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Choosability in simple hypergraphs
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Abstract: The work deals with a combinatorial problem concerning list colorings of simple
hypergraphs. A hypergraph H = (V, E) is said to be r-choosable if, for every family of color lists
L = {L(v) : v € V}, satisfying |L(v)| = r for every v € V, there exists a choice function f such
that f(v) € L(v) for every v € V, and no edge of H is monochromatic under f. We prove that
if H is an n-uniform non-7-choosable simple hypergraph, n > 3, r > 2, then its maximum
vertex degree A(H) satisfies the inequality

A(H) = cr" a7,
where ¢ > 0 is an absolute constant.
Keywords: list colorings, hypergraph colorings, sparse hypergraphs, random recoloring method
AMS Subject classification: 05C15, 05C65, 05D40
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1. Introduction and background of the problem

This work deals with an extremal combinatorial problem concerning list colorings
of simple hypergraphs. First of all, we recall some definitions.

A hypergraph H = (V, E) is said to be simple if every two of its distinct edges
do not share more than one common vertex, i.e., formally,

forany e, fEE, e£ f: lenf|<1.

Let A(H) denote the maximum vertex degree of a hypergraph H.
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A coloring f of the vertex set V is called proper for hypergraph H = (V, E), if
there is no monochromatic edges in F under f. A hypergraph is said to be r-colorable
if there is a proper coloring with 7 colors for it. The chromatic number x(H) of
a hypergraph H is the minimum 7 such that H is r-colorable.

In 1973 P. ErdSs and L. Lovész (see [3]) established the following quantitative
relation between the chromatic number and the maximum vertex degree in n-uni-
form hypergraphs.

THEOREM 1 (P. Erdés, L. Lovész, [3]). Let n > 3 and r > 2 be integers. If H is
an n-uniform non-r-colorable hypergraph, then

i (1)

This classical bound of Erdés and Lovasz has been improved in a series of papers.
In 2000 J. Radhakrishnan and A. Srinivasan (see [9]) proved that, for any n-uniform
non-2-colorable hypergraph H, the following inequality holds:
2n
vnlnn

Their result was recently extended by A. V. Kostochka, M. Kumbhat and V. Rodl
(see [7]) to an arbitrary number of colors. They showed that if

r=r(n)=o(Vinlnn),

A(H) > 0.17

(2)

then
[log, 7]
n ) [logy r]+1 ¢

A(H) > e (M - 3)

for any n-uniform non-r-colorable hypergraph H. However, by using the same
proof technique as in [7] one can obtain good lower bounds for the maximum vertex
degree even when the chromatic number is large in comparison with uniformity n.

THEOREM 2. Let h > 1 be an integer. Then there exist ng = ny(h) and c(h) > 0 such
that, for any n > ny and r > 2h, the following statement holds. If H is an n-uniform
non-r-colorable hypergraph, then

A(H) > e(h) " (n(inn)") ", (4)
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The last known result concerning estimating maximum vertex degree in uniform
hypergraphs with large chromatic number was obtained by the author of this paper
(see [10]): for all m, r > 3 and arbitrary n-uniform non-r-colorable hypergraph H,
one has

A(H) > gr"*‘n*‘/z. (5)

It is easy to see, that bound (5) improves (3) and (4) in the case r = 3. But for
r > 3 inequality (4) gives a better bound (taking h = 2):

A(H) > const - " 'n~ " (Inn) 2.

The first improvement of Theorem 1 for simple hypergraphs was obtained in
1990 by Z. Szab6 (see [13]) in connection with estimating famous Van der Waerden
function.

THEOREM 3 (Z.Szabd, [13]). For any € > 0, there exists ng = ngy(g) such that, for
any n > ngy, the following statement holds. If H is an n-uniform non-2-colorable
simple hypergraph, then
A(H) > 2""'n"".
Theorem 3 was extended to an arbitrary number of colors and to a wider class

of partial Steiner systems by A. V. Kostochka and M. Kumbhat in 2009 (see [6]). In
particular case of simple hypergraphs, they showed that, for any € > 0 and r > 2,

A(H) > r""'n"¢, (6)

where H is an n-uniform non-r-colorable simple hypergraph and n > ny(e, r) is
sufficiently large. Since € can be taken arbitrary small, we can replace it in the
right-hand part of (6) by some infinitesimal function. The calculations from [6] give
the following bound:

A(H) > rnflnfe(n,r), (7)

E(n,r)z@(i/%).

