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The distribution of second degrees
in the Bollobas—Riordan random
graph model

Liudmila A. Ostroumova (Moscow), Evgeniy A. Grechnikov (Moscow)

Abstract: We consider a random graph process which was suggested by Barabdsi and Albert. This
process is a model of real-world networks. At each step we add one vertex and one edge. The
probability that a new vertex will be connected to some vertex v is proportional to the degree
of v. In [6] Bollobds and Riordan proved that in this model the degree sequence has a power law
distribution. Here we consider so-called second degrees of vertices. Roughly speaking, a second
degree of a vertex is the number of vertices at a distance two of this vertex. The distribution of
second degrees is of interest because it is a good approximation of PageRank (we are not only
interested in the degree of a vertex but also in popularity of its neighbors). We obtain that the
distribution of second degrees also obeys a power law.

Keywords: random graphs; preferential attachment; power law distribution; second degrees
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1. Introduction

In this paper we consider some properties of random graphs. The standard random
graph model &(n, m) was introduced by Erdés and Rényi in [8]. In this model
we randomly choose one graph from all graphs with n vertices and m edges. The
similar model &(n, p) was suggested by Gilbert in [10]. Here n vertices are joined
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independently with probability 0 < p < 1. Many papers deal with the classical
models. The main results can be found in [4], [9], [12].

Recently there has been interest in modeling complex real-world networks.
Real structures differ from standard random graphs. One of the main characteristics
of random graphs is their degree sequence. In many real-world structures the degree
sequence has a power law distribution. Standard random graph models do not have
this property. So Barabdsi and Albert suggested a new model in [2]. Then Bollobés
and Riordan gave more precise definition of this model. Many models of real-world
networks and main results can be found in [5].

Many papers deal with different variations of preferential attachment. We
mention here the paper by Rudas, Téth and Valké (see [13]). The authors consider
a quite generic model of a random tree and prove some interesting results concerning
a neighborhood structure of a random vertex. Also one can find a neighborhood
analysis in preferential attachment models in the preprint [3] on the weak graph
limit.

This paper deals with the Bollobds—Riordan model. Now let us describe this
model. Let n be a number of vertices in our graph and m be a fixed parameter.
We begin with the case m = 1. We inductively construct a random graph G7. Start
with G % the graph with one vertex and one loop. Similarly we can start with G(l) the
graph with no vertices. Assume that we already constructed the graph Gﬁ_l . At the
next step we add one vertex ¢ and one edge between vertices ¢ and ¢, where 4 is
chosen randomly with

de-1(8)/2t—1) ifl<s<t-1,
1/(2t - 1) if s =t

Here dg: (s) is the degree of the vertex s in G'. By d(s) denote the degree
of s in the graph G7. In other words, the probability that a new vertex will be
connected to the vertex ¢ is proportional to the current degree of 7. Therefore this
process is said to be preferential attachment. To obtain G, with m > 1 we construct
G™. Then we identify the vertices 1, ..., m to form the first vertex; we identify the
vertices m + 1, ..., 2m to form the second vertex; and so on. After this procedure,
edges from G} connect «big» vertices in Gy,. Let &), be the probability space of
constructed graphs.
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Many papers deal with the Bollobds—Riordan model. The diameter of this
random graph was considered in [7]. In [6] Bollobds and Riordan proved that the
degree sequence has a power law distribution.

THEOREM 1. If m > 1 is fixed, then there exists a function p(n) = o(n) such that for

any m < d < n""> we have
, " 2nm(m + 1) o(n)
lim P|{ |#,, (d) — =0.
o ( m(d) dd+ 1) d+2)|  dd+1)d+2)

Here #y,(d) is the number of vertices in Gy, with degree equal to d.

Recently Grechnikov substantially improved Theorem 1 (see [11]).

In this paper we consider second degrees of vertices in G}. We estimate the
expectation of the number of vertices with second degree equal to d. Also we prove
a concentration result. This paper is organized as follows. In section 2 we give main
definitions and results. In section 3 we prove all theorems.

