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Arithmetical Results
on Certain g-Series, IV

Peter Bundschuh (Kéln), Keijo Vdananen (Oulu)

Abstract: As in Parts I-I1II, entire transcendental solutions f of functional equations f(q"2) =
= Ry(2) f(2) + Ri(z) with polynomial coefficients Ry, R; are arithmetically studied. But whereas,
in Part III, these coefficients satisfied the condition Ry(0) # 0, our present work concerns the
case Ry(0) = 0, Ry # 0 involving, in the arithmetic considerations, essential differences compared
to the earlier one. Again lower bounds for the dimension of the K -vector space generated by
1 and the values of these f and their derivatives at certain powers of ¢ are produced, K being Q
or an imaginary quadratic number field. In favorable circumstances, linear independence can be
obtained, even in a quantitative form.
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AMS Subject classification: 11J72, 11J82
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1. Introduction and results

Let K be the field of rational numbers or an imaginary quadratic field, and denote
by Ok its ring of integers.

In our earlier works [2], [5], [6], linear independence properties of the values
of entire transcendental solutions of functional equations of the type

f(d"2) = Ry(2)f(2) + Ri(2), gl > 1, (1)
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with m € N := {1,2,...}, ¢ € K and polynomials Ry, R; € K]|z| satisfying
Ry(0) # 0 were considered. In this note we study the same question in the case
Ry(0) = 0, R # 0. The analytic part of the proof in [6] (see also [7]) works also in
this case, but some modifications are needed in the arithmetic part.

If we now write Ry(z) = 2" R(z) with vanishing order r := ord Ry (€ N) of R,
at the origin (< R(0) # 0), and £ := deg Ry, then the solution of (1) is of the form

f(z) =Y Ri(2g™™) H Ro(zq ™) =

* Ry(2q~ ") [T, R(zq™
= (2q )11) (2q )zm”. )

n=0 qmr(

Thus the function f is a linear combination with constant coefficients of the functions

ZHJIM ") ™Y A=t (3)

mr +')

We do not know of any earlier results on arithmetical properties of the values of
these functions except in the case r = £, which is connected to the Tschakaloff
function. We now get the following result.

THEOREM 1. Assume that q¢ € K with |q| > 1 is the quotient u/v of u,v € O =
Ok \ {0}, and let n := (log |v|)/(log |u|). Suppose that f is an entire transcendental
solution of the functional equation (1) with Ry, R, € K|[z]\ {0}, Ry(2) = er( 2) with
r=ordRy € N and ¢ = deg Ry. Let a € K satisfy the conditions Ry(aq~ ) £+ 0 for
every rational integer j > m. Then we have the dimension estimate

—1 m—1

k-1
dimg {K+ Z Z Kf(a)(aq_“)} > (1 —n)C(k, £, m,r),
0=0 p=0

where

(h+km)?+ (29— 1)kfm+2hlg+ lrg’
U(e=r)kmg+km-+2h-+1g” + 6m2(k—1)m-~+6h(h/r—2(1-g)))

C(k,¢,m,r):=sup

§:=0,if h/(2r) < 1 — g, and 6 := 1 otherwise, and the supremum is taken over all
h >0 and 0 < g < 1 satisfying (1 — g) < h + km.
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Remark. 1) We tacitly may always suppose that u, v have only units from Ok as
common divisors.

2) By taking h = 0 in the rational expression of the estimate in Theorem 1 we get

K*m? + (2g — 1)kfm + brg®
(- r)kmg® + rg> + km + 67~ 2(k — 1)m)

C(k, 2, m,r) > sup =:Cy(k, ¢, m,),
where the supremum is now taken over all 0 < g < 1 satisfying (1 — g)¢ < km.
The proof of Theorem 2 in [6] implies immediately a dimension estimate, where
C(k, ¢, m,r) above is replaced by Cy(k, £, m,0) which equals, using the notations
of [6],

~ k2m — ke + /(Bm — kb)2 + 4ke(k + 6m2(k — 1))
Clk, £, m) = 20(k + 61 2(k — 1))

In fact, this proof does not use Lemma 1 of [6], which is not valid in the present case.
However we see easily that the rational expression in the definition of Cy(k, £, m, )
is an increasing function of 7 in the interval 0 < r < £, and therefore our Theorem
1 gives an improvement of this result.

