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Abstract: Let E(k, ) denote the smallest integer such that any set of at least E(k, £) points in
the plane, no three on a line, contains either an empty convex polygon with k vertices or an empty
pseudo-triangle with £ vertices. The existence of E(k, ) for positive integers k, £ > 3, is the
consequence of a result proved by Valtr [ Discrete and Computational Geometry 37 (2007), 565—576].
In this paper, following a series of new results about the existence of empty pseudo-triangles in
point sets with triangular convex hulls, we determine the exact values of E(k,5) and E(5,¢),
and prove bounds on E(k, 6) and E(6,¢), for k,£ > 3. By dropping the emptiness condition,
we define another related quantity F(k, £), which is the smallest integer such that any set of at
least F(k, £) points in the plane, no three on a line, contains a convex polygon with k vertices or
a pseudo-triangle with £ vertices. Extending a result of Bisztriczky and Téth [Discrete Geometry,
Marcel Dekker, 49—58, 2003], we obtain the exact values of F(k,5) and F(k,6), and obtain
non-trivial bounds on F(k, 7).

Keywords: convex hull; discrete geometry; empty convex polygons; Erd8s-Szekeres theorem;
pseudo-triangles; Ramsey-type results
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1. Introduction

The famous Erd@s-Szekeres theorem [9] states that for every positive integer m,
there exists a smallest integer ES(m), such that any set of at least ES(m) points
in the plane, no three on a line, contains m points which lie on the vertices of
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a convex polygon. Evaluating the exact value of ES(m) is a long standing open
problem. A construction due to Erdés [10] shows that ES(m) > 2™"> + 1, which is
conjectured to be sharp. It is known that ES(4) = 5 and ES(5) = 9 [14]. Following
a long computer search, Szekeres and Peters [22] recently proved that ES(6) = 17.
The value of ES(m) is unknown for all m > 6. The best known upper bound for
m > 7 is due to Téth and Valtr [23]:

ES(m) < (2m_5> Y

m—3

In 1978 Erdds [8] asked whether for every positive integer k, there exists
a smallest integer H(k), such that any set of at least H(k) points in the plane, no
three on a line, contains k£ points which lie on the vertices of a convex polygon
whose interior contains no points of the set. Such a subset is called an empty
convex k-gon or a k-hole. Esther Klein showed H(4) = 5 and Harborth [12] proved
that H(5) = 10. Horton [13] showed that it is possible to construct arbitrarily
large set of points without a 7-hole, thereby proving that H(k) does not exist for
k > 7. Recently, after a long wait, the existence of H(6) has been proved by Gerken
[11] and independently by Nicolds [19]. Later, Valtr [26] gave a simpler version of
Gerken’s proof.

These problems can be naturally generalized to polygons that are not necessarily
convex. In particular, we are interested in pseudo-triangles, which are considered to
be the natural counterpart of convex polygons. A pseudo-triangle is a simple polygon
with exactly three vertices having interior angles less than 180°. A pseudo-triangle
with £ vertices is called an £-pseudo-triangle. A set of points is said to contain an
empty £-pseudo-triangle if there exists a subset of £ points forming an £-pseudo-
triangle which contains no point of the set in its interior. A pseudo-triangle with
a, b, ¢ as the convex vertices has three concave side chains between the vertices a, b
and b, ¢, and ¢, a. Based on the length of the three side chains, a pseudo-triangle can
be distinguished into three types: a standard pseudo-triangle, if each side chain has
at least two edges, a mountain, if exactly one side chain has only one edge, and a fan,
if exactly two side chains consist of only one edge (Fig. 1). The apex of a fan pseudo-
triangle is the convex vertex having exactly one edge on both its incident side chains.

In spite of considerable research on the various combinatorial and algorithmic
aspects of pseudo-triangles [21], little is known about the existence of empty pseudo-
triangles in planar point sets. Kreveld and Speckmann [17] devised techniques



18 Bhaswar B. Bhattacharya (Stanford), Sandip Das (Kolkata)

ENIANA

(b) (c)

Fig. 1. Pseudo-triangles: (a) types of 5-pseudo-triangles,
(b) standard 6-pseudo-triangle, (c) 6-mountain, (d) 6-fan

to analyze the maximum and minimum number of empty pseudo-triangles defined
by any planar point set. Ahn et al. [1] considered the optimization problems of
computing an empty pseudo-triangle with minimum perimeter, maximum area, and
minimum longest concave chain.

In this paper, analogous to the quantity H(k), we define the Ramsey-type quantity
E(k, £) as the smallest integer such that any set of at least E(k, £) points in the
plane, no three on a line, contains a k-hole or an empty £-pseudo-triangle. The
existence of E(k,£) for all k,£ > 3, is a consequence of a result proved by Valtr
[25], and later by Cérny [7].

THEOREM 1 [7,25]. For any k, £ < 3, there is a least integer n(k, £) such that any
point p in any set S of size at least n(k, £), no three on a line, is the apex of an
empty k-fan in S or it is one of the vertices of an £-hole in S.

Using Valtr’s [25] upper bound on N(k, ) it is easy to see that

k+£-2

B(k, £) < n(k, £) <200 11,

However, the upper bound n(k, £) is double exponential in k + £. In this paper,
following the long and illustrious history of the quantities ES(k) and H(k), we
consider the problem of evaluating the exact values of E(k, £) for small values of k
and £. Using a series of new results about the existence of empty pseudo-triangles
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in point sets with triangular convex hulls, we determine new bounds on E(k, £) for
small values of k£ and £. We begin by proving that any set of points with three points
on the convex hull and at least two, three, or five interior points always contains
an empty 5-pseudo-triangle, an empty 6-pseudo-triangle, or an empty 7-pseudo-
triangle, respectively. Using these three results and other results from the literature,
we determine the exact values of E(k,5) and E(5,£), for all k,¢ > 3. We also
obtain bounds on E(k, 6) and E(¢, 6), for different values of k and £ and discuss
other implications of our results.

If the condition of emptiness is dropped from E(k, £) we get another related
quantity F(k, ¢). Let F(k,£) be the smallest integer such that any set of at least
F(k, ¢) points in the plane, no three on a line, contains a convex polygon with k
vertices or a £-pseudo-triangle. From the ErdGs-Szekeres theorem it follows that
F(k,?) < ES(k) for all k, £ > 3. Evaluating non-trivial bounds of F'(k, £) is also an
interesting problem. While addressing a different problem, Aichholzer et al. [3] showed
that F(6,6) = 12. In this paper, using our results on empty-pseudo-triangles and
extending a result of Bisztriczky and Fejes Téth [6], we show that F(k, 5) = 2k — 3,
F(k,6) = 3k — 6. We also obtain non-trivial bounds on F(k, 7), for k > 3. Finally,
we obtain the exact value of F(5,£) and new bounds on F(6, £), for £ > 3.