The result (7) of Kostochka and Kumbhat was slightly improved by the present

where

author (see [11]) as follows.
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THEOREM 4 (D. A. Shabanov, [11]). There exists an integer ng > 0 such that, for

1/9

any n > ny and v < n'’, the following statement holds. If H is an n-uniform

non-r-colorable simple hypergraph, then

A(H) > ,rnfl n73/t(n,’r), (8)

t(n,7) = Nmm@—z, zm((:}—;mn))J

Finally, A. Frieze and D. Mubayi (see [5]) proved that if H is an n-uniform

where

non-r-colorable simple hypergraph, then
A(H) > c(n)r" 'Inr, 9)

where ¢(n) > 0 does not depend on r. Their bound is sharp up to some factor
depending on n, since in 2010 A.V. Kostochka and V. Rodl showed (see [8]) that,
for any n, r > 2, there exists an n-uniform non-r-colorable simple hypergraph H
satisfying

AH) < [nr" 'Inr].

Unfortunately, the function c¢(n) from (9) is very small, e.g. it follows from
the proof in [5] that

c(n) = O(n'™").

So, the bound (9) improves even the classical result (1) of Erd6s and Lovész only
if 7 is very large in comparison with n: Inr = Q(nzn*z).

In the current paper we study the quantitative relation between the maximum
vertex degree and the choice number in simple uniform hypergraphs. Recall that
a hypergraph H is said to be r-choosable if, for every family of sets

L={Lwv): veV}

(L is called list assignment), such that |L(v)| = r for all v € V, there is a proper
coloring from the lists (for every v € V' we should use a color from L(v)). The
choice number (or list chromatic number) of a hypergraph H, denoted by ch(H),
is the least r such that H is r-choosable. The choice numbers of graphs were
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independently introduced by V. G. Vizing (see [14]) and by P. ErdSs, A. Rubin and
H. Taylor (see [4]).

It is clear that x(H) < ch(H), so, if a hypergraph is not r-choosable, then it
is also not r-colorable. However, not all the proofs of the results (1)—(9) work in
the case of list colorings.

If H is an n-uniform non-7-choosable hypergraph, then one easily establish

the lower bound (1):

1
A(H) > 2 P inTt

The proof of the estimate (2) given by Radhakrishnan and Srinivasan also works
for list colorings. In the paper [10] it was shown that the bound (5) holds for
non-r-choosable hypergraphs. Hence, if H is an n-uniform non-r-choosable hy-
pergraph, then

1
A(H) > gr"“n“ﬂ. (10)

But the proofs of inequalities (3) and (4) cannot be generalized to the case of an
arbitrary r-uniform list assignment. So, (10) remains the best general lower bound
for the maximum vertex degree in hypergraphs with high choice number.

The results of Kostochka — Kumbhat (7) and Shabanov (8) can be extended for
non-r-choosable hypergraphs without any problems, but the proof of the bound (9)
by Frieze and Mubayi does not work for list colorings, as the authors wrote themselves
in the final comment of [5]. Thus, for class of simple hypergraphs we have the

following picture.
1/36

Suppose H is an n-uniform non-r-choosable hypergraph. If » < n”/”", then
the best lower bound for A(H) is provided by the list version of Theorem 4:
A(H) > rnfl n73/t(n,r)’ (11)
where
Hn, 7) . (ln n Inn )
n,r)= min| —, ———— | |.
Inr’ 21n((4/3) In n)
But for 7 > n'/*® this relation becomes asymptotically weaker than the inequal-

173 the best asymptotic lower bound for A(H) is (10),

which holds for any n-uniform hypergraphs with choice number greater than 7.

ity (10). So, in the area 7 > n
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The main result of the paper improves the inequality (10) for simple hyper-
graphs.

THEOREM 5. Let n > 3 and r > 2 be integers. If H = (V, E) is an n-uniform
non-r-colorable simple hypergraph, then

AH) > — " 'n7', (12)

It is easy to see that (12) improves (10) for all n > 7 and any r. It is also

asymptotically better than (11) if 7 > n'/At.