3) By using the values g = 0, h = 2(£ — 1), we obtain

(km +2(£ - 1))* — kfm
“d(k)km 1 4 — 1))

Ck, 4, m, 1) > with  d(k) == 14 6x (1 =k ").

The right-hand side of this inequality is greater than 1 if

3 —d(k) 8(d(k) — 1)
km > 2 14 1+ ———=—1].
m>st T (¢‘+@—dmwe
Taking 1 < d(k) < 1,6079... into account, we have the following consequence of
Theorem 1: If ¢ € O and if the function f satisfies (1) with deg Ry > 2 and

ord Ry > deg Ry — 1, then at least one of the numbers f(a)(aq_” ), 0 < o<k,
0 < p < m, does not belong to K (assuming km > 3). In the particular case k = 1,

we can assert that at least one of the numbers f(ag *), 0 < p < m, is not in K
(assuming m > 2); notice here that the ‘smallest’ case m = 2 is a consequence of
our next remark.

4) If km = 2, then C(k, £, m, £—1) > 1 holds for any £ > 1. Or, in letters: Suppose
that ¢, f, a satisfy the conditions of Theorem 1, and furthermore that ¢ € O and
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r=~¢—1.1f m =2 (or m = 1), then at least one of the numbers f(c), f(a/q) (or
of f(a), f'(c), respectively) does not belong to K.

To explain this assertion a bit, we insert km = 2 and h = 2(1 — g)(¢ — 1) into
the quotient appearing in the definition of C(k, £, m, £ — 1) under the ‘sup’ and
obtain, after some lengthy computation, this quotient as a rational function of g, £

and k € {1, 2}. From its explicit representation we conclude that it is strictly greater

6 1
2q° 3¢ — 29+ —(1—-] )L
7> (302 5 (1-3))

In case k = 1, this is true for, g = 2/3, say, and, in case k = 2, every g € [g1, g»] C

than 1 if and only if

10, 1] is enough, where g, g, are the two roots of the polynomial 3g2 — 29+ 3n 2
5) Furthermore, the choice g = 1/2,h = £ — 2 implies C(1,¢,4,¢ —2) > 1.
Thus, if ¢ and f satisfy the conditions from the preceding remark, but with
deg Ry > 3 and ord Ry > deg Ry — 2, then at least one of the four numbers
f(a), flag™"), f(agq™?), f(agq™?) does not belong to K.

6) Whereas, in the last two remarks, we obtained only exclusion statements, we
notice here that the quantity Cy(...) defined in Remark 2) satisfies

m:4+Im+02 m L
L bm o> mtle m, £
Co(l, &m, §) > —p——0 ¢ T Ttm

Therefore, we obtain the full linear independence in the Tschakaloff function case
L=r=1ifk=1and n=0 (or even n > 0 but ‘small’). Note that this does not
follow from Theorem 2 in [6].

In the case considered in our last remark, ie., £ =r =1,k =1 and n >
0 but small, we can even formulate a measure for the linear independence of
f(@), flag™"), ..., flag ™ V) and 1 as follows.

THEOREM 2. Let the assumptions of Theorem 1 be valid, and assume furthermore
Ry(2) = agz with ag € K™, and

2
(m2+2+mvm? +4)

0<n<
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Then, for every ¢ € R, there exists a constant C € R, depending at most on
q, m, ay, o, € and on Ry such that, for every

A= Ny ooy ) € OB with  |A] := max(|Xol, ..., [Am|) = C,

the following inequality holds

m—1
D N )+ A = (AT i
p=0

m(m+vm? +4)
2—(m? +2+mvm? +4)n’

P(m,n) =

Remark. 1) Since 9(1,1) = (1+v/5)/(2 — (3+ v/5)), Theorem 2 contains Stihl’s
Korollar 2 in [10] which, in turn, is precisely the first author’s Satz 2 in [1].