The paper is organized as follows. In Section 2 we introduce the required
notation and definitions. In Section 3 we prove two preliminary observations. The
results regarding the existence of empty pseudo-triangles in point sets with triangular
convex hulls are presented in Section 4. The bounds on E(k, ) and F(k,£) are
presented in Section 5 and Section 6, respectively. In Section 7 we summarize our
results and give directions for future works.

2. Notation and definitions

We first introduce the definitions and notation required for the remaining part of
the paper. Let S be a finite set of points in the plane in general position, that is,
no three on a line. Denote the convex hull of S by CH(S). The boundary vertices
of CH(S), and the points of S in the interior of CH(S) are denoted by V(CH(S))
and 7 (CH(S)), respectively. A region R in the plane is said to be empty in S if R
contains no elements of S in its interior. Moreover, for any set T, |T'| denotes the
cardinality of T.

By P := pip; - . . p, We denote the region bounded by the simple polygon with
vertices {pi, pa, ... , Pm} ordered anti-clockwise. Let V(P) denote the set of vertices
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{p1, P2, ..., pm} and Z(P) the interior of P. A simple polygon P, is contained in
a simple polygon P if V(Py) C V(P) and Z(Py) C Z(P).

For any three points p, ¢, r € S, H(pq, r) denotes the open half plane bounded
by the line pq containing the point r. Similarly, H.(pg, r) denotes the closed half
plane bounded by the line pq containing the point r. Similarly, #(pg, r) is the open
half plane bounded by the line pg not containing the point r.

The j-th convex layer of S, denoted by L{j, S}, is the subset of points of S
that lie on the boundary of

cg(s\{ym 1)

L{1, S} = V(CH(S)).

where

Moreover, if Zrpg < m, Cone(rpq) denotes the interior of the angular domain
Zrpq. A point s € Cone(rpg) NS is called the nearest angular neighbor of pg in
Cone(rpq) if Cone(spq) is empty in S. Similarly, for any convex region R a point
s € RN S is called the nearest angular neighbor of ;17q> in R if Cone(spg) N R is
empty in S. Also, for any convex region R, the point s € S which has the shortest
perpendicular distance to the line segment pq, p, q € S, is called the nearest neighbor
of pq in R.

3. Empty pseudo-triangles: preliminary observations

A pseudo-triangle with vertices a, b, ¢ of the convex hull has three concave side
chains between the pairs of vertices a, b and b, ¢, and ¢, a. We denote the vertices
of the pseudo-triangle lying on the concave side chain between a and b by C(a, b).
Similarly, we denote by C(b, ¢) and C(c, a), the vertices on the concave side chains
between b, ¢ and c, a, respectively.

In this section, we prove two observations about transformation and reduction
of pseudo-triangles.

OBSERVATION 1. Any {-pseudo-triangle can be transformed to a standard £-pseudo-
triangle, for every £ > 6, by appropriate insertion and deletion of edges.

PrROOF. Let P be a non-standard ¢-pseudo-triangle with £ > 6, having convex
vertices a, b, c. Then, we have the following two cases:
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Case 1. Let P be an £-mountain with convex
chains C(a, b) = {a, p1, P2, ..., pi, b}, C(b,c) =
= {b,c}, and C(a,c) = {a,q.q,...,q; b},
such that ¢ + j + 3 = £, arranged as shown in
Fig. 2(a). Let s, be the nearest neighbor of bc
in C(a, b) UC(a,c). Then, {b, s, c} are the ver-
tices of a concave chain. If 4,7 > 1, then both
|C(a,b)\{sa}| = 1 and |C(a, c)\{sa}| = 1, and
w.l.o.g. we can assume that s, € C(a,b). In

this case s, = p; and {a,p;,p2,...,Pi_1, b},
{b,pi,c}, and {a,qi,q,...,qj, c} are the ver-
tices of the convex chains which form a stan-
dard £-pseudo-triangle as shown in Fig.2(a). So,
w.l.o.g. it suffices to consider the case ¢ = 1
(Fig. 2(b)). If Cone(pibc) contains a point of
C(a,c)\{a,c}, then {a,pi, b}, {b,q; c}, and
{a,q1,q, ..., qj-1, b} are the vertices of the three

concave chains of a standard £-pseudo-triangle.
Otherwise, all the points of C(a,c)\{a,c} are
in Cone(abp,), and {a,q;,b}, {b,p,c}, and
{a,q,q,...,q;c} are the vertices of the three
concave chains of a standard £-pseudo-triangle.
Case 2. Let P be an £-fan with C(a,b) =
= {a,b}, C(b,c) = {b,p1,p2,...,pi,c} and
C(a,c) = {a, b}, where i + 3 = £, as shown in
Fig. 2(c). Then, the ¢-pseudo-triangle with con-

cave chains formed by the set of vertices {a, pi, b}, Fig. 2. Illustration
{b,p2,p3, ..., pi—1, ¢}, and {a, p;, b} is standard  for the proofs of Observation 1
(Fig. 2(c)). O and Observation 2

OBSERVATION 2. An empty £-mountain contains an empty m-mountain whenever
3<m<{.

PROOF. We need to show that every empty £-mountain contains an empty (£— 1)-moun-
tain for any £ > 4. Let P be an £-mountain with £ > 4, having convex ver-
tices a, b, c. Let C(a,b) = {a,p1,p2,...,D0i, b}, C(b,c) = {b,c}, and C(a,c) =
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={a,q,q, .., 4 b} be the vertices of the three concave chains of P, such that
i+ 7+ 3=1£, as shown in Fig.2(a). If both 4, j > 1, then we can obtain an empty
(£ — 1)-mountain by taking the nearest neighbor of bc in C(a,b) U C(a,c) and
removing either b or c.

Otherwise, w.l.o.g. assume that ¢ = 1. If Cone(pbc) N (C(a, c)\{a, c}) is
non-empty, that is, g; € Cone(p,bc) N (C(a, c)\{a, c}), then {a,p;, b}, {b, g;},
and {a, qi, ¢, ..., q;} forms an empty (£ — 1)-mountain (Fig.2(b)). Similarly, if

q] € Cone(abpl) N (C((J,, C)\{(J,, C}), then {ba D1, (II}, {ba C}a and {q1> 9, ... q]a C}
form an empty (£ — 1)-mountain. O

4. Empty pseudo-triangles in point sets
with triangular convex hulls

In this section we prove three results about the existence of empty pseudo-triangles
in point sets with triangular convex hulls. These results will be used later to obtain
bounds on E(k, ) and F(k,¥{).

