¢ (s+ % +i7) — f(s)

Clearly, Theorem 9 implies Theorem 1. However, a version of Theorem 2 for
log ¢(s) is not known. As it was noted in [17], such a version does not follows
directly from Theorem 2.

Also, an analogue of Theorem 2 is true [1], [12] for the derivative {’(s). In this
case, as in Theorem 9, the approximated function can have zeros on K. Therefore,
for brevity, denote by H(K), K € K, the class of continuous functions on K which
are analytic in the interior of K. Then we have the following statement.

THEOREM 10 ([1], [12]). Let K € K and f € H(K). Then, for every €,
oo )
lim inf —meas {T €10, 7] : sup |§'(s +i7) — f(s)| < 5} > 0.
T=oo T sEK

Theorems 9 and 10 show that the function F({(s)) with F(g) = logg and
F(g9) = ¢ preserves the universality property of {(s). Thus, a problem arises to
indicate other functions F' such that F(¢(s)) could be universal in the above sense.
This problem has been considered in [15] and [17].

The first class of universal functions F({(s)) is inspired by Theorem 10. We use
an analogue of the classical Lipschitz condition in the space of analytic functions.
We say that the operator F' : H(D) — H(D) belongs to the class Lip(c) if it
satisfies the hypotheses:

1° For every polynomial p = p(s) and every K € K, there exists an element
g € F~'{p} C H(D) such that g(s) #0 on K;



112 Antanas Laurincikas (Vilnius) [348

2° Forevery K € K, there exists positive constants ¢ and «, and a set K| € I,
such that

sup |F(g1(s)) = F(ga(s))| < c sup lg1(s) = g2(s)*

for all g, g, € H(D).
The universality of F({(s)) with F' € Lip(«) is given in the following theorem.

THEOREM 11 ([17]). Suppose that F € Lip(e), K € K and f € H(K). Then, for
every € >0,

1
lim inf —meas {7’ €10,T]: sup|F({(s+1ir)) — f(s)| < s} > 0.
T=oo T sEK

It follows easily from the Cauchy integral formula that F : H(D) — H(D)
given by F(g) = ¢™, g € H(D), n € N, is an element of the Lip(1). Thus, all
derivatives C(")(s), n € N, are universal, and Theorem 11 is a generalization of
Theorem 10.

Theorem 11 is deduced directly from Theorem 2 by using the Mergelyan
theorem.

The probabilistic approach described in Introduction for the proof of Theorem 2
leads to other classes of universal functions F((s)). We recall that

S={g€ H(D): g(s) £0org(s)=0}.

THEOREM 12 ([15]). Suppose that F : H(D) — H(D) is a continuous operator such
that, for every open set G € H(D), the set (F~'G) N S is non-empty. Let K and f(s)
be the same as in Theorem 11. Then the same assertion as in Theorem 11 is true.

Theorem 12 can be made more convenient. The hypothesis on the intersection
(F~'G) N S can be replaced by a simple one involving polynomials.

THEOREM 13 ([17]). Suppose that F : H(D) — H(D) is a continuous operator such
that, for each polynomial p = p(s), the set (F~'{p}) N S is non-empty. Let K and
f(s) be the same as in Theorem 11. Then the same assertion as in Theorem 11 is true.

Theorem 13 is possible because the approximation in the space H(D) reduces
to that on compact sets K € K. Really, for an arbitrary open region G € C, we can
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use in the space H(G) the metric

0 sup 191(s) — g2(s)|
_ seK,,
plg,g)=> 27" . 91,9 € HG),
n; 1+ sup l91(s) = 92(s)]
seKpy

where {K,, : m € N} is a sequence of compact subsets of the region G such that
o0
G= U K,,
m=1

K, C Kjyy forall m € N, and if K C G is a compact subset, then K C K,
for some m. Therefore, it is not difficult to see that the approximation in H(G)
reduces to that on the sets K, with large enough m. Obviously, in the case of the
space H(D), we can choose the sets K, € K. This remark, the Mergelyan theorem
and Theorem 12 leads to Theorem 13.

The hypothesis that (F~'{p}) N S # & is related to the non-vanishing of
the function from the set F~'{p}. Therefore, it is more convenient to replace the
region D by a bounded one. Let V > 0 be an arbitrary number,

1
DV:{SE(C: E<O’<], |t|<V}

and
Sy ={g € H(Dy): g(s) # 0 or g(s) = 0}.
Then we have the following analogue of Theorem 13.

THEOREM 14 ([15]). Let K and f(s) be the same as in Theorem 11, and that V > 0
be such that K C Dy. Suppose that F: H(Dy) — H(Dy) is a continuous operator
such that, for each polynomial p = p(s), the set (F~'{p}) N Sy is non-empty. Then
the same assertion as in Theorem 11 is true.

It is easily seen that, for some operators F : H(Dy) — H(Dy), for each
polynomial p = p(s), there exists a polynomial ¢ = g(s), ¢ € F~'{p} and ¢(s) # 0
for s € Dy. For example, this is true for the operator given by

F(g):Clgl+'“+ch(T)s gEH(DV)3 C],...,CTEC\{O}.