Theorem 5 is an immediate corollary of the following theorem, which, in fact,
gives a lower bound for the maximum edge degree in n-uniform simple hypergraphs
with high choice number. Recall that, for any edge f € E of a hypergraph H = (V, E),
the number of other edges intersecting f is called its degree in H. We denote by
D(H) the maximum edge degree of the hypergraph H.

THEOREM 6. Let n > 3 and r > 2 be integers. If H = (V, E) is an n-uniform simple
hypergraph satisfying the condition

1
D(H) < ﬁrn_lnm, (13)

then H is r-choosable.

In the next section we shall prove Theorem 6.

2. Proof of Theorem 6

Let L = {L(v), v € V} be an arbitrary r-uniform list assignment for the vertex set V.
We have to show the existence of a proper coloring from the lists for hypergraph H.
To prove this we shall construct some random coloring from the lists L and estimate
the probability that this coloring is not proper for H.

For any edge f € E, let us use the following notation:

L(f) =) L(v)-

vef

It is clear that |L(f)| < r for every edge f, and f can be monochromatic under some
coloring from the lists, only when all its vertices are colored with some u € L(f).
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2.1. Randomized algorithm for hypergraph coloring

The construction of a random coloring is based on the method of random
recoloring. This method was proposed by J. Beck (see [2]) and developed by J. Spencer
(see [12]), Radhakrishnan and Srinivasan (see [9]) for two-colorings. In our work
we follow the ideas Radhakrishnan and Srinivasan of constructing random colorings
for simple hypergraphs and related systems.

We describe a randomized algorithm for random coloring of the vertex set V.
This algorithm consists of two stages.

First Stage. Main coloring. During the first stage we randomly and uniformly color
the vertex set: any vertex v € V is independently from other vertices is colored with
any color u € L(v) with equal probability 1/r.

Let o denote the obtained random coloring (main coloring). Let M(x,) denote
the set of monochromatic edges of H in the coloring x,. The main coloring ¥
can also contain almost monochromatic edges. An edge f € E is said to be almost
monochromatic in X if there is a color u € L(f) and a vertex v € f such that the
vertex v is the only vertex in f which is not colored with « in xq. In this case, the
color u is called dominating in f and the vertex v is called dangerous of the color .

Second Stage. Recoloring process. During the second stage we want to recolor some
vertices of the edges from M (o) but we shall forbid the almost monochromatic
edges to become completely monochromatic.

Suppose {X,, v € V} are independent nonnegative equally distributed random
variables with some continuous distribution. Our recoloring process has continuous

time and starts at the time £ = 0. For any vertex v € V, we do the following.

1. The vertex v can be recolored only at the time moment X,,.

2. At the time X, we check whether there is a monochromatic edge f, contain-
ing v, such that f is monochromatic in the main coloring X, and none of the
vertices of f has changed its color up to the time X,,.

3. If such edge f exists, then we choose randomly and uniformly a color a € L(v)

not coinciding with the color of v in the main coloring /.
4. If v is not dangerous of the color a, then we recolor v with a.

5. Otherwise, we do not change the color of v in the process.
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Let x:, t > 0 denote the random coloring obtained during the recoloring
process up to the time ¢. We want to estimate the probability of the event

F(t) = {H has at least one monochromatic edge in x; }

and show that, for some ¢ > 0, it is strictly less than 1. Now we shall give a formal
construction of the random coloring ;.

2.2. Formal construction of random coloring
Consider, on some probability space, the following set of random variables.

1. {&, v € V} — independent random variables, for any v the random variable &,
has uniform distribution on the set L(v).

2. {X,, v € V} — independent exponential random variables, i.e.
Pr(X,>t)=e’, t>0.

3. {ny, v € V} — independent (of each other and of {X,, v € V}) random
variables with the following conditional distribution:

1
Pr(n, = a|, = u) = 1 forany a #wu, a,u € L(v), veV.

The random vector £ = {&,, v € V} can be interpreted as an uniform random
coloring from the lists L (we assign the color £, to the vertex v). This is our
main coloring X, from the algorithm. We shall give a formal construction for the
coloring x;.