2) It should be pointed out that, already in [3], a linear independence measure as
in Theorem 2 but with (m, 1) in the exponent of |A| replaced by

2m— 1+ v4m?2 +1
2—-(2m+ 1 ++v4m? + 1)n

B(m, 77) =

was proved in the particular case ay = ¢, R, (2) = 1, where f reduces to the
Tschakaloff function. Note here that one has 6(m,n) < ¥(m,n) with equality if
and only if m = 1; note also that, for large m, the quantity #(m, 0) is linear in m,
whereas our ¥(m, 0) is quadratic in m.

Almost at the same time as 3], Stihl [11] produced, for more general functions,
linear independence measures with exponents reducing in the Tschakaloff case to
6(m, n); moreover, Stihl included also derivatives of the functions in question. Since
the mid-1980s, Katsurada [8], Wallisser and the second author [13], and Rochev
[9] extended Stihl’s results in various directions and by different methods. But all
their extensions have the common property that, in the Tschakaloff case and letting
derivatives aside, the above 6(m, n) appears as ‘linear independence exponent’.

In our proofs of Theorems 1 and 2, we use heavily the proof of [6] and we just
indicate the needed modifications keeping the notations of [6]. We also note as in
[6] that it is enough to consider the case o = 1 and deg R; < /.
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2. Three lemmas

In the present case r € N, the denominators of the Taylor series coefficients of f
behave differently from the case 7 = 0 in [6]. If

satisfies (1), then we obtain the following result on the coefficients c,.

LEMMA 1. Let s € Oy be such that sRy, sR, € Og|z|. Then, for every t € N, the
products

stqmr(tt])cn 0<n<rt)

are polynomials in Og|q| of degree at most

mr(tgl) (in g)

PRrROOF. Supposing
L—r

Ry(2) = 2'R(2) = 2" Z a;7

j=0

with

n
apay »#0, Ri(2) = Z b7’
=0

we obtain from (1)

l—r

Q"c, = Z ajcnrj+b, (n=0,1,..), (4)

=0

where Q :=¢", ¢;j:=0if <0, and b, := 0 if n > p. Clearly, we have
sQ"c, = sb, € Ok

for 0 < n < r. Next we show the intermediate assertion that, for any ¢t € N, the
products

sth(%l)cﬂ 0<n<rt)
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are polynomials in Og[@Q] of degree at most

r(t—;l) (in Q)

which implies our lemma. This intermediate assertion is valid for ¢ = 1 (see the
formula after (4)); assuming it is already valid for some ¢ € N, we verify it for ¢+ 1.
To this purpose, we consider the equation

L—r

Criyi = E QjCr(t—1)4i-j + brti
=0

t+1
for 0 < % < r. On multiplying it by s-sth( 2 ), we see from the right-hand side and

the induction hypothesis (notice r(t — 1) + 14 — j < rt) that

t+1 .
S Qr( b )+rt+cht+i

is in Og[Q] of degree at most

r(t—;l) +r(t+1):r(t§2> (in Q)

completing our induction. O

Our next lemma, identical with the Nesterenko-type Lemma 2 in [6], directly
prepares the dimension estimate in Theorem 1.

LEMMA 2. Let E be R or C according as K is Q or an imaginary quadratic field.
Further, let
deN\{1} and w= (wi,...,ws) € E*\ {0}.

Finally, assume that there exist Ny € N, 7 € R, an unbounded increasing function

F:N = Ry, and a sequence (Ay)n>n, of linear forms over Ok in d variables with
(/) limsup F(N +1)/F(N) <1,
N—oo

(i) togllAyll < F(N) for every N > Ny,
(i) log|An(w)| = —(T+ o(1))F(N) for every large N > Ny,
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where ||Ay||, denotes the euclidean (or 1) norm of the coefficient vector of the linear
Jorm Ay. Then the following dimension estimate holds

dimg Kw; + ... + Kwg > 1 + 7.

