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1. Introduction

Let ||£]|| denote the distance from real £ to the nearest integer. Let

1 ++/53
=

In [6] W. M. Schmidt proved the following result.

THEOREM A. (W. M. Schmidt) Let real numbers «y, o be linearly independent over
7. together with 1. Then there exists a sequence of integer two-dimensional vectors
(z1(2), 22(%)) such that
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1. z(), (i) > 0;
2. |lagzi (i) + apza(3)|] - (max{z (%), z(7)})¥ — 0 as i — +o0.

W. M. Schmidt posed a conjecture that the exponent ¢ here may be replaced
by 2 — & with arbitrary positive £ (see [7]). In this paper we show this conjecture to
be false.

Let o = 1,94696" be the largest real root of the equation

=22 —dz+1=0. (1)

THEOREM 1. There exist real numbers o, oy such that they are linearly independent
over 7 together with 1 and for every integer vector (m;, m;) € 7 with my, my =0
and max(my, my) > 220 one has

1

2390(max(my, my))°

[lmio + maas|| >

200 4300
2

Of course constants 27, in Theorem 1 may be reduced.

Theorem 1 will be proved in Sections 3-9.

2. Diophantine exponents

Put
t) = t) = min mio; + mya
W) == omin e mal)
¥(t) = Yoo () = _min  max ||zay]|
and

Yy(t) = ¢+:a1,az(t) = min [lmiog + maas||.

my,my€Z4, 0<max(my,my) <t

Recall the definitions of Diophantine exponents
w=sup{y: liminft"y,, 4,(t) < 00},
t—00

W=sup{y: limsupt iy, q,(t) < o0}

t—00

and

W' =sup{y: liminf "9, 4 (t) < oo}
o0

t—
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We introduce Diophantine exponents
wy =sup{y: liminf "9 .4, 0,(t) < 00},
t—00

and

@y =sup{y: limsupt’9 a0 (t) < 00}

t—00

In fact W. M. Schmidt proved that for «;, o, under consideration one has the
inequality

-~ o~

w ~ w

from which we immediately deduce w; > ¢. From Schmidt’s argument one can
easily see that for «;, a; linearly independent together with 1 one has

We would like to note here that Thurnheer (see Theorem 2 from [8]) showed that
for o, oy linearly independent together with 1 in the case

1
ng*:w*(@)gl
one has
2
w41 W+ 1
> 1 3
Wi 4w"+ <4w*>+ (3)

(inequality (3) is a particular case of a general result obtained by Thurnheer).

A lower bound for wy in terms of w was obtained by the author in [4]. It
was based on the original Schmidt’s argument from [6]. However the choice of
parameters in [4] was not optimal. Here we explain the optimal choice. From
Schmidt’s proof and Jarnik’s result

w>ww-1)
(see [1] and a recent paper [3]) one can easily see that

w; >max{g: max max Amin(ml_gz_g;xy_lzﬁl)gl}. (4)

Y LP <P yiKa<e
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This inequality immediately follows from Schmidt’s argument, see Lemma 1 and
Lemma 2 from [4]. The right hand side of (4) can be easily calculated. We divide
the set

A={(wD)eER: =2, w>B@-1)}
of all admissible values of (w, @) into two parts:
A =2A, Uy,

@ - 1
2 o> O(w ) }’

A =43 (wd)eR: 2<B<LY’, w> ——
~{wo <o RmbN

Ay = A\ Ay

If (w, W) € 2, then

1fw+1 +1)\°
W+>G(w)=5(w7+ (%) +4)

(the function G(w) on the right hand side decreases from G(2) = 2 to G(+00) = ¢).
If (w, W) € A, then

So we get the following result.

THEOREM 2. Let real numbers o, o, be linearly independent over 7. together with 1.

Then
1 /fw+1 w+ 1\’ . w
wyzmax | - | — + — ) +4);w-14+—].
2 w w w
This theorem gives the best bound in terms of w, @ which one can deduce
from Schmidt’s argument from [6].

3. The construction

We shall deal with the Euclidean norm for simplicity reason. So we use | - | for the
Euclidean norm of two- or three-dimensional vectors. By angle(u, v) we denote the
angle between vectors u, v.