Let f € E be an edge of H. For every u € L(f), let M(f,u) and AM(f, u)
denote the following events:

M(fou) = W& =u}, AM(fu) = { M g £y = 1}. (14)

jef jef

It is clear that M(f, u) is the event that f is monochromatic of a color u in &, and
AM(f, u) is the event that f is almost monochromatic with dominating color u in &.
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For every vertex v € V and every color a € L(v), let D(v, a) and D(v) denote
the following events:

Dw,a)= |J (AM(f,a)n{& #a,n=a}),
vefj,ctezf:L(f) (15)

D(v) = U D(v, a).

a€L(v)

It is easy to see that the event D(v, a) means that v is dangerous of the color a
and 7, = a. Note that due to our algorithm if the event D(v) occurs then the
vertex v is not recolored at the time X,.

Finally, for every vertex v, let R(v) denote the following event:

U m(M(f,u)ﬂ{ZI{Xj<XU,D(j)}:n—1}>. (16)

feE: vef ueL(f) jef

Here I{A} is an indicator of the event A. Our algorithm implies that we should
try to recolor the vertex v if the event R(v) occurs, since it is contained in some
monochromatic edge f, in which none of the vertices has changed its color up to
the time X,.

Further we denote a random coloring

() ={G(t), veV}, >0,

as follows
¢(t) va{R YUD(v) U {X, >t}}+nvI{R YD) N {X, t}}

It is clear that, for any v € V, the random variable (,(t) takes values only from the
set L(v). So, the random vector ((t) = {(,(t), v € V} gives a random coloring X
from the algorithm.

Remark 1. It should be noted that one can use an arbitrary continuous distribution
for the random variables X,, v € V instead of exponential. In fact, all we need is
a random ordering of the vertex set. Using continuous time helps to simplify the
calculations.
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Our main aim is to estimate the probability of the event that the coloring ((t)
is not a proper list coloring for the hypergraph H. Let F(t) denote this event:

Foy=U U N{G®=uk (18)

feE ueLl(f) jef

We shall separate the event F(t) into some “local” parts.

How can a monochromatic edge f € E appear in the coloring {(t)? We have
three possibilities.
1. The edge f is monochromatic of some color u in the main coloring &,
it contains at least two vertices, for which we have already tried to make
a recoloring, and f is monochromatic of the same color u in ¢(¢). We denote
this event by A(f,t). Formally

a0 - U (Ng=uo0-u)n{ Srx<nz2} )

weL(f) “jef jef

2. The edge f is monochromatic of some color w in the main coloring &,
it contains at most one vertex, for which we have already tried to make
a recoloring, and f is monochromatic of the same color u in {(¢). We denote
this event by B(f, t). Formally,

s - U (Ng-w g0 -u)n{ T <a <1} o
ueL(f) “jef JEf

3. The edge f is not monochromatic of some color « in the main coloring &, but
it is monochromatic of this color « in the coloring {(t). We denote this event
by C(f,t). Formally,

ctr.n= U <ﬂ{cj(t)=u}ﬂM(f,U))- 1)
u€L(f) “jef

It follows from (19), (20) and (21) that

Fty=J (A(f. ) UB(f.t)UC(f. 1)) (22)

feE

Further, we shall consider these three events separately.
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2.3. First event

Suppose that the event A(f,t) occurs and f is monochromatic of a color
u € L(f). The event A(f,t) implies that for at least two vertices v € f, we have
X, < t. Suppose w and w' are two vertices of f such that

Xy <Xy <X, forall ve f\{w,w}.

Since f is monochromatic in the main coloring ¢, the event R(w) also occurs
(see (16)). Moreover, the equality (,(t) = &, = u implies that the vertex w at
the time X, does not change its color and, consequently, the event ’R(w') occurs
(we have already tried to recolor w'). Thus, the equalities (,(t) = &, = u and
Cw (t) = &w = u can hold only
e if both vertices w and w' are dangerous of some colors, say, a € L(w) and
a' € L(w'), AND, moreover,
e 7y =a and Ny =d,
i.e. when the events D(w, a) and D(w', a’) hold. The event D(w, a) implies that
there is an edge f' such that w € f' and f' is almost monochromatic with the
dominating color a in the main coloring £. Respectively, the event D(w', a') implies
that there is an edge f" such that w’' € f” and f” is almost monochromatic with
the dominating color a in £. Since H is simple, the vertices w and w' are uniquely
defined by the edges f and f': {w} = fnf, {w'}=fnf"
For any three edges f, f, " satisfying the conditions |fNf'| =1, |fnf’| =1,
fafnf' =a, let A(f, f, f') denote the following event:

At L = U U (M(f, w) N AM(f', a) N AM(F", d') N
u€L(f) a,a' £u:
a€L(f"),a'eL(f")

N {nw =a, Ny = al} N ﬂ {Xw < Xw’ < X]}) ) (23)
jef{ww'}

where {w} = fN f and {w'} = fN f". Thus, due to the above discussion we get
the following relation:

Aty c | U A . (24)
fl€E:. f'eE:|fnf'|=1
[fofl=1 fnfnf'=2
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Let us also introduce the event A:

A=J U U (M M X< Xy < X0 HG(Xy) = u}).

FEE weL(f) v, dcf: jef{vv'} jef
v
(25)
This event states that during the recoloring process there is an edge f, which
is monochromatic in the main coloring £, and after the consideration of its first
two vertices v and v’ this edge remains monochromatic of the same color. It is
easy to see from (23) and (25) that the event A is also covered by the union of the

events A(f, f', f):

Acly U U  AGF M. (26)

feE  feE:  f'eE:|fnf'|=1
Ifnfl=1  fnfnf'=o

The event A will help us to consider the third event C(f, t).

Now let us estimate the probability of the event A(f, f', ') depending on the
cardinality of the set f' N f”. Since all the random variables £;, X; are mutually
independent, in the case |f' N f'| = 0 we have

Pr(AGF £ ) =D > > [(HPr@j:u))(H Pr(@-:a))x

w€L(f) a€L(f): a'eL(f"): jef JEFNf

aFu a' #u

( H PI’ > Pr(nw = a|€w = u) Pr(nw’ = a,|§w’ = u) X

Jef\f

xPr( N {Xw<Xw/<Xj})]<

jef\{wuw'}
(since [£'\ 1 = 1"\ fl=n—1and |[L(M\ {u}| <71 L)\ (u}| <r—1)

)2 r (n—2)! _ pi3n, ! . 27)

(r—1)2 n! n(n—1)

Finally, if |f' N f’|=1 (recall that H is simple), then the unique common

<r(r—1

vertex w” of the edges f' and f" does not belong to the edge f and, moreover,
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the colors a and a’ should coincide (see (23)) since a = &,» = a’. Otherwise the
probability is equal to zero. So, in this case we have

s = X3 | (T = ) (1T P o)

wCL(f) aeL(f): jef JEF\S

aFu

< TL Pr&=a)) -Prine —alew = )-Prin — a6 —u) »

JEFNFUF)

><Pr< ﬂ {Xw<Xw/<Xj})]<

Jef\{ww'}
(since |f'\ fl|=n—1 and |f"\(fo')‘ =n-2)

! ~2)! !
(=2, e, . (28)

<r(r=1Dr" r—1?2  nl n(n—1)

From the obtained bounds (27) and (28) we see that, for any three edges
f,f, f" satisfying the conditions

=1 Ifnf'l=1, fnfnf' =g,

the following estimate for the probability of the event A(f, f', ) holds:

Pr(A(f, f, f") <207 (29)

2.4. Second event

For any edge f € E, let us consider the following event

o= U (Ng-w)n{ Srx<n<if. oo

ueL(f) “jef jef

Then it is easy to see from (20) that

B(f.t) C Q(f.1). (31)
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Let us find the probability of the event Q(f,t). Since the random variable

D X<t}

jef

is independent of the random coloring £ and it has a binomial distribution with
parameters (n, 1 —e '), we have

el 0) = (0 TIrig=w ) pe(Srix <t <1) <

ueL(f) jef jef

<r' M (n(1—e e D 4 ey, (32)

2.5. Third event
Let the event C(f,t) occur. Recall that

ct.y= U (ﬂ{gj(t) =u}yNM(f, u)>.

u€L(f) “jef

Since the edge f is not monochromatic of a color w in the main coloring £ and
becomes monochromatic of u in ¢(¢), f is not an almost monochromatic edge with
dominating color w. Thus, there are at least two vertices in f, which are colored
with colors not coinciding with u in the main coloring, and all such vertices should
be recolored with u up to the time ¢ during the recoloring process.