4.1. Empty 5-pseudo-triangle

LEMMA 1. Any set S of points in the plane in general position with
|CH(S)| =3 and |Z(CH(S))| >2

contains an empty S-pseudo-triangle.

a Prook. Let V(CH(S)) = {a,b, c}, where the
vertices are taken in counter-clockwise order.
Consider two points p, ¢ € Z(CH(S)), which
are consecutive in the radial order around the
vertex b of V(CH(S)), that is, Cone(pbg) is

q empty in S. Let C, = V(CH(H.(bp, a) N S))
¢ and C; = V(CH(H.(bg, c) N S)) (Fig.3). Ob-

serve that C), U C, forms an empty £-mountain

CH(S)

b

Fig. 3. Illustration for the proof

. S5 . ) )
of Lemma 1 with £ > 5. The existence of an empty 5-pseudo

triangle now follows from Observation 2. [l
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4.2. Empty 6-pseudo-triangle

LEMMA 2. Any set S of points in the plane in ge-
neral position with

|CH(S)| =3 and |Z(CH(S))| >3

contains an empty standard 6-pseudo-triangle.

Prook. Let V(CH(S)) = {a,b,c}, with the
vertices taken in counter-clockwise order. Sup-
pose that [Z(CH(S))| = {p, ¢, 7}, and ¢ be such
that Z(gbc) is empty in S (Fig. 4(a)). When
both Z(gab) and Z(gac) are non-empty in S,
either apbger or arbgecp forms an empty 6-
pseudo-triangle. Therefore, w.l.0.g. assume that
Z(gab)N S isempty and p, r € Z(gac)NS. Let r
be the first angular neighbor of aé in Cone(gac)
and o be the point where ¢f intersects the
boundary of CH(S). If p € Cone(ara), then
apregb is an empty 6-pseudo-triangle. Other-
wise, Cone(arca) is empty and either arcpbq
or arcgbp is an empty 6-pseudo-triangle. This
empty pseudo-triangle can be transformed to an
empty standard 6-pseudo-triangle by Obser-
vation 1.

Next, suppose that there are more than three
points in Z(CH(S)). It follows from the above
that there are three points p, ¢, r € Z(CH(S))
such that A4; = apbger is a standard 6-pseudo-
triangle with minimal number of interior points.

Fig. 4. lllustration for the proof

of Lemma 2

If A, is not empty, there exists a point € S in the interior of A,. The three

line segments za, b, and xc may or may not intersect the boundary of A;. If any

two of these line segments, say xa and xc, do not intersect the edges of .4;, then

Ay = apbgez is a standard 6-pseudo-triangle which is contained in A, (Fig. 4(b)).

Otherwise, there are two segments, say za and xb, which intersect the edges of A, .
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In this case, A, = apbgxr is a standard 6-pseudo-triangle contained in A;, con-
taining less interior points than .4, (Fig.4(c)). This contradicts the minimality of .4,
and implies that 4, is empty in S. O

4.3. Empty 7-pseudo-triangles

Let S be a set of points in the plane in general position. An interior point
p € S is called a (z,y, z) — splitter of CH(S) if [V(CH(S))| = 3 and the three
triangles formed inside CH(S) by the three line segments pa, pb, and pc contain
x > y > z interior points of S.

We use this definition to establish a sufficient condition for the existence of an
empty 7-pseudo-triangle in sets having triangular convex hull.

THEOREM 2. Any set S of points in the plane in general position with |CH(S)| = 3 and
|f (CH(S))| = 5 contains an empty 7-pseudo-triangle. Moreover, there exists a set S
with |CH(S)| = 3 and |Z(CH(S))| = 4, that does not contain a 7-pseudo-triangle.

PrROOF OF THEOREM 2. We begin the proof of Theorem 2 with the following
lemma:

LEMMA 3. Any set S of points in the plane, in general position, with
CH(S)| =3 and |I(CH(5))| > 5,

contains a 7-pseudo-triangle.

Prook. Let V(CH(S)) = {a,b,c} with the vertices taken in counter-clockwise
order. Since we have to find a 7-pseudo-triangle, which is not necessarily empty, it
suffices to assume that |Z(CH(S))| = 5.

Assume that p € Z(CH(S)) is such that Z(pab), Z(pbc), and Z(pca) are all
non-empty in S. Therefore, p must be a (2, 1, 1)-splitter of CH(S). Without loss of
generality, let ¢, r € Z(pbc) N S, s € Z(pab)N S, and t € Z(pac) N S be such that g
is the nearest angular neighbor of bc in Z(pbc). Let a, 3,y be the points where
@, @, E; intersect the boundary of CH(S), respectively. Let Ry = Z(bga) NZ(bpc)
and R, = Z(cqy) NZ(bpc) (see Fig.5(a)). If r € Ry U R;, then asbgrep or asbrqcp
is a 7-pseudo-triangle. Thus, assume that (R; U Ry) N S is empty. If r € Z(Bpc)N S,
then asbqcrp is a 7-pseudo-triangle. Otherwise, r € Z(8pb) N S, and aprbqct is
a 7-pseudo-triangle.
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Therefore, suppose that none of the in-
terior points of CH(S) is a (2,1, I)-splitter
of CH(S). From the proof of Lemma 2 it is
clear that the three vertices of CH(S) along
with any three points p, g, 7 € Z(CH(S)) form
a standard 6-pseudo-triangle P = apbqcr. This
6-pseudo-triangle has the vertices of CH(S) as
the three convex vertices, and it is not neces-
sarily empty. Now, there are two cases:

Case 1. P is empty in S. The remaining
two points s and ¢ in Z(CH(S)), must be in
some of the three triangles — pab, ¢bc, and
rca. W. 1. o. g., assume that s € Z(gbc) N
S. Since ¢ is not a (2,1, 1)-splitter, either
Z(gab) NS or I(gac) NS is empty in S. If
ZI(gqac) N S is empty, apbscgr is a 7-pseudo-
triangle (Fig. 5(b)). Otherwise, Z(gab) is empty
in S then apgbscr is a 7-pseudo-triangle.