2. Definitions and results

In this paper we study the random graph G7. When we write ij € G| we mean that
G' has the edge 7j; when we write t € G we simply mean that ¢ is a vertex of GY.
Given a vertex t € G| we say that the second degree of the vertex t is

da(t)y =#{ij:i £t ,j#t, it € G, ij € G}

In other words, the second degree of t is the number of edges adjacent to the
neighbors of ¢ except for the edges adjacent to the vertex t.
Let M, (d) be the expectation of the number of vertices with degree d in G

M,y(d) = E(#{t € G} : dg(t) = d}).
By X, (d) denote the number of vertices with second degree d in G7. By definition,

put M;(d) = EX,(d).
The aim of this paper is to prove the following results.
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THEOREM 2. For any k > 1 we have

M (k) = 2—? (1 +O<10g1: k) +O<k—;>>.

THEOREM 3. For any € > 0 there exists a function p(n) = o(n) such that

n—od

im (1,5 - 209/ > 55 ) <o

Jorany 1 <k < n'/7e.

This is a concentration result which means that the distribution of second degrees

does also obey (asymptotically) a power law.

To prove Theorem 2, we need the following definition. Let N, ([, k) be the
number of vertices in G} with degree [, with second degree k, and without loops:

No(, k) = #{t € GV : d(t) = I, dy(t) = k, tt ¢ GT').

We shall prove the following theorem.

THEOREM 4. In G we have

ENu(l, k) = ne(l, k) (1 +0(n, 1, k)),

where |0(n, 1, k)| < (2l + k — 1)*/n. The constants c(l, k) are defined as follows:

c(1,0) = ¢(0,k) =0,

2K? + 14k
c(1,k) = ,
(k+ 1)(k+2)(k+3)(k+4)
I+k—1 -1
_ _ - _ - 1.
cl, k) =c(l,k 1)2l+k+2+c(l 1,k)21+k+2, k>0, [>

We shall use the following lemmas to prove these theorems.

LEMMA 1. Let d > 1 be natural; then

4n

Mol = Far @

1+ 06(n, d)),
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where |6(n, d)| < d*/n.

Denote by P,(l, k) the number of vertices in G| with a loop, with degree [,
and with second degree k.

LEMMA 2. For any n we have
EP,(L, k) < p(l, k),

where

l+k-3 -1

2 =1 B 1) -1 Y )
p2.0) =1, pl k) =pl k= 1) == o~ 1B,

For the other values of | and k we have p(l, k) = 0.

The next section is organized as follows. First we prove Theorem 4 and Theo-
rem 2; then we prove the lemmas. Finally we give a proof of Theorem 3.

3. Proofs

3.1. Proof of Theorem 4

From the definition of G it follows that N,(l,0) = N,(0,k) = 0. Indeed,
since we have no vertices of degree 0, we see that N,(0, k) = 0. Since vertices with
loops are not counted in N,(l, k), it follows that we have no vertices of second
degree 0 and N,(l,0) = 0. Therefore we have EN, (I, 0) = EN,(0, k) = 0.

Let us prove that EN,,(1, k) = n c(1, k) (1+6(n, 1, k)). The proof is by induction
on k. For k = 0 there is nothing to prove. Now assume that for j < k we have

ENn(1,5) = ne(l, 5) (1+6(n, 1, 7)),

where
. (j+ 1)
(. 1,9)] < ==,

252 + 145
FHDGE+H2)G+3)G+4)

C(laj) = (
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Denote by N;(I) the number of vertices with degree ! in Gt

We need some additional notation. Let X be a function on n (the number
of vertices), [ (the first degree we are interested in), k (the second degree we are
interested in); then denote by 6,(X), 6,(X), 65(X), ... some functions on n, I, k
such that |6;(X)| < X.

Obviously, EN;(1, k) = 0. For i > 1 we have

E(Ni1(1, k)| Ni(1, k), Ni(1, k = 1), Ny(k)) =

(1)

(LB (1 k+2) ENi(L k= 1) kNi(k)

241 2i+ 1 2i+1°

Let us explain this equality. Suppose we have Gﬁ. We add one vertex and one
edge. There are N;(1, k) vertices with degree 1 and with second degree k in Gﬁ.
The probability that we «spoil» one of these vertices is (k+2)/(2i+ 1). Also we have
N;(1, k — 1) vertices with degree 1 and with second degree k — 1. The probability
that one of these vertices has degree 1 and second degree k in G4 is k/(2i + 1).
Finally, with probability equal to kN;(k)/(2i + 1) the vertex ¢ + 1 has necessary
degrees in Gil“.