155] Positive integers: counterexample to W. M. Schmidt’s conjecture 67

Define
S ;‘72 — 1,23029". (5)
Note that
or—1>T1. (6)
Put
w=T1+1. (7)

FUNDAMENTAL LEMMA. There exist real numbers o, ay € R linearly independent
together with 1 over 7. and such that there exists a sequence of integer vectors

my= (1,1, -1), m,=(my,m,my,)€EZ, v=1223..
satisfying the following conditions (i)—(v).

(i) For any v > 1 the triple m,_,, m,, m, consists of linearly independent
vectors, and each two-dimensional sublattice

['1/ — <mI/7 my+1>Z
is complete, that is
yARS spanL, =L,, v=0,1,2,3,...

(if) Define

ﬁu - (ml,v’ mZ,V) € Z2 MV - |m1/|

and

G = Moy + M0 + My,

For every v > 0 one has

1 2
S SO S . 8
T T ©

(i) 2199 < My < 2% and for every v > 1 one has

M, < M, )
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and
MUT—I
H,< M, <2°H,, H,=—%— (10)
~ ~ b 220
(iv) For every v > 0 one has my, - my,, < 0; moreover for the vectors
1 0
€ = 5 € =
0 1
one has
1
angle(m,, e;) > 7 j=12. (11)
(v) For every v = 0 for vectors
m, = (M, Myy), My = (M yp1, Myytt)
one has
_ 1
angle(m,, £m, ) > 7

We give a proof of Fundamental Lemma in Sections 6—8. It uses a standard
argument related to an inductive construction of special singular (in the sense of
A. Khintchine) vectors (quite similar but much easier construction was used in [2]).
Inequality (6) is of major importance. Many different properties of singular vectors
are discussed in our recent survey [5].

For every v we define two-dimensional lattice A, = (m,,, m, )z C 7. Let D,
be the fundamental volume of the lattice A,. Obviously

Du < MI/MI/+1‘ (12)
From the condition (v) one has
M, M,

In the sequel we use the following notation. For an integer vector

m = (mg, my, my) € Z°
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we define
¢ =¢(m) = my+ mia; + myay, m=m(m) = (m;,my) € 7?
and
M = M(m) = |m]|.

In Sections 3, 4, 5 below we suppose that «;, o, are the numbers from

Fundamental Lemma.

4. Linearly independent vectors

We prove a lemma concerning a lower bound for the value of |{(m)| in the case
when the vector m € Z° is linearly independent of vectors m,, m, .
Consider the segment

1 M; 1
IV == (4MVM1/+1) /U’ ZL:_ (14)

(inequalities (6) and (9) show that the left endpoint of the segment is less than the
right endpoint indeed).

LEMMA 1. Suppose that a vector m € Z? is linearly independent of vectors m,,, m, |

and
MeT,. (15)
Then
[C(m)| > M°.
ProoF. Consider the determinant
my my mp C(m) my my
A= mO,I/ ml,l/ m2,1/ - CI/ ml,u m2,1/
mMo,y+1 My1 M4l Cut1 M p41 M2 41

We see from (8, 7) that

1< Al < 20¢(m)IM, M, 11 +2 MM, ).
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From the inequality M < M,f+1/24 which follows from (15) we see that

1

PMM,], < 5.

That is why

1
|C(m)| M, M, > 4

Now we take into account the lower bound for M from (15) and the lemma
follows. i

5. Vectors dependent with m,, m,

Condition (i) means that each integer vector m € 7 which is linearly dependent
together with m,, m, | can be written in a form

m = Am, + pm, |

with integer A and u. So if m € VART linearly dependent together with m,, m,;
then for «cut» vectors we have the equality

= A, + g, (16)

with integer A and p.

LEMMA 2. Suppose that a nonzero vector m = (my, my, m,) € 7} satisfies the condi-
tion my, my = 0 Suppose that vectors m, m,, m, are linearly dependent for some v.
Then

[¢m)| > 27M

PrROOF. We can split two-dimensional lattice A, into a countable union of one-
dimensional lattices A, , in the following way:

A, = |_| Ay Ap={z=(21,2) €A, z=Xm,+pm,, A€ Z}.
WEZL

By the condition (iv) there are no non-zero points (21, 2,) € A, satisfying z;-2, > 0.
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Suppose that p # 0. As the fundamental volume of A, is equal to D, we
see that the Euclidean distance between any two neighbouring lines aff A, ,, and
aff A, ;41 is equal to

D,

o2 2 '
ml,u+m2,y

That is why the conditions

(m]a m2) € AI/,;M mp, mp > 0 (17)
imply
D M,
max(my, my) > 22 |“|28”“ (18)

2M,

(in the last inequality we use (13)).
From the other hand conditions (17) together with (11) from (iv) lead to the
inequality

for the coefficient A from (16). So (we apply lower bound from (i) for ¢, and upper
bound from (i) for () we see that

14 12 = 14 v = .