Case 2. P is non-empty in S. Let s €
€ Z(P)N S. If any one of three line segments
sa, sb, or sc intersects the boundary of P
we get a 7-pseudo-triangle. Otherwise, two of
these three segments go directly, and we have
a smaller 6-pseudo-triangle with a, b, ¢ as its
convex vertices (Fig.5(c)). Continuing in this
way, we finally get a 7-pseudo-triangle or an
empty 6-pseudo-triangle with a, b, ¢ as its con-
vex vertices, which then reduces to Case 1. [

Lemma 3 implies that any triangle with
more than 4 interior points contains a standard

a

(c)

Fig. 5. lllustration for the proof
of Lemma 3

7-pseudo-triangle. Now we will obtain an empty 7-pseudo-triangle. Let S be a set of
points with [CH(S)| = 3 and |f(C’H (9))] = 5. Let Py = agpbogreys be a standard
7-pseudo-triangle contained in S with convex vertices ag, bg, ¢y, and the minimal

number of interior points among all the standard 7-pseudo-triangles contained in S.
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Fig. 6. Existence of an empty 7-pseudo-triangle: (a) g, r € Z(Cone(pays)) NS,
(b) ¢ € Z(Cone(pays)) NS and r ¢ Z(Cone(pays)) NS, and (c) g, r € Z(Cone(pags)) NS

Note that the points ay, by, ¢y may not be the vertices of CH(S). Now, we have the
following three cases:

Case 1. ¢, r ¢ Cone(paos) N'S. Let B be the point of intersection of lﬁ] and
cof, and z € Z(Py) N S. If z € Z(grB) N S, then P; = agpgzrreys is a smaller
7-pseudo-triangle contained in Py. Therefore, Z(gr) NS can be assumed to be
empty. Observe that, if (i) the line segment zay, and either of the line segments zb,
or zcy do not intersect the boundary of Py, or (ii) both the line segments zb, and
zcy intersect the boundary of P, then we can easily construct a 7-pseudo-triangle
with fewer interior points than P,. Therefore, the shaded region @ inside P,, shown
in Fig. 6(a), must be empty. Thus, z lies outside this shaded region and either
aypqreors or agprbygrs is a 7-pseudo-triangle with fewer interior points than Py
(Fig. 6(a)).

Case 2. g € Cone(pays)NS and r ¢ Z(Cone(pays))NS. By similar arguments
as in Case 1, the lightly shaded region @ inside P, shown in Fig. 6(b) is empty
in S. Let R be the deeply shaded region inside Py as shown in Fig. 6(b). If z € R,
then agpxbygrs is a 7-pseudo-triangle with fewer interior points than P,. Therefore,
QU R can be assumed to be empty in S. Let z € Z(Py)\(QU R)N S. The following
cases may arise:

Case 2.1. z lies below the line W‘. Then both zag and xby intersect the

boundary of Py and agpbogras is a 7-pseudo-triangle with fewer
interior points.

— —
Case 2.2. z lies above the line byr but below boq. Then agpbyqrcys is
a 7-pseudo-triangle with fewer interior points.
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Case 2.3. All the interior points of P, must be above the line @. If Z(bogr) N
NS is empty, aggbyrcoxs is a 7-pseudo-triangle with fewer interior
points. Otherwise, Z(bogr)N S is non-empty. Let Z = (Z(bogr)NS)U
U{bo, 7} ={bo,y1,Y2,- - -»Ym,7}, Where m > 1.

Case 2.3.1: |CH(Z)| > 4, that is, m > 2. Then byqzcoTy; . .. Ym, forms
an empty k—mountairL) with k > 7, where x, is the nearest
angular neighbor of byg in H(bog, ap) N Z(Py). Hence, Py
contains an empty 7-pseudo-triangle from Observation 2.

Case 2.3.2. |CH(Z)| = 3. In this case V(CH(S)) = {by,yi, 7}, and
P1 = boyireprsq is a 7-pseudo-triangle having fewer interior

points than P,.

Case 3. ¢, r € Cone(pags) N S. By similar arguments as in Case 1 and Case 2,
the lightly shaded region @ inside Py, shown in Fig.7(a), can be assumed to be
empty. Let z € (Z(Pp)\Q) NS = (R UR,)N S (see Fig.7(a)). W.l.o.g. assume that
x € R, N S. The following cases may arise:

Case 3.1. Z(grp)N S is empty. If Z(bygr) N S is empty, aogborcozs is a 7-pse-
udo-triangle with fewer interior points. Otherwise, Z(bogr) N S is
non-empty. Let Z=(Z(bogr)NS)U{bo,r}=1{bo,y1,¥2,--»Ym,T},
where m > 1.

Case 3.1.1. |CH(Z)| > 4, that is, m > 2. Then bygzocry; ...y, forms
an empty k—mountainL) with k > 7, where x, is the nearest
angular neighbor of byg in H(bog, ap) N Z(Py). Hence, Py
contains an empty 7-pseudo-triangle from Observation 2.

Case 3.1.2. |CH(Z)| = 3. In this case V(CH(S)) = {by,yi,7}, and
P1 = boyireprsq is a 7-pseudo-triangle having fewer interior

points than Py.

Case 3.2. Z(grB)NS is non-empty. Let z € Z(grB)NS. If there exists another
point € Rj{UR, (where R, and R, are as shown in Fig. 7(b)), then
either P = agpxbogzr (if € Ry) or P; = agqzrepxs (if ¢ € Ry)
is a 7-pseudo-triangle with |Z(P;) N S| < |Z(Py) N S|, where z is
any point in Z(gr(3). Therefore, assume that R U R, is empty in S.
Let Z' = V(CH((Z(grB) N S) U{q,})) = {q, ur, us, ..., Uy, T},
with w > 1.
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(a) (b)

ag

Uy

C,)a
4

b() (C) Co

Fig. 7. Existence of an empty 7-pseudo-triangle: ¢, 7 € Z(Cone(pays)) N S

Case 3.2.1. |Z'| > 4. This means w > 2, and aopboqu ... u,r is an
empty k-mountain, with k& > 7. This can be shortened to
obtain an empty 7-mountain by Observation 2.

Case 3.2.2. |Z'| = 3. Then Z' = {q, u;,r}. Now, if |Z(gbyu;) N S| = 0,
then aggbou rcys is 7-pseudo-triangle contained in P, with
less interior points. Therefore, assume that |Z(gbou;)NS| > 1.
Let

Zy = V(CH((Z(boBr) N S) U {by, 7}))

- {b()a V1, V2, ... Up, T}a

with h > 1. As |Z(gbou;) N S| > 1, we have |Z;| > 4, that is,
h > 2. Consider the following two cases:
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|Z1| > 5: Then aggbov; ... vyr is an empty k-mountain, with k > 7,
Hence, P, contains an empty 7-pseudo-triangle from
Observation 2.

|Z1| = 4: This implies that Z; = {by, u;, vy, 7}. If v; € H(apg, bp)N
NS, then agquiuircys is an empty 7-pseudo-triangle.
Otherwise, v; € H(aoq, ¢y) NS, and Py := agvbyu rcys
is a 7-pseudo-triangle, where Z(P))\Z(bpuv,) is emp-
ty in S. Now, if Z(byujv;) NS is non-empty, then P,
can be easily reduced to an empty 7-pseudo-triangle
aoxyu rcys, where x is the nearest angular neighbor of
aou| in Z (bouivy), and y is the nearest angular neighbor
of d in Z(byuyv;) (see Fig.7(c)). Note that y may be
equal to by.