Our proof of Theorem 2 will be prepared by Lemma 3* below which is
a quantitative version of Lemma 2. This version generalizes Lemma 3 from [6],
where hypotheses and conclusion were given in terms of || .||, (as in Lemma 2)
since its proof in [4] and [12] used essentially the £-norm on E?. But sometimes
one wants to express the conclusion of such a result in terms of a different norm

1 . . L. .
) || . ||oo as it is quite usual in linear independence

on Ed, say, the supremum norm
measures.

To state Lemma 3", we first recall the following standard result on norms in R
(‘norm equivalence’). If || . || denotes an arbitrary norm on E?, || . ||, the £,-norm,

then there are a, 3 € R, depending at most on d and || . ||, such that

ofjzl| < [lzll> < Bllzll (5)
holds for any z € E¢.

LEMMA 37 Let E, d and w be as in Lemma 2, and let || .|| be an arbitrary norm on
E%. Assume that there exist Ny, Ny € N with Ny < Ny, unbounded and monotonically
increasing functions b*, g, g*, "N — R__, and, for every N € {N,, ..., N}, a linear
form Ay over Ok in d variables such that the following conditions hold for all
N € {Ny, ..., Ni}:

() R(N) < —log|An(w) < g"(N),

(i) g"(N)+log [[Ayll < g(N),

(iii) - max(log|[Ayll, g(N + 1) — h*(N) + log 2d) < b*(N).

If A is a non-trivial linear form over Ok in d variables, then the following additional
condition

() g(Ni + 1)—(d—1)b"(N1) > log[|Al[+g(No)+d log B + max(0, — log [|wl|2)

implies the inequality

AW > %IIAII exp(—g(N; + 1)).

D Note that we write |A| instead of |Alloo except for the present discussions on norms.
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PRrOOF. By virtue of (5), we deduce from (ii) and (iii)
g'(N) +log [[Ay|l2 < g"(N) + log [|Ay]| +log 8 < g(N) + log 8

and

log ||[A x> < log ||[Ay|| + log B < b"(N) + log S,

respectively. Hence we try to apply Lemma 3 from [6] with G* = ¢*, H" =
h*, G(N) := g(N) + log 8, B*(N) := b*(N) + log 3. We next have to fulfill the
second condition in (iii) of [6, Lemma 3]:

G(N + 1) — H*(N) + log 2d=
=g(N + 1) — B (N) + log 8 + log 2d<b"(N) + log 3=B"(N) ,

where we applied the second condition in (iii) of Lemma 3*. Up to here, all
conditions (i), (ii), (iii) in Lemma 3 from [6] are satisfied.
If A is a non-trivial linear form over Ok in d variables, then condition (iv) of

Lemma 3" implies that, in

G(Ny+1) — (d—1)B*(Ny) — G(Ny) — log [|Al], >
> g(N1+1) — (d—=1)b"(Ny) — g(No) — dlog 3 — log || Al

the right-hand side is greater than max(0, — log ||w||>) such that condition (iv) of [6,
Lemma 3] is also satisfied. Thus, this lemma gives us the desired inequality

A@I> S1All xp(~G(¥ -+ 1) > S5 Al exol~g(0 + 1)

using the lower bound in (5). O

Remark. Clearly, one could also eliminate ||w||, from (iv) in favour of ||w|| by
formulating a condition in terms of ||w|| such that, using (5), our present hypothesis
(iv) is implied. This is only a question of taste noting that, for applications like ours,
the three last summands on the right-hand side of (iv) are ‘constants’.
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3. Proof of Theorem 1

To prove Theorems 1and 2, we use the construction of [6]. Thus, linear forms used
here are obtained from the integral

1 f(g%2)dz
2m zL HM+ﬂN+1( — gk’