Now we apply lower bound (9) from (iii). It gives M f; >2*M,Mj,,. So

|l
IC(m)| > —————.
29M, M,

Now we should use lower bound for M, in terms of M,. For v > 1 the lower
bound (10) from (iii) gives

_19__20_ —r— _19_ 20 _ _ _
Cm)| > 27 7 |l [ =27 T My > 2l M, (19)

(here we use the definition of ¢ as a root of (1) and (5) to see that 7+1/(o7—1) = 0).
But for v = 0 this is true also, as My = 1 and o > 7: for a vector m € A, one has
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IC(m)] =2 |plM; T =2 2| u/M, °. Now we combine (18,19) to get

|N|1+U 1
2300 pfo > 2300 pfo°

|¢(m)| >

Lemma 2 is proved. O

6. Proof of Theorem 1
We take oy, o, from Fundamental Lemma. Consider an integer vector
m = (my, m;, my) with my, my > 0.
We may suppose that [{(m)| = ||m a; + myay||. If for some v vectors
m, m, m, (20)

are linearly dependent then application of Lemma 2 proves Theorem 1. So we may
suppose that all triples (20) consist of linearly independent vectors for every v > 0.
Now to prove Theorem 1 we may use Lemma 1. It is enough to show that

UZ 5 [2%, o)

v>0

(segments Z, are defined in (14)). But this follows from the condition M; < 2**
and the inequality

(4M,M,11)"" < My /2",

The last inequality is a corollary of the right inequality from (10). [l

7. Fundamental Lemma: beginning of proof
For the inner product of two vectors w = (wp, wy, w,) and & = (&, &, &) we write
w- &= wo&p +wi& + wr&y.

Let m € Z° be an integer vector. The formulation of Fundamental Lemma deals
with the values of M = M(m) = |[m|. To describe the ideas of the proof it is much
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more convenient to consider the Euclidean norm M = |m| of the vector m itself
than the Euclidean norm M = [m| of the «cut» vector m € Z*. Of course values
of M and M are of the same order for all integer vectors m under consideration.
We may assume that M < M < 8M (we may suppose that in the sequel all the
numbers & ;/& ;. &.j/60,; and oy, a; below are from the interval (0, 2)).

We take two unit vectors

- ()m)). 9~ (- () n(Y)

So il , iz € R’ satisfy the conditions

1
y <0, 1>0, 4$1<0, yh>0; angley,—e) =73,

_ 1 o T 2
angle(y’, ;) = -, angle(§,¥) = = — -. (21)

3 2 3

Let
6:{X:($o,$1,$2)€R35 x| =1}
be the unit sphere. We construct a sequence of nested closed sets

B,,CGD{x:(azo,wl,xz)ER3: 12 <xy < 1} (22)

by induction. Their unique common point

X = (133, .’L'T, .’E;) € m B,
14

will define real numbers a; = z}/x;, on = x5/x; which satisfy the conclusion of
Fundamental Lemma.

The base of inductive process is trivial. The only thing we should point out is
that we must suppose that

1 1

angle (m;,y') < 70> angle (m,, y°) < 70 (23)

This is possible as we do not have any important condition for integer vectors m
with small value of M.
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To proceed the inductive step we suppose that the following objects are already
constructed:
1) primitive integer vectors m; = (mgj, mj, My ), 0 < j < v with M; = [m;|;
we suppose that these vectors satisfy the condition (iif); we suppose that every triple
m; |, m;, m;;; consists of linearly independent vectors; moreover, we suppose that

I
angle(m;,y') < = (24)

for odd j, and

angle(m,, y2) < (25)

28
for even j;

2) two-dimensional complete sublattices £; = (mj, mj; )z, j = 0,...,v — 1 with
fundamental volumes d; satisfying inequalities