From Lemma 3 and the three cases discussed above we obtain that any set
of points S in the plane in general position with |CH(S)| = 3 and |Z(CH(S))| > 5
contains an empty 7-pseudo-triangle.

To show that this is tight, observe that one of the side chains of a 7-pseudo-
triangle must have at least three edges. Therefore, any set S with |CH(S)| = 3 and
|Z(CH(S))| = 4 containing a 7-pseudo-triangle must contain a 4-hole with exactly
two consecutive vertices belonging to the vertices of V(CH(S)). It is easy to see that
this condition is violated in the point set shown in Fig.8(a), and the result follows.

5. E(k, £)

As mentioned earlier, E(k, £) is the smallest integer such that any set of at least
E(k, ) points in the plane, no three on a line, contains a k-hole or an empty
£-pseudo-triangle. The existence of E(k,£) for all k,£ > 3, is a consequence
of Theorem 1 from above [7,25]. However, the general upper bound on E(k, £)
obtained from Valtr’s [25] result is double exponential in k + £. In this section we
obtain new bounds on E(k, £) for small values of k and £.

It is clear that E(k,3) = E(3,¢) = 3, for all k,£ > 3. Also, E(k,4) = k for
k>4 and E(4,£) =5, £ > 5, since H(4) = 5. Using the results from the previous
sections we will obtain bounds on E(k, £) for small values of k and £.

We introduce the notion of A-convexity, where A is a non-negative integer.
A set S of points in the plane in general position is said to be A-convex if every
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triangle determined by S contains at most A points of S. Valtr [24, 25] and Kun
and Lippner [18] proved that for any A > 1 and v > 3, there is a least integer
N(A, v) such that any A-convex point set of size at least N(\, v) contains a v-hole.
The best known upper bound on N(A, v) for general A and v, due to Valtr [25], is

N w) <268 4

which is double-exponential in A + v. All known lower bounds on N(A,v) are
exponential in A + v.

5.1. E(k, 5)

In this section we determine the exact value of E(k, 5). We will use Lemma 1
and a result of Kdrolyi et al. [15].

Although, in general, there is a gap of exponential of A + v between the best
known upper and lower bounds of N(A,v), in the case when A = 1 much more
can be said. Kun and Lippner [18] proved the general upper bound

N(l, l/) < 2[(21/4’5)/3-\‘

Karolyi et al. [16] proved that N(1,v) > M,, for odd values of v, where

20V 1 for v > 3 odd;
M,, = 3 ’
Ve, for v > 4 even.

2
Finally, Kérolyi et al. [15] proved that for any v > 3, N(1,v) = M,,.
Using this result, we prove the following theorem:

THEOREM 3. For every positive integer k > 3, E(k,5) = Mj,.

PrOOF. Let S be a set of M, points in the plane, in general position. If there are three
points in S such that the triangle determined by them contains more than 1 point of S
in its interior, then by Lemma 1 S contains an empty 5-pseudo-triangle. Therefore,
S contains an empty 5-pseudo-triangle unless S is 1-convex. However, the maximum
size of a 1-convex set not containing a 5-hole is N(1, k) — 1 = My — 1. Therefore,
if S is 1-convex, it always contains a 5-hole. This implies that E(k, 5) < M.
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Fig. 8. (a) Triangle with 4-interior points and
no 7-pseudo-triangle, (b) 8 points with no 5-hole
and no 6-pseudo triangle or 7-pseudo-triangle, and
(c) 9 points with no 5-hole and no 8-pseudo-triangle

Moreover, if a set is 1-convex, it does not contain any empty 5-pseudo-triangle.
This implies that

E(k,5) > N(1,k) — 1 = My, — 1,
and it completes the proof that for every k > 3, E(k, 5) = M. O

5.2. E(5,9)

It is obvious that E(5,3) = 3 and E(5,4) = 5. It follows from Theorem 3 that
E(5,5) = 7. In this section we will determine the values of E(5,¢), for £ > 6. We
will use the following:

THEOREM 4 [3]. Any set Z of 9 points in the plane in general position, with |CH(Z)| >4,
contains a 5-hole.

Using Lemma 1 and the above theorem, we will determine the exact values
of E(5,¢) for £ > 6.
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THEOREM 5. E(5,6) = E(5,7) =9, and E(5,¢) = 10, for £ > 8.

ProOFE. The set of 8 points shown in Fig. 8(b) contains no 5-hole and no empty 6-
or 7-pseudo-triangle. This implies that E(5, 6) > 8 and E(5,7) > 8.

Now, consider a set S of 9 points in general position. It follows from Theorem 4
that S contains a 5-hole whenever |CH(S)| > 4. Now, if |CH(S)| = 3, then
|f(CH (S))] = 6, and the existence of an empty 6-pseudo-triangle and an empty
7-pseudo-triangle in S follows from Lemma 2 and Lemma 3, respectively. Therefore,
E(5,6) <9 and E(5,7) <9, and together with the lower bound it implies that
E(5,6) = E(5,7) =9.

We know that for ¢ > 3, E(5,£) < H(5) = 10, since every set of 10 points in
general position contains a 5-hole. The set of 9 points shown in Fig. 8(c) contains
no 5-hole and no empty £-pseudo-triangle for [ > 8. This implies that for £ > 8,
E(5, ) = 10. O

5.3. E(k, 6)

In Lemma 2 it was proved that any set S of points in the plane in general
position with |CH(S)| = 3 and |Z(CH(S))| > 3 contains an empty standard
6-pseudo-triangle. This implies that

k+2

E(k, 6) = N2, k) <201 1,

since any 2-convex point set cannot contain a 6-pseudo-triangle.
In the special case when k = 6 we can obtain better bounds. For this reason,
we need the following technical lemma:

LEMMA 4. If Z is a set of points in the plane in general position, with
ICH(Z)| > 8 and |Z(CH(Z))| <4,

then Z contains a 6-hole.

PrOOF. To prove the lemma it is sufficient to prove the theorem for |CH(Z)| = 8,
since every convex 9-gon can be reduced to a convex 8-gon with at most as many
interior points.