Suppose that v € f is the last vertex, that was recolored with u during the
recoloring process and v’ € f is the penultimate such vertex. Since v is recolored at
time X,, there is an edge f' such that

e f' is monochromatic of some color a # u in the main coloring,
e at time X, this edge is still monochromatic of color a,

e moreover, if the event A (see (25)) holds, then at most one vertex of f'\ {v}
has been considered up to the time X, i.e.

Y OHXj<X} <1
jer\{u}

The above discussion also gives an edge f' for the vertex v’ with the same
properties. Note that due to the simplicity of hypergraph H the vertices v and v’
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are uniquely defined by the edges f and f'. Thus, we get the following relation

coric U U U u(m{cj _un

u€L(f) f€B:  f'€E f'nf#2, a€L(f): d €L(f"): \FEA(SUS)
finf£o  Mfnf'=o aFtu a£u

mM(fls a)nM(f”a al)m{nv =Uu, Ny :U}H{Xv/ <Xv}ﬂ

m{ > I{X]-<Xv}<1}m{ > I{Xj<Xv:}<l}>, (33)
jef\{v} jef\{v'}
where v=fN f and v' = fn f".
For any vertex j € f\ (f U f"), the equality {;(X,y) = u can hold in two cases:
e cither §; = u,
e or & #u, but X; < X, (j should be recolored before v') and n; = u.

Hence,
{¢(Xv) =u} C{&=u}u{&#u, X; <Xy, nj=u}. (34)

Let us denote by C(f, f', f), where the edges f, f' an f” satisfy the conditions
Nfl=fnf'l=1and fNfNf =2, the following event
fofl=lfnf g

C(f. f.f") =

weL(f) a€L(f): d'eL(f"): \jef\(f'uf)

aFu a' #u
AM(f, a)nM(f", )N {ny =u, ny =u}N{Xy < X, }N

m{ > I{X]-<XU}<1}H{ > I{Xj<XU:}<1}>, (35)

jef\{v} jef"\{v'}

where v= fN f and v' = fn f".
Using (33), (34) and (35) one has the following relation:

c(f.yndc | U cuw.r.m (36)
fleE:  f'eE: f'nf+2,
finf+e  fnfnf'=o
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Estimate for the probability of the event C(f, f', f') depends on the cardinality
of the set of f' N f". If |f'N f’| =0 then

Pr(c(f,f’,f”))Z//Pr f.f.fHX, == X:—y)e TeVdx dy =
0 0

JefrU U U (0 e

u€L(f) a€L(f): d'eL(f"): \je\(FUf")
aFu a'#u

U{g#u, X;<y, nj=ul}nM(f,a) O M(f,a") N {n, = u,ny =u}n

N HX:, <z}<1lsN X<y}t <1 e Ydydzr <
{ © mo<a<fn! ¥ 1< })] y

jef\{v} jef\{v'}

gzoexjr(r—l)z(%-f-r;l(l—ey)<ri1))n_2r2"-(r_ll)2 X

x (7" 4 (n—1)(1 - e ")e ™" x
X (e_y("_l) +(n—-1)(1- e_y)e_y("_z))e_y dydz <

(since 1—e*<zand e "< 1)

x

o0
<t / e’ /(1 +9)" e "™ D1+ (n—Dz)e " 1+ (n—1)y) dydz <
0 0
(since (1+9)"* < e"2)

x

e V(1 4+ (n—-1)z) /(1 +(n—1)y)dydz <

0

3-3n
<r

0\8

e 3n/ —a(n=1)(y _1)95)( +(n _1)%) dx:r3_3"~(n_71)2. (37)
0
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Iflfnf'l=1,v"=fnf" then & =a=d', i.e. the colors a and a’ should
coincide. Moreover, V' ¢ f. So, in this case we have

s = [ [P =0 X0 =p)e e dady =
0 0

oo
:/e_
0

m/Pr[U ( N {{&=wu{s+#u, X<y, nj=u}}n
0

weL(f) acL(f): \jef\(fUf")
atu

AM(f a)n M(f", a) N {ny = u,ny =u} N

m{ » I{Xj<x}<1}m{ > I{Xj<y}<l}>]e_ydydm<

jef\{v} jef"\{v'}
(since Z HX;<y}> Z {X;<y})
Jjef\{v'} Jjef\{v' v}

go/ooezjr(r—l)(%Jrr;l(l—ey)(ri1)>nzrl2".(T_11)2 X

X (e_z(”_]) +(n—1)(1- e_x)e_x(”_z)) X
X (e_y(n_z) +(n—-2)(1- e_y)e_y("_3)) e Ydydz <