MMy

5 S b < MMy (26)

(here the right inequality is trivial, the left one means that the angle between vectors
m;;, m; is bounded from below);

3) vectors & = (&4, €15, &) € G suchthat § L my, & Lmjp, 0<j<v—1,
and one-dimensional linear subspaces =; = span§;, 0 < j < v —1;

4) two-dimensional linear subspaces
é(;: {x:(xo,xl,a:z) eR’: x-mj:O}, 0<j<v-1,

and two-dimensional affine subspaces

1

I

K;Z{X:($O,$1,I2)ER3:X'HM‘ }’ 0<J<V—1,

5) spherical domains

1
Cj:{x€6: dist(X,Ej)éwi}, 0<jsv-1
j+le
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(here dist (-, -) denotes the Euclidean distance between sets or between a set and
a point) and closed sets

1

M,

gj:{XEGHCj: X mj > }CG, 0<ji<v—-1

(so a part of the boundary of G; belongs to 5]1');

6) we suppose that the vector m,, is defined, so we can consider linear subspace
0 3
éy = {(mOa Zy, IQ) eER’: m,,Zo —+ my % + my Ty = 0}’

we suppose that linear subspaces K(; for every j from the range 1 < j < v satisfy the
condition

6NGi1#£9, 1<j<y;

moreover we suppose that for any j within the range 1 < j < v there is a point
n; = (Moj» M j-Mhj) € Eg N Gj—; such that the sets

1

satisfy the condition
Bj C gj,1 - Cj,1 C ijl- (27)

Here we should note that By D B; D --- D B,_; D B,,.

Now we show that the vectors m;, 1 < j < v and every pair «;, o, of the form
a) = T1/%, ay = Ta/Ty, X = (T, X1, T2) € B, satisfy all the conditions (/)—(v) of
Fundamental Lemma which are defined up to the (v — 1)-th step.

The condition (i) is satisfied as in 1) we suppose linear independence of any
triple of consecutive vectors, and the completeness of the corresponding lattice is
stated in 2).

The condition (i7) follows from the fact that x € B; C G;_; where G;_;, j < v
are defined in 5). Indeed for such x = (z9, x;, Z;) one has

1 1
M < Mo jTo + My ;&) + My T < ——,
J+1 Jj+1

0<j<v-1.
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Soas 1/2 < zp < 1 (see (22)) we have

ﬁ?’ﬂ <my; +my oy +my jon < M;H, 0<j<v—1l.

As M < M < 8M and w < 3 we have
;<m0'+ml'al+m2~a2< 2 0<j<v—-1
210 Mf-&-l >J 5] N M;J_H 5

Inequalities (8) are established.

The condition (iii) is a part of condition 1).

The conditions (iv) and (v) follows from the conditions on angles (7)
and (24), (25).

So everything is good up to the (v — 1)-th step. Our task is to define an integer
vector m,1; and all related objects of the v-th step.

8. Lemmata

Consider n = (ng, ny,ny) € 7? such that the triple n, m,_;, m, forms a basis of
7*. Such a vector does exist as the lattice L,_1 is complete. We may suppose that

max(|n|, |na]) <M, n-§,_;<0. (28)
We consider the two-dimensional lattices
Looiy=A{z=Am,_;+Xm, +pun, A, )\ €7Z}
and the two-dimensional affine subspaces
Ly yp=aff L, .

Write
21/71 = £-\41/71,0-

Note that

2= | Loy

WEZ
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Infactn € £, ;. The Euclidean distance between the neighbouring affine subspaces
Ly 1y and £,y 4 is equal to d,;l 1. Put

pe = [8d, 1 H,M, “M, . (29)
In fact p, is of the size
u*xM,f, t=o0or—-—w>0

(here the latter inequality follows from (6)).
Now we define the two-dimensional linear subspace £, C R and a point
w, € aff £, ,, as follows. Consider one-dimensional affine subspace

m=0_Ng | CR.