Using (3.1), Lemma 1, and inductive assumption we get

2i—k—1 KEN;(1,k—1) kM (k)
ENen1 (LR =EN(L ) — = =+ 5y

—en 0 S (P e (0 (5))

Let us introduce some notation:

2t —k—1
4= ———
21+ 1
2 k?
b; = 1+60, — ,
2 +1( " 1(z>)
c(l,k—1)k 2
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Using this notation, we have
EN,‘_H(I, k‘) = ENz(l, k)) a; + mbz

Let us prove the following equality by induction on n:

2
EN,(1, k) = ﬂ (14 6(n, 1, k).

For n = 1 we have EN,(1, k) = 0. Since we have the condition |0(1, 1, k)| < (k+1)?,
we can take 6(1, 1, k) = —1.
Now put ¢t = k + 1. This is needed for the sequel. Assume that

.
EN,(1, k) = % (1466, 1,t—1)).

Then

EM.H(I, k) = ENZ(I, k) a; + mbl =

- () 2 en(52) -

_2m [, 1 (26 — t)t? (t—1)%(t+3)
_t+3(z+1_2i+1+03( it )+9“( 2t 1 '

Ift>1and 2: —t > 0, then

1 212 — ¢ t—1)2(t+3
1 PR (DY)
21+ 1 21+ 1 21+ 1

2m(i + 1 2

In this case, we can put (i + 1, 1, k) = 65 (tz/(i + 1))

Ift > 1 and 2 —t < =2, then we do not have enough edges in G’i and
EN;+1(l, k) = 0. In this case, we can put 6(i + 1,1, k) = —1.

We consider the case 2¢ — t = —1 later.

We get

Therefore,

2
EN,(1, k) = % (1+0(n, 1,k)) .
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Note that
2m 4 2¢(l,k—1)k
k+4  (hr)(k+2)(k1d)  2k+4)
B 4 2k—12+14k—1)
ok D)(E+2)(k+4)  (k+D)(E+2)(k+3)(E+4)
_ 2K + 14k (L E).

(k+ 1)(k+2)(k+3)(k+4)

This completes the proof for EN,(1, k).

Consider the case I,k > 1. Assume that we already proved that EN,(i, j) =
=nc(i, j) (1+6(n,3,j)) forall s and j, such that i <[, j< kori<l, j<k.
Put ¢t =20+ k — 1. Obviously, EN(l, k) = 0. For ¢ > 1 we have

N (LB —ENGLY) (1— 2l+k> (= DEN:(= LK) | (k= DENi(LE=1)

2141 2441 2i+1
21—t (-De(l-1,k)i  (+k=1)c(l,k—1)3 (15—1)2
=EN;(1,k 146 :
( )2i+1+< ST 2i+1 O\

Introduce some notation:

21—t

a; = - s
21+ 1

g (ea()

(- Del—1,k) k-1l k—1)
m = > + 5 .

We have
EM_H(Z, k) = EM(Z, k) a;+m bz

It remains to prove the following statement by induction on n:

2mn t? 2mn
EN,(I,k) = ——(1+06s5] — =——1+0(n,l,k)).
(. %) t+3(+5(n>) t+3<+(n ))
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The proof is the same as in the case of [ = 1. In this case we have

om (-1yel—1,k)  (+k-1el,k—1)
t+3 2+k+2 + A+k+2 = oL, k).

Now we need to consider only the case 2¢ —t = —1. We need to show that
ENip1(Lk) = (i + De(l, k)(1 +60(i + 1,1, k). We have 2(i + 1) = 2l + k. In our
graph GilJrl we have 7+ 1 edges. Therefore the sum of all degrees is equal to 2] + k.
Suppose we have at least one vertex with degree [ and second degree k. We do
not count vertices with a loop in N;;(l, k). Consequently ! edges go out from this
vertex. And there are k/2 edges between the neighbors of our vertex. And we have
no other edges. Hence our vertex is joined to all other vertices in Gﬁ“. So I =1i.
Thus k = 2. It follows that we consider the vertex 2. And there is one edge from the
vertex 2 to the vertex 1; also edges from the vertices 3, ..., %+ 1 go to the vertex 2.
So, there is only one graph with N;. (I, k) # 0. This graph has only one vertex
with degree [ and second degree k. Therefore the probability of this graph is equal
to EN;11(1,2). We have

2(1—1)!

EM+1(Z, 2) = W

Recall that [ = 4 and k = 2. Now we must only prove that
EN (L, 2) = (U4 De(l, 2)(1+ 0+ 1,1, 2)).