If Z(CH(Z))| = 1, then a 6-hole can be obtained easily. Now, if |Z(CH(Z))| =
= 2, then the line joining these two points divides the plane into two half planes one
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Fig. 9. lllustration for the proof of Lemma 4: (a) |Z(CH(Z))| = 3, (b) |Z(CH(Z))| = 4
and |L{2, Z}| = 3, and (c) |Z(CH(Z))| = 4 and |L{2, Z}| =4

of which must contain at least four points of V(CH(Z)). These 4 points together
with the two points in Z(CH(Z)) form a 6-hole.

The remaining two cases are considered separately as follows:

Case 1. |Z(CH(Z))| = 3. Consider the partition of the exterior of the triangle
formed in the second convex layer into disjoint regions R; as shown in Fig. 9(a).
Clearly, Z contains 6-hole, unless the following inequalities hold:

|Ri| <2, |Rs| <2, [|Rs|<2, (1)
|R¢| + |Ri| + |Ra| < 3,
|Rs| + | R3] + | R4l ) (2)

<3
|R4| + |Rs| + |Rg| < 3
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Summing the inequalities of (2) and using the fact [V(CH(Z))| = 8 we get
|Ry| + |R4| + |R¢| < 1. Adding this inequality to those from (1) we get

> IR <7< 8=|V(CH(2))|,

i=1

a contradiction.

Case 2. |Z(CH(Z))| = 4. We have the following two subcases based on the size

of the second layer.

Case 2.1. |L{2, Z}| = 3. Then |L{3, Z}| = 1. Consider the partition of the
exterior of CH(L{2, Z}) into three disjoint regions R; as shown
in Fig. 9(b). Clearly, S contains a 6-hole whenever |R;| > 3, for
i € {1, 2, 3}. Otherwise,

|Ri| + |Ra| + | R3] < 6 < 8 = [V(CH(Z))|,

a contradiction.

Case 2.2. |L{2,Z}| = 4. Let L{2, Z} = {p1, p>, p3, P4} be the vertices of the
second layer taken in counter-clockwise order. Let R; and R, be
the shaded regions as shown in Fig. 9(c). It is easy to see that S
contains a 6-hole unless

|Ri| + |Ro| < 1, [H(pip2, p3) N S| < 3,

and |H(p3ps, p1) N S| < 3. Summing these three inequalities, we
get |[V(CH(Z))| <7 < 8, a contradiction. O

Using this lemma we prove the following theorem:
THEOREM 6. 12 < E(6,6) < 18.

PrOOF. Using the order-type database, Aichholzer et al. 3] obtained a set of 11 points
that contains neither a convex hexagon nor a 6-pseudo-triangle. This implies that
E(6,6) > 12.

Consider a set S of 18 points in general position. Suppose |CH(S)| =k <7
and partition CH(S) into k — 2 triangles whose vertex set is V(CH(S)). Since
there are 18 — k points inside CH(S), there exists a triangle which has at least
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Fig. 10. (a) illustration for the proof of Theorem 6
and (b) illustration for the proof of Lemma 5

[(18 — k)/(k — 2)] points of S inside it. Observe that [(18 — k)/(k — 2)] > 3,
since k < 7. Therefore, if |CH(S)| < 7, then it is possible to find a triangle with
at least three interior points and, according to Lemma 2, there exists an empty
6-pseudo-triangle.

Next, suppose that |[CH(S)| = 8. Let

V(CH(S)) = {81, 82,00y, 88},

where the vertices are taken in counter-clockwise order. If |Z(s;s38587) NS| > 3,
one can find a triangle with at least three interior points and, according to Lemma 2,
there is an empty 6-pseudo-triangle. Therefore, suppose that |Z(s;s3s557) N S| < 4.
Let p be the nearest neighbor of the line segment s;s; in H(s;s3, ;) N S. Note
that p can be the same as s, if Z(s18,s3) NS is empty. Similarly, let ¢, 7, s € S
be the nearest neighbors of the line segments s3s5, $587, and s7s;, respectively
(see Fig.10). Observe that the convex octagon s;ps3gssrs;s can have at most four
points of S inside it. By Lemma 4 this convex octagon always contains a 6-hole.
Finally, if [CH(S)| > 9, then CH(S) can be reduced to a convex octagon with
at most as many interior points, and we can apply the same argument as before.
Therefore, we have E(6, 6) < 18. O
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Remark 1. Using the order type data-base Aichholzer et al. 3] observed that there
exist precisely 9 out of over 2.33 billion realizable order types of 11 points which
contain neither a convex hexagon nor a pseudo-triangle with 6 vertices. Experi-
menting with Overmars’ empty 6-gon program [20] we were unable to find a set
of 12 points which contains no 6-hole and empty 6-pseudo-triangle. In fact, it fol-
lows from Lemma 2 and the proof of Theorem 6 that a set S of 12 points contains
an empty 6-pseudo-triangle or a 6-hole whenever |CH(S)| < 5 or |CH(S)| > 8.
Therefore, a set of 12 points without a 6-hole or an empty 6-pseudo-triangle must
have |CH(S)| = 6 or |CH(S)| = 7. Although we were unable to geometrically
show the existence of a 6-hole or an empty 6-pseudo-triangle in these two cases,
experimental evidence motivates us to conjecture that E(6,6)=12. We believe that
a very detailed analysis for the different cases that arise when |CH(S)] is either 6 or 7,
or some computer-aided enumeration method might be useful in settling the conjecture.

5.4. Other improvements and remarks

We now turn our attention to E(6, £). Clearly, E(6,¢) < H(6) and E(6,£) >
N(¢ — 4,6), since an (£ — 4)-convex set cannot contain an £-pseudo-triangle.
However, when ¢ = 7 we can obtain a better upper bound E(6,7) < 33 using
Theorem 2 and a result of Gerken [11] which says that any set which contains
a 9-gon contains a 6-hole. Consider a set S of 33 points in the plane in general
position. Then if |[CH(S)| > 9, S contains a 6-hole and so we can assume that
|CH(S)| = k < 8. CH(S) can be partitioned into k — 2 triangles whose vertex set is
exactly V(CH(S)). Since |Z(CH(S)| = 33—k, one of these k— 2 triangles contains
at least [(33—k)/(k—2)] interior points. As k < 8, we have [(33—k)/(k—2)] > 5,
and the existence of an empty 7-pseudo-triangle in S follows from Theorem 2.

Remark 2. Note that Theorem 2 gives a proof of the existence of F(7,7), which
does not use Theorem 1. Valtr’s result [24, 25] implies that any 4-convex set
without a 7-hole has at most N(4,7) — 1 points. So using Theorem 2 we obtain
E(7,7) < N(4,7). Moreover, a 3-convex set cannot contain a 7-pseudo-triangle,
which implies that E(7,7) > N(3,7).