Define

¢;, = span (m, Un,).
As &, L £,y and &, € 6,0,_1 we have &, L m, and &,_; L m,_;. Note that
¢} can be obtained from 62,1 by a rotation around ,. Let ¢ be the angle of this

rotation. Suppose that n:, is the image of the point £,_; under this rotation. It will
be important for us that

T € Gor. (30)

Let w, € aff £,_; ,, be the unique point such that w, L ;. We see that w, L n'y.
We see that the points

m,_p, Wy, él/*l, n:/ (31)

belong to a common two-dimensional linear subspace 3 which is orthogonal to the
one-dimensional subspace m,. Moreover,

2
le(m,_;, w,) = angle(§,_1,1m,) =¢p € [0, ——— ). 32
angiem,-1,w,) = anele(6i-.1) ~ 9 € (032 ). @)
Now we define the disk

H,
D,=qweaffL,_,, : w—w,,|<w .

[\

We need three more lemmas.
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LeEmMA 3. Ifw € D, then
H, < W < 2°H,. (33)

PrROOF. Let
pP= diSt(TIL, EI/*I)

be the Euclidean distance from the point 7]:, € G to the affine subspace =, ;. By

(30) we have
1 1

<p<

———— < p< ——. (34)
2M(13)MV—1 Mx“/)Ml/—l

Note that the Euclidean distance from w, € £, 1, to £, ;o =span L, | is
equal to p./d, ;. We take into account that the points (31) belong to a common
two-dimensional subspace P8 and the equality (32) for the angles to deduce that

Wy | 1
H*/dyufl N ; (33)
From (34,35) and (29) we see that
7H, < |w,| < 2°H,. (36)
That is why for every w close to w,, we have
6H, < |w| < 2°H,. (37)
Hence for the «cut» vector w we have (33). Lemma 3 is proved. O

For w = (wy, wy, wp) we consider the two-dimensional linear subspace
fw] = {x = (z0, 71, ) € R’: x-w= 0}.

Consider a smaller ball B,', C B, with the same center 7, and radius

1
2’MYM,_;

LEMMA 4. Suppose that w € D,,. Then

Uwln N B, + 2. (38)
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PROOF. As w, L 7, and (w—w,) L £, | we have
Wy Ty = (W—W,,) '§V—l =0.
We make the following calculation:

w.nI/:(W_WI/)'TIV:(nll_gllfl)'(w_wl/)-

As
| | < T ond 7, — &1] < 3
W—W,| & /5 an =& < ———
210 n 1 MM,
by means of lower bound from (37) we have
cos(angle(w, 7,)) = wen| _ [w=w|x|n, — &l 3
9 14 |W| ~ |W| ~ 211MI‘;)MV71 .

That is why the angle between vectors w and 7, is close to m/2 and we have
(w]N B, # @.
To get (38) we note that from (7) and (24,25) it follows that

angle(m,_,, m,) >

L

At the same time as w € D,, we have the inequality

1
angle(w, w,) < 710
(we take into account that for any w € D, one has

H,

|W—W,,|< ﬁ

and use lower bound from (37)). Moreower by (32) we see that angle(m, 1, w,) is
very small.
By the triangle inequality

angle(w, m,) > angle(m,_;, m,) — angle(w, m,_;) >

1
> angle(m,_;, m,) — angle(w,, m,_;) — angle(w, w,,) > 179 50 2 5
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Now

“_x“nu‘ - 1

dist(,, £[w] N £)) < < :
ist(my, fwln 6) sin(angle(w, m,)) ~ 2’M“M,,_,

Lemma is proved. ]

LEMMA 5. Any disk D C £,_y,, of radius 2uuM, contains an integer point m such
that the lattice (m,, m)z is complete.

ProoF. We know that the vectors m,_;, m, form the basis of £, 19 = £,_;. So in
any disk D C £,_1, of radius 2M,, there exists an integer point. A similar statement
is true for the lattice £, also: in any disk D C Ly-1,1 of radius 2M,, there exists
an integer point which belongs to the lattice £, ;.

Now we take an arbitrary integer point n € £,_; ;. As £,_19 and £,_;; are
neighbouring affine subspaces, the triple m,_;, m,, n is a basis of the lattice AR

Consider an integer vector m = p,n+m,_; € £,_; ,, . We shall show that the
lattice (m,, m)z is complete. Indeed, we can split the lattice Z* into a union of
two-dimensional lattices

Ty ={pn+m, +km, |: pu, A€Z}

Note that m, € 'y and for any p one has un 4+ m,_; € I';. Affine subspaces aff I’y
and aff I'y are neighbouring. That is why the parallelogram generated by vectors m,,
and pn+ m, | has no integer points inside. This means that the lattice (m,, m)z is
complete.