(since 1—e " < x)

o0
<t (—T >/6_z /(1+y)n_26_w("_2)><
r—1
0

x (14 (n— 1)z)e "™ (1 + (n - 2)y)e ¥ dydz <

(since y<z, (1+y)" < e’ and r/(r—1)<2)

x

e *m (g -z) [ (1+(n—1)y)dydz=
N Ry

0
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5. 330 —z(n-1) B _nZz _ 33
=2.r /xe (14+(n 1)x)<1+(n 1)2>dx r oD
0

Thus, from the estimates (2.5) and (38) we obtain the final upper bound for
the probability of the event C(f, f', f), holding for any three edges f, f an f"
such that

fnfl=1fnf =1 and fnfnf'=o,

14

Pr(C(f, fl, f//)) § 7_3—3n . m

(39)
Now we are ready to estimate the probability of the event F(t).

2.6. Application of Local Lemma

Remember that by the definitions (18), (19), (20) and (21) of the events F(t),
A(f,t), B(f,t) and C(f,t) we have the equality (22):

F)=J (A HUB(f.HUC(S. D).

feE

So, it follows from the relations (24), (26), (31), (36) that

Ftyc | (A HUB(F.HUC(f. 1) C

feE

caulJ (A(f,t)uB(f,t)u(C(f,t)m?l)) C

feE

cU(Q(Lt)u U U (A(f,f',f”>u0<f,f’,f”>)). (40)

fEE fleE:  f'eE:|fnf'|=1,
lfnfl=1  fnfnf'=o

Further, we shall use a classical claim called Local Lemma. This statement
was first proved in the paper of P. Erdés and L. Lovasz [3]. We shall formulate it in
a special case.

THEOREM 7. Letevents By, ..., By be given on some probability space. Let S\, ..., Sy
be subsets of Ry ={1,..., M} such that for any i=1,...,M, the event B; is
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independent of the algebra generated by the events
{Bj 1 jE RM\(SZ U {Z})}

If forany i =1,..., M the following inequality hold

Z PF(BJ') <

jeS;u{i}

; (41)

A=

then
M M
Pr(ﬂB_]) I (1 -2-Pr(By)) >
j=1 j=l1

The proof of the Local Lemma can be found, for example, in the book [1].

Consider the system W(t) consisting of all the events Q(f,t), f € E and all
the events

AL FL D, L"), fFF.f €E
satisfying

Fnfi=1 1fnf'l=1, Ifnfnf =0

Due to (40) the following inequality holds

Pr(f(t))gPr( U Q) =1—Pr( N @). (42)

Qe(t) Qe (1)

We shall show that the probability of
M 9
QeU(t)
is greater than zero. Due to the Local Lemma (see Theorem 7), it is sufficient to

find, for every Q € ¥(t), a system of events W C W(¢) such that Q and the algebra
generated by {7 € U(t)\(¥oU{Q})} are independent, and, moreover, such that

ZPr

JeVUQ

(43)

4>|~
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For any Q € ¥, we define the domain D(Q) of the event Q as follows:

f if @ =Q(f,t) for some f € E;
FUfuf’, ifQ=Aff, f")orC(f, ', f").
By the definitions (23) (30), (35) the event Q belongs to the algebra generated by

the random variables {&;,7n;, X;: j € D(Q)}. Then this event is independent of the
algebra generated by the random variables

{&5.m5, X JEVAD(Q)}.

Let us consider, for any Q € ¥(t) the system ¥q consisting of all the events Q(g, t)
such that gN D(Q) # @ and all the events A(g,g',g"), C(g,4',¢") such that

D(Q)N(gug Ug") # 2.

In other words,
wo={3: Geu(t).D(O)ND(Q) # o).