Let us prove the inequality

24(1 - 1)
c(l,2) > ORI

It follows from the definition of ¢(l, k) that

1
C(l, 2) = E,

-1

C(l, 2) = C(l — 1, 2)2l——|—4’

>
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Obviously, 8(1+ 1,1,2) > —1. Let us obtain the following upper bound:
_ENu(L2) 20— Dis@i+4n
S+ Del k) T QU+ D240 - 1)

_ o s@ian 21+ 1)?
R+ NE+T) (1)

01+ 1,1,2) + 1

This completes the proof.

3.2. Proof of Theorem 2

From Theorem 4 we have the constants ¢(l, k). Imagine that we have a table
with ¢(l, k), where [ is the number of a row and k is the number of a column. The
sum of all numbers in the table is equal to 1. The sum of numbers in [-th row is

equal to
4

(r i+

It can easily be checked using the definition of ¢(l, k). But we need to calculate
Mﬁ(k), so we are interested in the sum of all numbers in k-th column. More

precisely,
o8]

Z lk+ZEPlk

=1 =1

oo
First we estimate Z c(l, k). Recall that
1=1

c(l,0) =0,
2k + 14k
o1, k) = + ,
G D+ 2kt 3)(k+4)
I+ k—1 -1
k) =l k- ) =1 ) k>0,0>1.

204+ k+2 A+k+2

Note that there exists a function C(k) > 0 such that for all [ > k > 0 and
[ > 1 the inequality

e(l, k) < C(k)z—lu (2)
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holds. Indeed, the case of k£ = 0 is obvious with C(k) = 0. In the case of k > 1 we
define C(k) so that C(k) > C(k — 1) and (2) holds for | = k. We have

(=1 .y (1)
(SRR T

(- 1)!
(- k)

e k) _ Clk—1)

C(’k) < om (I+k—-1)27"

Ql+k+2)

_(l—l)!(l+k—1 ) y
<2 20-k) ) < Ql+k+2)2
=k \i—pr TA=R) <@+E+2)

This proves (2).
In particular, the series

> " Me(l, k)
I=1

converges for all N and k.
Let us make some transformations:

QU4 k+2)el k) = (I+k— el k— 1) + (1 — el — 1, k),

i(ﬂ +k+2)c(l, k) = i(l +k—Dec(l,k—1)+ i le(l, k),
=2 1=2 =1
XOO:(I +k+2)c(l, k) = i(l +k—1c(l,k=1)+c(1, k).
=2 =2

Put

6]

Ty = Z c(l, k).

=2

Then o = 0 and for k£ > 1 we have

(k+ 2)ap = (k= D)z + (1, k) + f: e, k- 1) — c(l, k).
=2

(k+2)(k+ Dkzy = (k= 1)(k+ 1)kxp—; + (k+ D)ke(1, k) +

x

+ 3 Uk(k+ De(l, k= 1) — k(k + 1)e(l, k),
=2
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(k+2)(k+ )kzy =
k
=> (s(s+1)(s+2)zs — (s = I)s(s+ 1)zxs—y) =

s=1 s=1

NE

s(s+ 1)e(l, s) +

00 k k

+ Zz(Z(s(s+ De(l, s —1) = s(s+ 1)e(l, 3))) = " s(s+ e(1, s) +
=2 s=1 s=1
00 k

+ Z l( Z((s + 1)(s+2)—s(s+ 1))e(l, s) — (k+ 1)(k+2)e(l, k)) =

kl:z s=1 . )
= " s(s+De(l, s) +Zz<22s+ )e(l, s) — (k4 1) (k +2)c(l, k))
s=1 =2 s=1

2 | X
m Z l( Z + De(l, s)) % l_zz le(lLk).  (3)

Put

Then

1 - 2 1
T = WSEIS(S‘FI)C(I,S)—FW (8+1)y3— —Yk.

E

s=1

Make some transformations:

L+ k+2)le(l k) = 1+ k- Die(l,k—1) + 11— 1)e(l — 1, k),

o9} o0

STQU+k+2)lel k) = (1 +k— el k— 1) + i U1+ De(l, k),
=1

=2 =2

o0 oo

S (U+Ek+Dlel, k) => (1+k=Dle(l, k= 1) +2c(1, k),

=2 =2
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kyx + f:(l + Dle(l, k) = (k= 2)yp_1 + i {1+ De(l, k= 1) + 2¢(1, k),
1=2 1=2

k

k(k=Dyr=> (s(s—1)ys— (s—1)(s—2)ys-1) =

s=1

k 0 0
=> ((s— DD U+ 1)e(ls—1) = (s—1) > 1+ Dile(l, ) +2(s — 1)c(1,s)>
s=1 =2

=2

k
=2 (s=1)c(l,s Z l+1)z (l,s)- kleJrl (L.k).

s=1

For k > 2 we have

o

00 k 00

+ k(kl_ 0 ;l(H 1) ;c(l, 5) — ki . Z;J(H De(l, k).