To finish the proof of Lemma 5 we should note that for any disk D C £,_1,,
of radius 2u,M,, the shifted and contracted disk

1
D = —(D — m,,,l) C Q,,fl,l
s
has radius 2M,, and hence contains an integer point. Lemma 5 is proved. [l

Note that for all ¥ > 1 we have M,, > 2' then by (29) and (26) for the radius
of a disk D from Lemma 5 one has
v

H,
2M,p, < 16d, M, MY H, < 16M2“H,, < o (39)
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9. Fundamental Lemma: end of proof

By the inductive assumption we know that either m,_; satisfies (24) and m, satisfies
(25) or m,_; satisfies (25) and m, satisfies (24), depending on the parity of v. Let v
be even (without loss of generality). Then the angle between m,_; and y1 is small.
We define vector y,l, as the orthogonal projection of the vector yl onto the linear
subspace £, ;. Put

e=(1,0,0) € &.
As vectors &; orthogonal to £; satisfy the conditions

1 2
5. angle(§, &41) < —o—, 1<j<v—1
218 M7, M;

angle(&, e) <

(we use (23) and
§j+1 € Cj—i-l C Bj CC;,

which follows from (27)). So

v—1
1 2 1
angle(¢,,e) < — + — < —.
S
Hence
1
angle(y', y,) = angle(§,, ) < 777 (40)

For any vector m € D, C £,_,,, we consider its orthogonal projection m’
onto £, 1. From (32) we see that for any m € D, one has

4 |
le(m,m') < ——— < —. 41
angle(m, m') VoM, S 27 (41)

Let u, be a vector parallel to 7, with the length

H,

|ll,,| = W

Such a vector is defined uniquely up to its sign. We suppose in addition that

ul,-y,l,>0.
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This defines the sign of u,, and now the vector u, is defined uniquely. Now we take
the disk D, C £,_;,, of radius 2u,M, from Lemma 5 such that the point w, + u,
is its center. From (39) we see that D, C D,,. From (36) we see that for any m € D,

one has
1 1
5t < angle(m’, m,_;) < Si0 (42)

All the vectors

! 1
m,_i, m, Yo, u,
belong to linear subspace £,_;. By the construction for any m € D, one has
1 |
angle(m’, y,) = ]angle(m,,_l, y,) — angle(m’, m,,_l)‘.
That is why (42) leads to
angle(m', y,) <
1 .
angle(m, 1, y,) = oy, if angle(m,_;,y,) > angle(m’, m,_,),

<{ @)

ﬁ bl lf angle(mll—l > yll/) < angle(m’7 ml/— 1 )

As y,l, is the orthogonal projection onto £, ;| 3 m,_; we see that
angle(m,_,,y,) < angle(m,_,,y'). (44)
By the triangle inequality for any m € D, one has
angle(m, y') < angle(m, m') + angle(m’, y,) + angle(y,, y').

In the last inequality we substitite (40), (41), (43), (44) to get for each m € D, the
inequatity

1 1
angle(m, yl) < 7% + angle(m’, y,l,) < max (angle(m,,_l, yl), ?) (45)

Now we take m,; | € D, such that the lattice (m,, m, )z is complete. It is
possible to do it by Lemma 5. Obviously (45) and the inductive assumption leads
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to (24) or (25) with j = v + 1. Of course vectors m,_ |, m,, m,; are linearly
independent by the construction.
Now vector &, subspaces Z,,, K,l,, €3+1 and the set G, are defined automatically.
From Lemma 4 we see that

(=000, n6eB,

This ensures the right embedding from (27): G, C B,. Obviously we can take the
next point 7, and the ball B, satisfying all necessary conditions of the (v+1)-th
step (it follows from the inequality for the angle between m, and m,,; and that
M, is much larger than M,)).

By Lemma 3 we have

H, < M, <2°H,.

So the inductive procedure for constructing objects defined in 1)—6) is described.

We should give a comment on how to ensure the condition that the limit point
(1, o, ) consists of numbers linearly independent over Z. As we have certain
choice for the vector m, at each step of the inductive construction we can get
(v, @) satisfying linearly independence condition: we can easily enforce B, to go
away from all two-dimensional linear rational subspaces in R*. So the point (o, ay)
constructed satisfies all the conditions of Fundamental Lemma. O
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