Therefore, the function F({(s)) is universal in the sense of Theorem 11.
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Now we will approximate analytic functions from some subsets of H(D) by
shifts F({(s + ¢7)). This allows to extend the class of universal functions.
For ai,...,a, € C and F: H(D) — H(D), define

Hrya,...0(D) = {g € H(D): (9(s) ;)™ € H(D), j=1.....T | U{F(0)}.

THEOREM 15 ([17]). Suppose that F : H(D) — H(D) is a continuous operator such
that F(S) D Hp(o)ay,....a,(D). If 7 =1, let K € K, and f € H(K) and f(s) # a,
on K. If r > 2, let K C D be an arbitrary compact subset, and f € Hp().,.... q,(D).
Then the same assertion as in Theorem 11 is true.

We give an example in Theorem 15. Let » = 2 and a; = —1, a, = 1. Then
Theorem 15 shows that the functions from the class Hy.—; 1(D) can be approximated
uniformly on compact subsets of D by shifts sin({(s + ¢7)). A similar assertion also
holds for the functions cos(¢(s)), sinh(¢(s)) and cosh({(s)). For example, to show
the inclusion F(S) D Hy.—; (D) with F(g) = sing, g € H(D), we have to consider
the equation

elg(s) _ g—ig(s)

1)

which implies that g(s) € S if f(s) € H(D) does not take the values —1 and 1
on D.

The case r > 2 of Theorem 15 can be generalized for all functions f € F(S).
Thus, we have the following statement.

THEOREM 16 ([17]). Suppose that F : H(D) — H(D) is a continuous operator.
Let K C D be an arbitrary compact subset, and f € F(S). Then the same assertion
as in Theorem 11 is true.

In Theorem 16 and in the case r > 2 of Theorem 15, we do not require that the
set K € K. In these cases, the condition f € F(S) implies that the function f(s)
is an element of the support of the measure P; which was defined in Introduction,
thus, we do not need to use the Mergelyan theorem.

Let F: H(D) — H(D) be given by F(g) = g¢', g € H(D). Then we have the
equation

(#)) = 566)

T2
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Hence, for some sy € D,
1 / def
7() =5 [ ez “ro)
S0

and g(s) = 1/ fi(s) if fi(s) #£ 0 on D. Then, f(s) € F(S) and, by Theorem 16,
can be approximated by shifts ((s + i7)('(s + i7).

Now let M (D) denote the space of meromorphic functions on D equipped with
the topology of uniform convergence on compacta. The space H(D) is a subspace
of M(D). Theorem 16 can be rewritten for operators with values in M (D).

THEOREM 17 ([19]). Suppose that F : H(D) — M(D) is a continuous operator.
Let K C D be an arbitrary compact subset, and f € F(S) N H(D). Then the same
assertion as in Theorem 11 is true.

For example, if f(s) is a non-vanishing analytic function on D, then f(s)
can be approximated uniformly on compact subsets K C D by shifts {~'(s + i7).
Moreover, any function f € H(D) uniformly on K C D is approximated by g((jif:)) .
The results of Section 3 remain valid with suitable changes for other zeta-func-

tions: Hurwitz zeta-function [18], zeta-functions attached to cusp forms [21], peri-

odic Hurwitz zeta-functions [20], Lerch zeta-functions [16].

Bibliography

1. B. Bagchi, The Statistical Behaviour and Universality Properties of the Riemann Zeta-
Function and Other Allied Dirichlet Series, Ph. D. Thesis, Indian Statistical Institute,
Calcutta, 1981.

2. K. M. Bitar, N. N. Khuri, H. C. Ren, Path integrals and Voronin’s theorem on the univer-
sality of the Riemann zeta-function, Ann. Phys., 211 (1991), 172-196.

3. G. D. Birkhoff, Démonstration d’un théoréme élémentaire sur les functions entiéres, C.R.
Acad. Sci. Paris, 189 (1929), 473—475.

4. H. Bohr, R. Courant, Neue Anwendungen der Theorie de Diophantischen Approximationen
auf die Riemannsche Zetafunktion, J. Reine Angew. Math., 144 (1914), 249-274.

5. R. Garunkstis, The effective universality theorem for the Riemann zeta-function, in: Special
Activity in Analytic Number Theory and Diophantine Equations, Proc. Workshop Max
Plank Institut, Boner, 2002, D. R. Heath-Brown and B. Moroz (Eds.), Bonner Math.
Schriften, 360 (2003).



116 Antanas Laurincikas (Vilnius) [352

6.

10.

20.
21.

22.

23.

24.

R. Garunkstis, A. LaurinCikas, K. Matsumoto, J. Steuding, R. Steuding, Effective uni-
Jorm approximation by the Riemann zeta-function, Publ. Math., 54 (2010), 209-219.

. 8. M. Gonek, Analytic Properties of Zeta and L-Functions, Ph. D. Thesis, University of

Michigan, 1979.