Let

X

2= _ I+ 1)c(l, k)

1=2

Then for k > 2
k k
1 —
s:l 8) + o 1) ; ®

Make similar transformations

QI+ k+2)1(1+ De(l, k) = I+ k= DI+ 1)e(l,k— 1)+ I+ 1)I(I—1)e(l—1,k),

o0 o0

ST@U kU el k) =S (k- 1)U+ De(l k- 1)+il(l+l)(l—|—2)c(l,k),
=1

=2 =2

o0 o0

D R+ el k)= (I+k=1)I(I+1)e(l,k—1)+6c(1,k),

=2 =2
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00

k
DD )+ el s) = sz I+ 1) c(ls+26cls)

s=1 1=2 s=0 [=2

00
{

[o¢] k

D W+ R)IE+ Del, k) =D 6e(1, 9).

Since
1
c(l,s)zO(;),
we have
> 1< 1 1
0< 2 < I+ RiA+ )k =0( -5 =) =0(-),
< 0 B el O(k;sz) o()

>G5 et = 0 S ) = 0toeh),

s(s+ 1)e(1, s) + O(loiz k)

=
A~~~
ol
+
=
A~~~
ol
_l_
NS
N
»
-

Finally,

2 1 i
c(1,s) = S5 +O<83> SO Zs(s—i— 1)e(1, s) = 2k + O(log k)

and

B 2 Lo log® k _34_0 log? k
T et )(k+2) B ) r B )

> 4 log? k
Zc(l,k):c(l,k)+xkzﬁ+0<0g )
=1

k3
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Now we can estimate M; (k):

[0 ¢]
Z (1+ 6(n, 1, k) ZEPlk

The first sum:
> 4n nlog’ k
I=1

The second sum:

NE

=1

o0
c(lkyn10(n, L k)| < D c(l, k) (20 + k)
=1

Z e(l, k) +Z4zkczk +Zk2 (I k) =

o(1, k) +Z4ll+1)cl k) — Z4lcl k) +

=2

+ake(1, k) + > dlke(l, k) + > Ke(l k) =

=2 =1

o0
= (4+4k)c(1, k) + 4z + (4 — 4y + > Ke(l k) =
=1

1 1 logk log’k
—0<E+E+T+ A +1]=0(1).

The third sum:

D CER(LK) <D p(l. k).
=1 =1

Recall that

l+k-3 -1

k>0, [>3.
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For the other values of [ and k we have p(l, k) = 0. We can estimate p(l, k):

6

p(LF) < W+

Indeed, it is easy to check that the function 6/(l (l + 1)) follows the recurrent
relation. So when [ =2 and k = 0 we use the fact that

Lk =1< ,
p(L, k) (1)

and then we proceed by induction. Hence the series

> (. k)

=2

converges. In other words,
0
> (k) = 0(1).
=2

Therefore

4n nlog’ k 4n log® k k?
My(k) = — — 1 H=—11 =~ .
() k2+0< 3 >+O()+O() k2<+0< k +0 "

This completes the proof.

Now we must only prove Lemma 1 and Lemma 2.

3.3. Proof of Lemma 1

In [6] Bollobés and Riordan computed the expectation of the number of vertices
with degree d. But they only looked at d < n'/" and proved that

4n

M) ~ TaT D@ T Y

We are interested in EM(d) for any d. In addition, we want to estimate |6(n, d)|.
Therefore we compute M,ll(d) in this paper.

The proof is by induction on d. First we need to consider 2 cases: d = 1 and
d=2.
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Consider the case d = 1. Obviously, Mol(l) = 0. Assume that

Then

1 23
1 1
M) =20 (1= 555 ) + 5

%Nl - % % 2 i 20w -
=21+ 86,1 Sy I A1) —
3(+(" >)2i+1+2i+1 3(” ISR LG ))

C2(i41) 1 2i? =
=73 (1 @I nGEn T @menarnte D)‘

2¢?