I(N) = —

where L = [AN]|,h > 0, M = mN and G = [-gM],0 < g < 1, are integers de-
pending on a large parameter N € N, By is a suitable integer sa‘usfymg 0< By <¥,
kj=kfor0<j< M,kj=1for j> M, and I'(N) is a positively oriented circle:

|2l = R > |q|",

where M := M + By + 1. By the residue theorem we get

M
gy 00 Tilkto) P k140
IN)= 3 (e H( M)*

o+0oo+...+op=L—1 =0 Uj
M
6o, F9(g7T) 0(L—1—|—0> (ki—l—i—ai) (= 1)
S D DR e ik T e
j=0 otopttog 'q](L+U) 7 g Ti (q]_qz)k'rf—(fl
—k—1 7]

M

+ > f@®) ’]LHq’ ¢) " (6)

j=M+1
J + 1#]

where both multiple sums are over all non-negative o’s satisfying the given conditions.
Exactly as in [6] we see that I(N) is a linear form in 1 and f©(¢ *),0 < o < k,
0 < p < m, with coefficients from K,

m—1

k—1
NEeK+D Y Kf*
o=0

— M:O

Also the denominators of these coefficients can be studied as in [6] except the
consideration of Q;(N) coming from the terms FO gt ) with G+ j < 0 in the
second sum in (6) and the powers of ¢ in the first sum in (6).
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If G+ j=—Am — p <0, then, by (8) of [6],

q*/\mof(o) (qf)\mfp) _

‘Z( ) (gag)

)
z:q*}t

B (Rl)\(q)\mz) ) (o)
Z=q " Ry \(g™2)

where
A—1
:HRO(quZ)’
k=0
A— A—1
Ri(2 Z "2) ]I Rolg™
=0 v=k+1

We recall that s € Oy satisfies sRy, sR; € Oxk|z]. Then, see |6, p. 96],

A

3/\< H qem> Roa(q"2) = Roa(2)

k=1

and
A
s ( I1 qf”m) Rialg"2) = Ria(2)
k=1

are polynomials in ¢ and z with coefficients in Og. Thus

() h e ( ﬁ “) (7o) .

k=1

(Rl,/\(q_)‘mz) ) @ _ (EM(Z)) )
RO,)\(q_)\mz) 2=q* RO,)\(Z)

and therefore

A
53 - o+l - —7r)km —Km—
(¢ Roa@®) = (¢ [[d" "R ")
k=1

b

2=q*

b

Z2=q »

o+1

is a denominator for f(”)(qG+]) with G+ j=—Am —p < 0. Since A < gN + 1/m,
the product € (N)f'?(¢°™) is, for all possible G + j, a linear form in 1 and the
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fad (¢ ") with coefficients from Og|q| if we choose

sO(N)qO(N) if g=20,

O (N) = m—1gN+0(1)
SO(N)qO(N) H H R(q—nm—u)kq(f—r)nmk ifo<g<l.
p=0 k=1

The study of ©,(N) and Q3(N) follows [6] unless considering 2,(N), where
we use Lemma 1 to estimate the needed power of ¢ in the first sum of (6). For this,
note that if o < L — 1 is of the form o = rt + 14,0 < 7 < r, then

t+2 mo?
= —— +0(o).
mr( 5 ) 5 + O(o)
Therefore

Y t+2 1
-Go+ E j(kj+0j)+mT( 5 ) gML—l—EkM(M—H)—F
=0

m 1 mL
—|—a(2—0—M—G) —|—O(N)<ML+51~:M(M+1)+6L(2——M—G> +O(N),
r r
where 0 := 0, if h/(2r) < 1 — g, and § := 1 otherwise. By Lemma 1 and [6], we

may thus choose

Qz(N) — qML+kM(M+1)/2+5L(%L_M_G)JrO(N)

b
M2 M+?

(M) = (k= 11" - ][ 20" [T« - 1),

where ®,, is the nth cyclotomic polynomial, and then the choice
Q(N):= 0 (N)Q(N)Q3(N)

makes A(N)I(N) a linear form in 1 and f(”)(q_”), 0< o<k, 0<pu<m, having
coefficients from Ok[g|. To estimate the degree (in q) of these coefficients, we first
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note that

deg QN) < =k(£ — r)m’¢*N*> + LM + kM* +

N =

mL 3
+5L(2— - M - G) = (k- 1)M* + O(N log N).
T 7I'

Then we may proceed as in [6], but now, when considering the above terms with
G + j = —Am — u, we have to take into account that

deg, RiA(z) — deg, Ro(z Z £km — deg, Ro(2) <

k=1

me —rmgN + O(N),

which then gives the following analogue of Lemma 5 of [6].