If one can show that for every integer £ > 3 there exists a smallest inte-
ger A(¢) such that any triangle with more than A(#) interior points contains an
empty £-pseudo-triangle, then from Valtr’s A(¢)-convexity result it will follow that
E(k,f) < N(A({), k).
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The bounds obtained on the values E(k, 5), E(5,£), E(k, 6), and E(6, ¢) for
different values of k and ¢ are summarized in Table 1.

Table 1
Bounds on E(k, £)

D2 for k> 3 odd;

E(k,5) =M, =< 3
52]“/2 -1, for k > 4 even.
3 for £ = 3,
4 for £ =4,
7 for ¢ =5,
E(5,¢) =
9 for £ =6,
9 ford =17,
10 for 4 > 8.
(
3 for k = 3,
5 for k = 4,
E(k,6) = N(2,k) =
9 for k=35,
[ [12, 18]  for k = 6.

3 for £ =3,

4 for £ =4,

7 for £ =5,
E(6,¢) =

[12, 18] for £ =6,

[N(3, 6), 33] for £ =7,

[N(¢—4,6),H(6)] forf>38.
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6. F(k, ?)

In the previous sections we have discussed the existence of empfy convex polygons
or pseudo-triangles in point sets. If the empty condition is dropped, we get another
related quantity F(k, £), which we define as the smallest integer such that any set
of at least F(k,¢) points in the plane, in general position, contains a convex
k-gon or an £-pseudo-triangle. From the Erd@s-Szekeres theorem it follows that
F(k,£) < ES(k) for all k, £ > 3. Obtaining bounds on F(k, £) is also an interesting
problem. Aichholzer et al. [3] showed that F(6,6) = 12. Moreover, Aichholzer
et al. [3] claim that 21 < F(7,7) < 23. In this section, we extend a result of
Bisztriczky and Fejes Té6th [6], and obtain the exact values of F(k, 5) and F(k, 6),
and non-trivial bounds on F(k, 7).

Bisztriczky and Fejes Téth [6] proved that any £-convex point set with at least
(k—3)(£4 1)+ 3 points, not necessarily in general position, contains a convex k-gon
and the bound is tight. This means that there exists a set of (k—3)(£+ 1) + 2 points,
not necessarily in general position, which is £-convex but has no convex k-gon.

In the following lemma we generalize the construction of Bisztriczky and Fejes
T6th [6] to obtain a set of (k — 3)(£ + 1) + 2 points in general position which is
£-convex but has no convex k-gon, if k < £/2.

LEMMA 5. Let k,{ denote natural numbers such that k > 3 and ¢ < k/2. Any
L-convex set of at least (k — 3)(¢ + 1) + 3 points in the plane in general position
contains k points in convex position, and this bound is tight.

ProOF. Consider an £-convex set S of (k— 3)(¢ + 1) + 3 points in the plane in
general position. Assume that |CH(S)| = b < k — 1. Consider a triangulation of
CH(S) into b — 2 triangles. Since S is £-convex, this implies that

1S <b+(b-2)L<(k—3)(L+1)+2,

which is a contradiction.

Now we construct an £-convex set Z of (k — 3)(£+ 1) + 2 points in general
position, which contains no convex k-gon. Refer to Fig. 10(b). Let s}, sé, e, s,lg_l
be a set of kK — 1 points forming a convex k — 1-gon ordered in counter-clockwise

direction. Consider

Z={slli=2,3,...., k=2 j=1,2,...,0+1},
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where for every fixed
1€{2,3,....,k—2} and j€{2,3,...,0+1}

the point sf is inside the triangles s%_ls} 3}+1 and s%s%s}c_]. Moreover, depending
on whether k — 1 is even or odd the points in Z satisfy the following properties.
Case A. k— 1 = 2m is even. The set of points {s]|j = 2,3,...,£+ 1} lies

on a concave chain C(s}, si) from s,1 to si, for ¢+ = 2, 3, ..., m. Similarly, the set
of points {sf|j =2,3,...,¢0+ 1} lies on a concave chain C(sg, s,lc_l) from s; to
s,lf,l, for

i=m+1,m+2,....2m—-1 (=k-2).

Case B. £k — 1 =2m+ 1 is odd. The set of points {sf|j =2, 3,...,€+1} lies

on a concave chain C(s%, s}) from s} to s}, for ¢+ = 2, 3, ..., m. Similarly, the set
of points {s§|j =2,3,.... 0+ 1} lies on a concave chain C(s%, s}c_l) from 3,1 to
8,16,1, for

i=m+1,m+2,....2m (=k-2).

Clearly, |Z] = (k—3)(£+ 1)+ 2. We shall now show that the set Z constructed
above is £-convex. Consider three distinct points sf , sg-, and s, in S. Letp < g <.
We will consider three cases:

Case 1. i = j = k. Then Z(s}s]sy) is empty in Z.

Case 2. i = j # k. Then the points of Z contained in Z(s}s]s}) are

sf“, sf“, e s?il. Therefore,
1Z(sisisp) NSl =q-p—1<L—1
Case 3. i # j # k. This implies, the points of S contained in Z(s? 33-32) are
s?“, s?”, e, s§+l. Hence,

1Z(s}sjsp) N S| =L —q+1 <L

From the above three cases, we conclude that the set Z is £-convex. It remains
to show that it contains no convex k-gon. Let P C Z be a set of points that form
a convex polygon. Let P; C P be the set of points in P which has subscript 7, for
1€{2,3,...,k—2}.

If for all 4+ € {2,3,...,k—2}, |P;| <1, then clearly |P| < k-1 < k.
Otherwise assume that |P;| > 2, for at least some ¢ € {2,...,k — 2}. Note that
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because of the orientations of the arrangements of the points in P; along concave
chains as described above, there can be at most one subscript 4 for which |P;| >
Next, observe that there cannot be more than 3 subscripts ¢ such that |P;| > 2,
since the set P; is contained in triangles s}_lsg szhr] and s%s%s}c_l. If there are two
subscripts ¢ < j such that

J
Pl [Pl =2, then PC|JP..

z=1

Therefore, if both |P;|, |P;| > 2, then none of the points si and s_; can be in P.
Similarly, if

k-1
|P;| =2, then either P C U P, or PC U P.,
z=1 2=0

and only the point s}c, | or s} can be in P, respectively.
With these observations, we have the following two cases:
Case 1. Let |P;,| > 3, for some iy. We now have the following two cases:

Case 1.1. For all i # iy, |P;| < 1. In this case the largest size of a convex
polygon in Z can be obtained by taking all the points in P;,, where
io = (k—1)/2 or iy = k/2, depending on whether k£ — 1 is even
or odd, and one point from each P; on one side of P; , depending
on the curvature of the concave chain at P; . Therefore, the largest
possible size of a convex polygon is |P| < (k—1)/2+ £ for k— 1
even, and |P| < k/2+ £ for k— 1 odd. Since £ < k/2, it follows by
assumption that |P| < k.