0(i+1,1) = m?ﬁ(i, 1) —

i+ 1) +1)
Note that
24 1 1
. - + = . < —.
2+ 1D)@E+1)  i+1D)E+1) i+

160G+ 1,1)] <

This completes the proof for d = 1.
The case d = 2 is somewhat different. Obviously, M(} (2) = 0. Suppose

M!(2) = 2(1 +6(3,2)).

Then
M@ = Ml@(1- 57 )+ Mg+ 5
:% 1+ 8 2)211 +3(2@211) (H%’l)) +2z‘i1 -
R i (222;11)15(/&, 2) + 21,4—j1§(i, 1)) _
(1 (2i+ 1)(i+ 1) (2@%1}(2& 1)5“’ 2+ m%’ 1))'
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Put

_ 5 (2i — 1)i

| 44 5
0(i+1,2) = Qi+ DG+ (2i+DE+1)

arnarn Y

0(,2) +

Note that (i, 1) < 0. Hence

Qi—1)i ~.
it G+ 2)‘ *

103 +1,2)| <

5

4 .
+ max {‘ i+ 1D)E+ 1) | Qi+ 1)(E+ 1)0(1, 1)‘}.

We got necessary bounds for (i, 2) and (3, 1). Thus, it is easy to check that

]

~ 4
01+ 1,2)] < ——.
i+ 1.2 <
This completes the proof for d = 2.
Suppose d > 3 and we can prove the theorem for all smaller degrees. This case

is proved by induction on i. For i = 0 we have M, (d) = 0. Assume that

4

Mi(d) = d(d+ 1)(d + 2)

(14 6(i, d)).

d—1
M. (d)=M@@d)(1-—— ) +Md-1)— =
i+1(d) Z()< i )+’( it
4i(2i + 1 — d) ~ 4i

- (1+66,d)) + d(d+ 1)(2i + 1)

d(d + 1)(d +2)(2i + 1) (1+06(i,d 1)) =

4+ (
TddrDd+)\  @irna+n T

i2i+1-d) ~ id+2) ~ .

o 10 G 504 Y)
If2i4+1—d >0, we can put
Bt d) = — Wirl=d) g, 5y M2 F. 4 )

Qi+ )GE+1) @i+t Qi+ 1)+ 1)
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We obtain the following estimate:

~ 1
10(i+1,d)| < m—i—

i(2i+ 1 - d)
Qi+ 1)(i+1)

id+2) = d?

|9(’I,, d)| + mle(l,d— 1)| < i I

If 20 + 2 — d < 0, we have no vertices with degree d in Gﬁ“. Indeed, in G’i“ the
sum of all degrees is 2i+2. If d > 2i+ 2, we obviously do not have enough edges. If
d = 21+ 2, then it is easy to check that we can not have any vertices with degree d

(d > 2). So we can put 6(i + 1, d) = —1. This concludes the proof.

3.4. Proof of Lemma 2

Obviously, EP,(0, k) = EP,(1,k) = 0. For all kK > 0 we have EP,(2, k) = 0.
For k = 0 we have

n n n
1

2j—3 1 n
EP,(2,0) = = = <1
n(2,0) Z2z‘—1j:i+12j—1 i:ZIZn—l 2n— 1

i=1

The rest of the proof is by induction. Consider [ > 3, k > 0. Assume that we
already proved that EP,(i, j) < p(i, j) for all 4 and j, such that ¢ <[, j < k or
1<, j<k.

Trivially, Py(l, k) = 0. It is easily shown that EP, (I, k) = 0 if 2+ 4 < 2]+ k.

If 2i+4=2l+kand P (l,k) #0, then =i+ 2 and k = 0. And we have
only one graph with P, (I, k) # 0. Arguing as in the end of Section 3.1, we see
that the probability of this graph is

=1
Qr-1n
From the recurrent relation we have
p(l,0) = Ty
In our case we get
I—1)! 1
epak = LD L)

(U-1)n "2k
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If 29+ 3 > 2l + k, then

204+ k-2
2i+1

l+k-3 -1
EP(Lk—1)— ER(I—1,k)——.
>+ (L )m+1+ ( mm+1

EP. (I, k) =ERi(L, k) (1 -

Using the recurrent relation for p(l, k) and induction on ¢ it is easy to prove that
EP,(l, k) < p(l, k). This concludes the proof of Lemma 2.