Thus, the event Q is independent of the algebra generated by {J € ¥(t)\Vo}, if
we choose U in this way. Moreover, Q@ € ¥o. We have to check the inequality (43).
By the choice of the set ¥ we get the relation

doP) < D PrQgt)+ > Pr(A(g.g.g"))+
JeVg geE: gnD(Q)# 2 9.9,9"€E: |gng'|=1,

lgng"|=1,lg'ng"ng"|=0,

D(Q)N(gug'ug")#2

~ > Pr(C(g.99"))- (44)
9.9,9"€E: |gng'|=1,
lgng"|=1,19'ng"ng"|=0,

D(Q)N(gug'ug")#=2

Let us denote by s,(Q), $(Q) and s3(Q) the number of summands in the first
sum, the second sum and the third sum in the right-hand side of (44) respectively.
It is clear that

$2(Q) = 53(Q).
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Using these notations from the relation (44) and the estimates (29), (32), (39),
we get the inequality

Z Pr(J) < s1(Q)r' ™" (n(1 - e—t)e—t(n—l) n e_t") N

JEVo
14

+ 83(Q)7‘373n . m

2
3-3n
+5(Q)r n

— (45)

Now we shall consider two cases depending on Q. Recall that D(H) denote
the maximum edge degree of the hypergraph H.

1. @=09(f,t) for some f¢€ E. There exist at most D(H) other edges g inter-
secting an arbitrary edge of E. So,

$1(Q) < D(H) + 1. (46)

Now let us consider s,(Q). We have to estimate the number of edge triples
(9,9, d") satisfying the conditions:

lgngl=1, lgng’|=1, l¢gng'ng"|=0, fn(gugdugd’)+wo.

If gN f # &, then g can be chosen by at most D(H) + 1 ways, g — by at most
D(H) ways (g should intersect with g and not coincide with it) and, finally,
g' — by at most D(H) — 1 ways (g" should intersect with g and not coincide
with it and with g'). Thus, there are at most D’(H) such configurations. The
same argument applied to the situations ¢'N f# @ and ¢’ N f # @ also gives
at most D’ (H) configurations in every case. Hence,

$,(Q) < 3D*(H). (47)
2. Q=A(f, . f") or C(f, f, f") for some f, f', ' € E, satisfying
ifafl=1, [fnf =1, |fofnf|=o.

Let us estimate the number of edges g such that gN (fU f' U f") # @. By the
definition of D(H) there are at most D(H) + 1 edges intersecting f. Thus, there



84 Dmitry Shabanov (Moscow) [378

are at most D(H) — 1 edges g intersecting f' and having empty intersection
with f. The same holds for f”. So, we have the following upper bound for s, (9Q):

51(Q) <3D(H) - 1. (48)

Since in the second case our event depends on three edges f, f', f it is easy
to see from the previously obtained inequality (47) that

$,(Q) <9D’(H). (49)

It is clear from (46), (47), (48) and (49) that the maximal values of the upper
bounds for s;(Q) and s,(Q) are in the second case. So, to prove (43) it is sufficient
to establish (due to (45)) the following inequality:

(BD(H) - 1)r' " (n(1 — e e ™V 4 e7™) +

14 1
9D (H)r* ™" - ——— + 9D*(H)r’ " < - 50
+OD (H)r n(n—l)+ (H)r (n—=1)2 "4 (50)
From the initial condition (13) we have
LR
D(H) < TR (51)
Thus,
9D (H)r* " _ 9D*(H)r* " 4
n(n—1) (n—1)2

(using (51) and the condition n > 3)

_9(~n N 14n? _ 9 3+63 _ 3105 1
S \n-1 (n-12) T 113 2) 1331 4

Hence, we can choose a very large ¢t > 0 satisfying the inequality

310,5 1

3(D(H) - 1 1-n 1— —t\ _—t(n-1) —tn )
(D(H)—1)r (n( e e +e )+1331<4

Such choice of the parameter ¢ implies the required inequality (50). Thus, the
condition (43) holds and Local Lemma can be applied to the system of events W(t).
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Local Lemma states that
Pr< ﬂ @) > 0.
QeW(t)
By (42) we have shown that for some ¢ the probability of the event F(t) is less
than 1, and, consequently, there is a proper coloring from the lists L for H, i.e. H

is r-choosable. Theorem 6 is proved.

Remark 2. The constant 1/11 is right-hand side of (13) can be replaced by a greater
number for large n. For example, our proof shows that one can take 1/(8.5) — O(1/n)
instead of it.
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