. A. Good, On the distribution of the values of Riemann’s zeta-function, Acta Arith., 38

(1981), 347-388.

. K.-G. Grosse-Erdmann, Universal families and hypercyclic operators, Bull. Amer. Math.

Soc., 36 (1999), 345-381.
O. Hélder, Uber die Eigenschaft der Gamafunktion keiner algebraischen Differentialgle-
ichung zu geniigen, Math. Ann., 28 (1887), 1-13.

. A. A. Karatsuba, S. M. Voronin, The Riemann Zeta-Function, de Gruyter, New York,

1992.

. A. Laurincikas, Zeros of the derivative of the Riemann zeta-function, Liet. Matem. Rink.,

25 (1985), 111-118 (in Russian).

. A. Laurincikas, Limit Theorems for the Riemann Zeta-function, Kluwer Academic Pub-

lishers, Dordrecht, Boston, London, 1996.

. A. Laurincikas, A remark on the universality of the Riemann zeta-function, in: Proc.

XXXVIII Conf. of Lith. Math. Soc., Vilnius, Technika, 1997, 29—32.

. A. Laurincikas, Universality of the Riemann zeta-function , J. Number Theory, 170 (2010),

2323-2331.

. A. Laurincikas, On the universality of the Lerch zeta-function, Proc. Steklov Math. Inst.,

276 (2012), 167-175.

. A. Laurincikas, Universality of composite functions, RIMS, KGkytoku Bessatsu, 34 (2012),

191-204.

. A. Laurinéikas, On the universality of the Hurwitz zeta-function, Intern. J. Number Theory,

50 (2013), 1021-1037.

. A. Laurincikas, On joint universality of the Riemann zeta-function and Hurwitz zeta-func-

tion, J. Number Theory, 132 (2012), 2842-2853.

A. Laurincikas, Universality of some composite functions, (submitted).

A. Laurincikas, K. Matsumoto, J. Steuding, Universality of some functions related to
zeta-functions of certain cusp forms, Osaka Math. J. (to appear).

S. N. Mergelyan, Uniform approximations to functions of complex variable, Usp. matem.
Nauk., 7 (1952), 31-122 (in Russian) = Trans. Amer. Math. Soc. 101 (1954), 99.

H. L. Montgomery, Extreme values of the Riemann zeta-function, Comment. Math. Helv.,
52 (1977), 511-518.

A. Ostrowski, Uber Dirichletsche Reihen und algebrraische Differentialgleichungen, Math.
Z., 8 (1920), 241-288.



353] Universality results for the Riemann zeta-function 117

25.
26.

27.

28.

29.

30.

31

32.
33.

34.

35.

36.

37.

J. Pal, Zwei kleine Bemerkungen, Tohoku Math. J., 6 (1914/15), 42—43.

D. V. Pechersky, On the permutation of terms of functional series, Dokl. Akad. Nauk SSSR,
209 (1973), 1285-1287 (in Russian).

D. V. Pechersky, A theorem on projections of rearranged series with terms in Ly, 1zv. Akad.
Nauk SSSR, Ser. Matem., 41 (1977), 203—214 = Math. USSR TIzv., 11 (1977), 193-204.
A. Reich, Universalle Werteverteihung von Eulerprodukten, Nachr. Akad. Wiss. Gottingen,
Math.-Phys. Kl., (1977), 1-17.

W. Rudin, Functional Analysis, McGrow-Hill, New York, 1973.

J. Steuding, Upper bounds for the density of universality, Acta Arith., 107 (2003), 195-202.
J. Steuding, Value-Distribution of L-functions, Lect. Notes Math., 1877, Springer-Verlag,
Berlin, Heidelberg, 2007.

E. C. Titchmarsh, The Theory of Functions, Oxford University Press, Oxford, 1939.

E. C. Titchmarsh, The Theory of the Riemann Zeta-Function, Second Ed. revised by
D. R. Heath-Brown, Clarendon Press, Oxford, 1986.

S. M. Voronin, The distribution of the non-zero values of the Riemann zeta-function, Proc.
Inst. Stekloy, 128 (1972), 131-150 (in Russian).

S. M. Voronin, Theorem on the “universality” of the Riemann zeta-function, lzv. Akad.
Nauk SSSR, Ser. Matem., 39 (1975), 475—486 (in Russian) = Math. USSR Izv. 9 (1975),
443-445.

S. M. Voronin, On the functional independence of L-functions, Acta Arith., 20 (1975),
493-503 (in Russian).

J. L. Walsh, Interpolation and Approximation by Rational Functions in the Complex Domain,
Amer. Math. Soc. Coloq. Publ., 20 (1960).

ANTANAS LAURINCIKAS

Vilnius University,
Naugarduko str. 24,
LT-03225 Vilnius, Lihuania

and

Siauliai University,

P. Visinskio str. 19,

LT-77156 Siauliai, Lihuania
antanas.laurincikas@mif.vu.lt