Case 1.2. There exists some jy 7 %y such that |Pj| = 2. In this case the
largest size of a convex polygon can be obtained by taking i, as
in Case 1.1, jo = 2 or j, = k — 2, and one point from each P;
between P;; and Pj . As none of the points s} or s;_, can be in P,
it follows that |P| < (k—1)/2+ £ for k— 1 even and |P| < k/2+¢
for k — 1 odd.

Case 2. Let |P;,| = 2, for some 4y, and |P;| < 2. If there exits some other
Jo # 1o such that |P; | = 2, then the size of a convex polygon that can be found
in Z is obtained by taking iy = 2 and j, = k — 2 (or vice versa) and one point from
each P; between P;, and P; . Clearly, the size of the largest convex polygon that



Holes or empty pseudo-triangles in planar point sets 41

can be obtained in this way is |P| < k — 1. Otherwise, for all ¢ # 49, |P;| = 1, and
it is easy to see that |P| < k — 1. O

Using this lemma, we now obtain the exact values of F(k, 5) and F(k, 6) in
the following theorem:

THEOREM 7. For any positive integer k > 3, we have
(i) F(k,5)=2k—3 for k>3,
(i) F(k,6) =3k —6 for k > 3.

PrOOF. Lemma 1 implies that any set which has a triangle with 2 interior points has
a 5-pseudo-triangle. Moreover, a 1-convex set cannot contain a 5-pseudo-triangle.
Therefore, part (i) follows from Lemma 5 by with £ = 1.

Similarly, Lemma 2 implies that any set which has a triangle with 3 interior
points has a 6-pseudo-triangle. Moreover, a 2-convex set cannot contain a 5-pseudo-
triangle. Therefore, part (ii) follows from Lemma 5 by with £ = 2. ]

In the following theorem, using Lemma 5 and the results on 7-pseudo-triangles,
we obtain new bounds on F(k, 7).

THEOREM 8.
r 3 for k=3,
5 for k=4,
F(k.7) - 9 for k=135,
[16,17] fork =6,
[21, 23] Jor k=1,
[4k — 9,5k — 12] fork > 8.

PrOOF. Using the fact that ES(4) = 5 and ES(5) = 9, it is easy to obtain
F(4,7) = 5 and F(5,7) = 9, respectively. For k = 6 we slightly modify the
construction in Lemma 5 to obtain a set of 15 points, shown in Fig. 11(a) which
contains no 6-gon or 7-pseudo-triangle. This example and the fact that ES(6) = 17
[22], implies 16 < F(6,7) < 17.

Theorem 2 implies that any triangle with 5 or more points in its interior
contains a 7-pseudo-triangle. Lemma 5 with £ = 4 implies that any 4-convex set
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Fig. 11. (a) a set of 15 points not containing a 6-gon or a 7-pseudo-triangle, (b) a set of
16 points not containing a 6-gon or an £-pseudo-triangle for £ > 8

of 5k — 12 points contains a k-hole, thus proving that F(k, 7) < 5k — 12. Moreover,
any 3-convex point set cannot contain a 7-pseudo-triangle. The lower bound on
F(k,7) now follows from the tightness part of Lemma 5, with £ = 3 and k > 7.
Therefore, for k > 7 we have

4k -9 < F(k,7) < 5k — 12.

For k = 7, the above inequalities give 19 < F(7,7) < 23. As mentioned ear-
lier, the improved lower bound of 21 on F(7,7) follows from a claim of Aichholzer
et al. [2]. O

Remark 3. The set of 16 points shown in Fig. 11(b) is clearly 4-convex. This implies
that it cannot contain any £-pseudo-triangle, for £ > 8. Moreover, arguing as in
Lemma 5, it is easy to see that it contains no convex 6-gon. Since ES(6) = 17, we
have

F(6,¢) =17, for £>38.

Remark 4. Since an £-convex point set cannot not contain any (¢ + 4)-pseudo-
triangle, it follows from Lemma 5 that

F(k,0+4)> (k- 3)(£+ 1)+ 3,

whenever £ < k/2.

The bounds obtained on the values F(k, 5), F(5,¢), F(k, 6), F(6,£), and F(k,7)
for different values of k£ and ¢ are summarized in Table 2.
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Summary of the results

Table 2

F(k,5) =2k —3
4
3 forl =23,
4 forfl =4,
F(5,¢) =
7 forl =275,
9 forf>6.
F(k,6) =3k—6
(3 for £ = 3,
4 for £ =4,
7 for ¢ =5,
F(6,2) = <
12 for £ = 6,
[16,17] forf =7,
[ 17 for £ > 8.
(3 for k = 3,
5 for k =4,
9 for k=5,
F(k,7) =
[16, 17] for k =6,
[21, 23] for k=7,
| [4k—9,5k—12] fork>8.

7. Conclusions

In this paper we have introduced the quantity E(k, £), which denotes the smallest

integer such that any set of at least F(k, £) points in the plane, no three on a line,

contains either an empty convex polygon with k vertices or an empty pseudo-
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triangle with £ vertices. The existence of E(k, ) for positive integers k, £ > 3, is
the consequence of a result proved by Valtr [25]. However, the general upper bound
on E(k,{) is double-exponential in k -+ £. In this paper we prove a series of results
regarding the existence of empty pseudo-triangles in point sets with triangular convex
hulls. Using them we determine the exact values of E(k, 5) and E(5, ¢), and prove
improved bounds on E(k, 6) and E(6, ¢), for k,£ > 3. In particular, we show that
12 < E(6, 6) < 18 and conjecture the lower bound is, in fact, an equality. Verifying
this conjecture and improving the bounds on E(6, ), for £ > 7 are interesting
problems. Proving the existence of E(k, £), for k, £ > 3, without using Valtr’s result
[25], to obtain a better upper bound in general is also worth investigating.

We have also introduced the quantity F(k, £), which is the smallest integer
such that any set of at least F(k, £) points in the plane, no three on a line, contains
a convex polygon with k vertices or an £-pseudo-triangle. We extend a result of
Bisztriczky and T6th [6] and obtain exact values of F(k, 5) and F(k, 6), and prove
bounds on F(k, 7). Obtaining exact values of F'(k,7) for k > 6, and better general
upper bounds on F(k, £) for k, £ > 3 remains open.
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