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Abstract: We give an asymptotic formula for the number of integer matrices M such that M € Q,
det M = N, where € is a domain of some special form, and N is a given positive integer. Using
this result, we obtain the formula

Ey(N) =C(s) - In* ' N+ 0, (Inln N)- In®~? N) for any integer N > 2,

where Eg(N) is the average number of the local minima of integer s-dimensional lattices I" with
detI’ = N, and C(s) is a positive constant.
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1. Notation

We use the following notation:

1.
2.

#S is the number of elements in a finite set S;

0o(N) = Z d* (d are divisors of N, a € R);
dIN

. M, 4(Q) is the set of ¢ x s matrices ((x;)) (4 is the row index, j is the column

index) such that z;; € Q@ (@ =R or Q =Z);

. Ms(Q) - MS,S(Q);
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M;(Q, N) = {X € My(Q) : det X = N};
GL,4(R) = {X € My(R) : det X # 0};
SL( ):{MEM (Z) : det M = %1};
Z) = {((tij)) € Ms(Z) : t;; = 0 for j >, 0 < t;; < t; for j < @
1= 1, s},
9. TM,(Z, N) = TM,(Z) N M,(Z, N);
10. d(M) is the greatest common divisor of the tth-order minors of M € M; 4(Z);

o =N N W

11. D(X) is the maximum absolute value of the tth-order minors of X € M; 4(R);
12. if X € My4(R), then

t

M(X)erilfgslwijla N(X)ZEM(X), IXloo—ln\lflftN()

13. L4(Z) is the set of complete integer s-dimensional lattices;
14. L(Z, D) is the set of lattices I' € L(Z) with detT" = D.

We write
f(z) < g(xz) (or f(z)=0(g(z))) for ze€X,

if there exists an absolute constant C > 0 such that |f(z)| < C- g(z) forall z € X.
If C depends on a parameter 6, we write f(z) §< g(z) (or f(z) = Oy(g(x))). We
write fxgif fKg< f

We say that a hypersurface S C R® is piecewise differentiable if S consists of
a finite number of differentiable hypersurfaces.

A set K C R is called a cone with the vertex at the point z = 0 if Az € K for
any A € Ry = (0, +00), z € K.

2. Introduction

Suppose that the set Q C GL,(RR) satisfies the following conditions:

(A) Q= {((z;)): (i, ..., Tis) € Vi, i =1, s}, where V; (i = 1, s) isa connected
cone in R® with the vertex at the point £ = 0, the boundary of V; is piecewise
differentiable;
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(B) there exists a positive constant C' such that

The main aim of this work is to obtain an asymptotic formula for the number of in-
teger matrices M € €2 with det M = N. This problem arises when studying statistical
properties of local minima and Klein polyhedra of integer lattices (see [5—8]).

We note that Q = Ds(Ry) - Q, where Dy(R) is the set of diagonal matrices
((zj)) € GL4(R) such that z;; € Ry, i =1, s.

Consider the s(s — 1)-dimensional manifold PGLs(R) = Ds(R;)\GL,(R)
(the set of right cosets). Let us define a measure on PGL,(RR). By P(2) denote the
image of 2 C GL4(R) under the projection GLy(R) — PGL4(R). Suppose that
k = (ky, ..., ks) is a permutation of {1,...,s}, and 8 = (6,,...,6;), 6; = £1,
then we define

GLS(R, k, 0) = {((.’L‘,])) € GLS(R) L ik, = 9,’, 1= m}

Let PGLs(R, k,0) = P(GLs(R, %, 6)) be a map on PGLy(R). The set of all
PGL4(R,k,0) is an atlason PGL4(R). Define a measure p on the map PGL,(R,k,6) as

[ dw(X)

Hw) = | e X
w

for w C PGL4(R, &, 6),

where W is the prototype of w under the projection GL4(R, k, §) = PGL4(R, &, 6);
here dW(X) is the differential of an s(s — 1)-dimensional Lebesgue measure on
GLs(R, k, 0) C R*C~D taken at some point X.

It can be proved that the measure p does not depend on the choice of the map.
Therefore, the measure p is well-defined on PGL4(RR).

For example, if

w=PW), W=<|az3 1 z|:z=@.....06) €W,
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where W' is a Lebesgue measurable set in Ré, then

=3

1 ry X
u(w):/ det | 3 1 a4 dzx.
w s x¢ 1

It is easy to prove that u(P(Q)) < oo if Q satisfies the condition (B).

Remark. It can be proved that the measure y is invariant under a right action of
GL,(R). However, this fact will not be used, and its explanation is omitted.

Define the function x : N — R as

In
X(N)=1+ Z P (p are prime divisors of N).
D
pIN

It follows in the standard way that
X(N) € 1+Inw(N) <InlnN for N>2,
where w(N) is the number of prime divisors of N.

The main result of the present work is the following.

THEOREM 1. Suppose that the set Q@ C GL4(R) satisfies the conditions (A) and (B).
For any integer N > 2 the number of integer matrices M such that M € Q and
det M = N is equal to

R(N) (u(Pm))
(@ ¢ \ 5=

where Rs(N) = #TMg(Z, N), and ( is the Riemann zeta function.

“In*"' N+ Og(x(N) - In* N)) ,

Remark. If s = 2, then Theorem 1 can easily be proved using the methods of [3]
(two significant terms of the formula can be obtained by using [10]). The case s = 3
was considered in [8].