3.5. Proof of Theorem 3

This proof is similar to the proof given in [6]. But our case is more complicated.
We need the Azuma— Hoeffding inequality (see [1]):

LEMMA 3. Let (X;)i—o be a martingale such that |X; — X;_1| < ¢ forany 1 < i < n.
Then

P(|X, — Xo| > z) < 2e 2

22
c

for any x > 0.

Suppose we are givenan € > 0. Fixn > 3and k: 1 <k < n'/6=¢. Consider the
random variables X'(k) = E(X,(k)|G}), i = 0,...,n. Let us explain the notation
E(X,(k)|G}). We construct the graph G} € &' by induction. For any ¢ < n there
exists a unique G} € &} such that G} is obtained from G}. So E(X,(k)|G}) is the
expectation of the number of vertices with second degree k in G} if at the step ¢
we have the graph GY.

Note that X’(k) = EX,,(k) and X"(k) = X,,(k). From the definition of G} it
follows that X*(k) is a martingale.

We will prove below that forany ¢t =1,...,n
X' (k) — X'~ (k)| < 10k log n.

Theorem 3 follows from this statement immediately. Put ¢ = 10 klog n. Then from
Azuma— Hoeffding inequality it follows that

nk? log*n
P(|X,(k) — EX,,(k)| = k+/n log>n) <2 - = = b =0(l).
(1%0lh) ~ EX, (1) > kv tog'n) < 2000 { - S22 2
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Ifk<n” 676, then the value of n/ K is considerably greater than k log2 n v/n. This
means that we have

(k v/n log® n)

oy

This is exactly what we need.

It remains to estimate the quantity |X*(k) — X' '(k)|. The proof is by a direct
calculation.

Fix 1 <4 < n and some graph GZ ', Note that

[E(Xa(R)IGY) - E(Xa(RIG)| <

gGlrnegl(l{E( k)|G)}— mg}l{E( |G)}

Put
G = argmax E(X,,(k)|GY), G\ = argmin E(X,(k)|G!).
We need to estimate the difference
E(X,(k)|G1) — E(Xa(R)IGY)-

Using the notation N, (I, k) and P,(l, k) from Section 2, we get

o0
W(B)IG1) =D E(N, lk|G1+ZE (1, k)G,
=1

X (R)IG) =D EW, lk|G1)+Z (1, k)| GY).
=1

For : <t < n put
e(l. k) = E(P(L k)|GY) — E(B(L K)IGY), €l k) = el k)I(e(l, k) > 0),

8i(k) = E(Ny(K)|GY) — E(N(K)IG)),  81(K) = 6,(K)I(S:(k) > 0).
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Note that

E(Xa(R)IGY) — EXa(R)GY) = D 8ull. K) + D eall k) <
=1 =1

00 00 00 k
<YL R DL <D (0, ) + €l ).
=1

=1 =1 j=0

Let us estimate this double sum.

First suppose that n = i. Fix G’fl. Graphs éﬁ and 5’; are obtained from the
graph Gﬁ_l. We add the vertex i and one edge 7q or iq, respectively. New edge
changes only the degree of § or ¢ and the second degree of neighbors of § or g,
respectively. Consider @1 Fix [ and j < k. We are interested in measuring the
growth of the number of vertices with degree [ and second degree j at the step 4.
First ¢ can become a vertex of second degree j with j < k. Secondly the vertex
q can become a vertex of second degree j with j < k. Thirdly the second degree
of neighbors of § increases. If § has at least k + 1 neighbors in Gl , then after
the step ¢ these vertices have second degree bigger than k& and we do not count
them. If ¢ has at most k neighbors in G’i_l, then at most k vertices change their
second degrees at the step ¢. Arguing as above, we consider @’i. We are interested
in measuring the decrease of the values N; (I, j) and P; ([, j). First g has new
degree after the step ¢. Secondly some neighbors of ¢ can have second degree j < k
in G (so the number of the neighbors of ¢ in G is not bigger than k + 1). Let
us sum all the just-mentioned numbers. We have

© k
DD () +eld)) <1+ 1+k+ 1+ (k+1) =2k+4.
=1 j=0

The case n = ¢ is complete. Now consider ¢: 1 <t < n — 1. Note that
E(Ma(DlGh) = (M) (1 Ly, 2
R TR 2A+1) " 2+1

e (Nen@ie) <€ (M161) (1- 577 ) +E(MIG) 5+ 5

2t+1 2t+1 2t+1°

£ (N 16h) =€ (Maiet) (1- 527 ) <€ (M- viet) 5 2,

2t+1 2t+1°
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E(Net1 (1, 4)IGY) =