LEMMA 4. If (1 — )¢ < h + km holds, then QUN)I(N) is a linear form in 1 and
the f(”)(q_” ), 0 < o<k, 0< p<m, with coefficients in Ok|q|. For all sufficiently
large N, the degrees (with respect to q) of these coefficient polynomials are bounded
above by the expression

1 1 1
(Ek(é —rym*g* + hm + Ekm2 + Ermg2 +

+5hm(ﬂ — l—i-g) +P(k_ 1)m )N + O(N log N)

fo be denoted by D(N).
By defining
Q(N) = "MQ(N)
we obtain the linear form
k-1 m—1

Ay = QI)I(N) € Ox + D> Ok f V(g "
o=0 p=0
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Supposing (1 — g)¢ < h+ km we deal with this analogously to Section 6 of [6]. This
time, the maximum norm of the coefficient vector Ay of this linear form satisfies

log [A | < SToN” log Ju] + O(N log N), (7)
with
) ) h 6
Ly:=k(f{—r)mg +2h+km+rg” + 6h(; -2(1-g))+ p(k -1)m (8)

and the same estimate holds for [|A ||, with a slightly larger O-constant depending
only on k and m.

Lemma 4 from [6] remains valid also now, and therefore we find

h
log |Ax| = D(N) log |v| + %(k(é — r)mg’+ 2h + 2km + 6h(; -2(1-g))+

6 1
+ (k= 1)m = S (h+ km)” = 29(h + km))N2 log |g| + O(N log N),

the two terms with minus signs originating from the asymptotic evaluation of [I(N)]|.
Using (8) and the definition of D(N) in our present Lemma 4, the last expression

can be written as
m >
log |Ay| = —3((1 )T —P0>N log |u| + O(IV log N) 9)

with

1
Ty o= 5 (h+km)" + (29 = 1)km + 2gh + rg’. (10)

If now g, h satisfy the conditions stated in Theorem 1, then Lemma 2, (7) and (9)
lead to

k=1 m—1
dimg {K+ZZKf(“)(q_“)} > (1 —n)?, (11)
o=0 pu=0 0

whence the assertion of Theorem 1, if we take the definitions of 'y, I'; in (8)

and (10) into account.
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4. Proof of Theorem 2

Since we obviously want to express the lower bound of the linear form
A(w) = Awp + ... + A,

at the point
w:= (f(@), . flag” ™). 1)
in terms of |A|, the maximum norm of the coefficient vector

A= (Ao, oy M) € O,

we will apply Lemma 3" with this norm.
First, by (9), to satisfy (i) of Lemma 3", we may choose

m
g'(N) := —((1 =)'t = o) N log [u] + 61 N log N,
R (N) = %((1 — )T, — To)N* log |u| — 6, N log N,

with Ty, I'; from (8) and (10) taken with k = £ = r = 1 satisfying the condition
(I —m)T'; > Ty which has to be sharpened a bit later (see (14)). Here 6, (and then
6,05, ...) is a suitable positive constant independent of N. Next, by using (7), we
have

. m
g (V) +log [Ay] < = (1~ mI i N? log [u| + 6,N log N =: g(N)
giving (i) of Lemma 3". Further,
g(N +1) = h*(N) +log2(m + 1) <
m m
< S (1 =m)Pi (N + 1) log fu] = (1 = )T = To)N" log [u] +
m
+6;Nlog N < 3r0N2 log |u| 4 04N log N =: b*(N).
Choosing 6, possibly a little greater, we have also log |[Ay| < b"(N), by (7), whence

(iii) of Lemma 3" is valid. Clearly, we may choose N, such that, for N > N, all
four functions g*, h*, g, b* increase monotonically.



18 Peter Bundschuh (KélIn), Keijo Vdininen (Oulu) [106

Suppose now A as above with |A| large enough. Then, towards condition (iv)
of Lemma 3", we may choose N; as smallest integer > N, such that

g(Ny + 1) > mb*(N;) + log |A] + 65 (12)

holds with
05 :== g(Np) + (m + 1) log 8 + max(0, — log ||w||2),

where we can take § = vm + 1 (and later & = 1) in the present situation. That
such a choice of N, is possible can be seen from

g(N + 1) — mb*(N) > %((1 )Ty —mTy)Nlog [u| — §sNlog N (13)

. 2
if we suppose from now on )

(1 - T])Pl > ml. (14)

Thus, according to our definition of N; in (12) and the monotonicity of b*, we
obtain that g(N;) < mb"(N;) + log |A| + 65 holds, whence

I'Nilog|u|<log|A|+6; NilogN, with I‘::%((l—n)l“l—mf‘o) (>0). (15)

Now we conclude from Lemma 3*

log [A(w)| > — log2vVm + 1 +

m
+log |A| - 7(1 — )T (Ny+1)* log |u| — 2(N+1) log(N, +1) >
m 2
> log |A| — 7(1 — n)I' Ny log |u| — 63N, log Ny >

m I
> (1= S (1=n)3 ) log|A] = 6y, log Ny,

the last inequality by (15). From (15) one can easily deduce that, given any € € R,
there exists a constant C € R, such that §yN, log Ny < elog|A| if |[A] > C.

2 Note that this is equivalent to (1 —n)(I';/Ty) > m, hence that the vector space appearing in (11)
has maximal dimension m + 1.
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Therefore, our above chain of inequalities leads to

mI’
g A1 > (1= (1= ¢) g 4] -

m

:‘<a—mwun

This estimate resembles quite a lot to the conclusion of our Theorem 2. The only

)—m+€> log |A]. (16)

remaining point is to maximize the quotient (see (8) and (10))

r h+m)? + (29 — 1)m + 2gh + ¢*
Lo _ftm)+ gD ~Qla. ) (1)
Ty m+ 2h + ¢> + dh(h + 29 — 2)

for all (g, h) in the vertical half-strip H := [0, 1] x R, where, in case m = 1, we
have to let aside the point (0,0) due to the required condition (1 — g)¢ < h + km
reducing here to 1 < g+ h + m.

Below we will give some few hints how one can show that sup Q(g, h) is,
(g,h)eH
indeed, a maximum, and its value equals

%(m+\/m2+4). (18)

Note that, this value taken for I';/Ty, hypothesis (14) is equivalent to

2
< )
7 m? + 2+ mvm? +4

and this is an assumption of Theorem 2. Furthermore, taking (18) for I'; /Ty, shows

m B m(m++vm? +4)

(I=n)(Ty/To) =m 2 (m?+2+mv/m?> +4)n

for the quotient appearing on the right-hand side of (16), whence our Theorem 2, of
course, modulo the assertion concerning the supremum of our continuous function
on H to be explained subsequently.

To prove this assertion, we consider the rational function

(x+m)>—m

24+ m

P(z) :=
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of x. It is strictly increasing in > 0 until the point

vm?+4-—m
x:xmzzl—kf,

thereafter it strictly decreases, and we have

P(zn) = m+vm? +4 ,
2

the value in (18). Since P(g + h) = Q(g, h) if (g, h) € H satisfies h > 2(1 — g),
we know that the maximum of @ in that upper part of # is P(z,,), and it remains
only to show that Q(g, h) < P(z,,) for those (g, h) € H with h < 2(1 — g).

Indeed, if 0 < h < 2(1—g), then we have to apply (17) with § = 0, whence the
denominator of the right-hand side of (17) reduces to m + 2h + g® which is strictly
greater than (g + h)* + m leading to Q(g, h) < P(g+ h). Finally, again from (17),
we obtain Q(g,0) = P(g) (< P(zy,)) for any g € [0, 1].
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