— E(Mi(1, §)IGY) (1 B j+2) N FE(N(1,5 - 1)|GY) . JE(N(5)IGY)

2t+1 2t + 1 2t + 1 ’

E (N (LIGH) =E (Nt 9)IGY) (1 _ ;l:ﬂl ) G (Zﬁ - LAIGY)

(I+3j—1E(N(L, 5 - 1)|GY)
+ ,
2t -+ 1

A i - 2 !
E(Pi11(2,0)[G1) = E(P(2,0)|G}) (1 2+ 1) HETERE

1>2,

N N _M
E(Piii(1,5)IGY) = E(R( 9)IGH) (1 2+ 1 ) i

I+j—- -1

—— +E(P(l - Gl [>3
) %11 + (Bl = 1,9IG1) 57— %1
We obtained the same equalities in proofs of Theorem 4, Lemma 1, and Lemma 2.
Replace G by G} or G in these equalities. Substracting the equalities with G from

the equalities with G} and using the inequality (@+b)I(a+b>0)<al(a>0)+
+bI(b > 0), we get

+E(R(L G- 1)IG)

.1 () <) (1— L) rag-niL

2t+1 2t+1°

' _ J+2Y  d&(Li=1) | 350)
S (1,7) <8(1,5) [ 1- ’
11 (1,7) < ( J)( 2t+1> T 2t+1 +2t+1

o , 245\  (-D&(I-1,5)  (I+5i—1)8(j—1)
<6 -
&H@ﬁ\&@ﬁ<12H4)+ %+ 241 ’

2
eﬂdl@éé@ﬁw}————)

2t+1

, , A+j—2 I—1)e(l—1,]
e@@ﬁgé@ﬁo— %+1>+( ;i1 =

I+7-3)el,i—1)
2t+1 ’

[>2,

[>3.
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Now we can estimate the sum

oo k
ZE 1 ( l])+ZZ€t+1 (L)<
I=1 j=0

=2 5=0

o J+2\ | 36 (L,5=1)  §6,(5) 2
< — I
\Z(Ml’”(l 2t+1)+ el R G U

J=1

x k

' 2+5Y , (=D& (-1j5) (+j-1)d(1j-1)
oo k . . . .
' 2l+]—2> (=Del-1.7)  (+5-3)el.i— 1)> _
+§]ZO (Et(laJ) (1 w1 )T 1 2t+1 -
e 2t+1 po 2t+1 2t 41
oo k oo k . .
. 24 5)8)(1,j 16)(1,
DD NI 9p picis iU N 3 LT
1=2 j=I =2 j=1 =1

ik“ (1+)a(Lg) 2¢(2,0)

2,0)—
+ r1 05
=2 j=1
&L (2+5-2)é(L.5)
+ZZQ D D e v m
=3 j=0 =3 j=0

k-1

ley(1,9) 2et20 = (I+j- Zetlj)
DRI I ORI

1=3 j=0 1=3 j=0 2+1

ok . .
:ZZ (51& 1,j)+ell, ) Z]&(])_Z&(Z’ l+k Zet (Lh) l+k—2<
=1

2t+1

0]

39 (at (L4 +el ) +ZJ‘SI(J).

=1 =0 2t+1
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It remains to estimate the sum

v

Xk: 76,(5)
- 2t + 1
j=1

Note that for any ¢ > ¢ we have
k
D8 <3
§=0

It is obvious for ¢t = 7 (when we add a new vertex ¢, we change only the degree of
qgorq). Ift+1>1, then

Z‘Sm ij (52(3')(1 — ﬁ) 80— 1)%) _

J=1

ol

— S8 - AR

, 2t+1
j=1

k
In other words, Z 6,'5( j) is not increasing when t is growing.
j=1

So we get
. © k 3k
2.2 (Ol +en9) <30 @) +ea.9) + 377
I=1 j=0 =1 =0
Thus we have
' o~ k n—1 3k
ECGLRIGT) — ECRIGH < 30 D (01 + 6(L.3) + 3 377 <
n—1
3k <2k+ 54+ kl 10kl
2t + 1 en s e

t=1
This concludes the proof of Theorem 3.
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