As an application of Theorem 1, we get an asymptotic formula for the average
number of local minima of s-dimensional lattices I with detI" = N.
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We prove Theorem 1 as follows. It is obvious that

#HQNMJ(Z,N) =>_ > KM, N),

AN MeM,_y (@),
d(M)=d

where d(M) is the greatest common divisor of the (s — 1)th-order minors of
a matrix M, and K(M, N) is the number of vectors (ny, ..., ns) € Z° such that

my ms
€ QN M,(Z, N).
Ms—n1r - M(s-1)s
n Ng

To calculate K(M, N), we must compute #(I' N U), where T' is a lattice and U is
a domain in R*". This problem is quite simple. The main difficulty is to calculate
the sum

> K(M,N).

MeM,_ | 4(2),
d(M)=d
The rest of the paper is organized as follows.
Section 3 contains some auxiliary results.
In section 4 we obtain estimates for the number of integer matrices lying in
a certain domain, as well as bounds for a sum of the form

> M), (1)
d(M) =d

where

O C Mt,s(Z)9 f . Mt,s(Z) — R+.

In section 5 we get an asymptotic formula for a sum of the form (1).

In section 6 we prove Theorem 1.

In the final section we obtain an asymptotic formula for the average number of
local minima of s-dimensional lattices I" with detI" = N.
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3. Auxiliary results

We define the functions 7, : N =R, k=0,1,2,..., as

Tr_1(d
N =1, nN)=> = C‘l( ) for & > 1.
AN
Using induction, it is easy to prove that
1 1 1
7(N) = ———....— for k,Ne€N.
= D T
my-...omg|N

Take N € N Using (3), we get

Ro(N) = # TML(Z,N) = > my-mi-...-m]"

ml:.’.‘-’m‘q:N
Ns—l
_ _ ars—1
- Z s—1 5—2 =N Ts—1 (N)
mp,..,mg_1 EN. ml ' m2 ‘e Ms—1
myemg_ ([N

By (3) and (4), it follows that

Te-1(N) < 0_(N), Ry«(N)=<N°*"'.0_/(N).

The following result is well known (see |2, ch. 1]).

()

LEMMA 1. Any nonsingular matrix M € My(Z) can be uniquely represented in the

Jorm M =T -Q, where T € TM(Z), Q € SLs(Z).

From Lemma 1 we have
Rs(N) = #(My(Z, N)/SLy(Z)),

(M,(Z, N) /SLy(Z) is the set of left cosets).

LEMMA 2. For any natural N, the following estimate holds:

S g <€) 0n () - x().

N
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PrROOF. We have

Inp, if r=p* pisaprime
Ind = E A(r), A(r)= { ’ ’ ’
T 0, else,

and therefore

g_1 d g_1 d A(r 01\ g_1 d
S g a5 T 5 A o)

d|N r|N N, r|N d|N
d=0 (mod r)

To conclude the proof, it remains to note that

S A ) A2 .

r|N r|N r
L I
DS <@, =
dIN rr'|N

LEMMA 3. I[f M € My4(Z), t < s— 1, then d(M) = d(M - Q) for any Q € SL4(Z).

PrOOF. Suppose that @ = ((g;;)) € SL¢(Z), and there exist a permutation

k= (k... ,ks) of {1,...,s}, integers n, m € [1, s], and an integer r such that
1, if j=k,
gGj =14 r, if (i,7) = (n,m), (7)
0, else.

Then the proof of the formula d(M) = d(M - Q) is trivial. It remains to note that any
matrix @ € SLs(Z) can be represented as a product of matrices of the form (7). O

4. Bounds for cardinalities of sets of matrices

LEMMA 4. Suppose that X, Q € GL4(R), and
detQ==+1, [X[ox<1l, [X-Qle<1

Then |Qlso < 8! - | det X| .
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PROOFE.

Qo = 1X " X Qloo <5 1X oo 1X Qoo <5+ |X oo <
(s= 1 |X|o - s!

X 9" X . D
S T det X| | det X|
By Lemma 4, we have
gl $—1
# eSLy(Z):|X- <1V (142 — 8
(Qest@:x-ae <1< (142 5 (5

for any X € GL4(R) such that | Xy < 1.

COROLLARY 1. Suppose that C € Ry, Y € GLy(R), (P, ..., Ps) € R’.. Then the
number of matrices X € Y - SLy(Z) such that

Ni(X)<P, i=1,s, P -...-P,<C-|detX], 9)

-1

is at most Cy = (1+2-s!-C)

PrOOF. Let F(Y, P) be the set of matrices X € Y -SL4(Z) satisfying (9). In the case
F(Y, P) = @ there is nothing to prove. Suppose that there is a matrix Xy € F(Y, P).
Then

Pi-...-P,<C-|detXy|, Y-SLy(Z)=X,-SLy(Z).

Divide every ith row of X, by P;, and denote the resulting matrix as X;. Then

#F(Y,P)=#{X € X)-SLy(Z): N{(X)< P, i=1,s} =
=#{X' € X(-SLy(Z):|X'|x <1} =#{Q€SL(Z): | X0 Q)| < 1}

Using the estimate | X{|s < 1 and (8), we have

S' s —1
#F(Y,P) < [ 1 2. — .
. P) (+ |detXa|)

It remains to note that | det Xo| = | det Xo|- (P, -...-P)~' > C". O
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COROLLARY 2. Suppose that NN, CeR,, (P,...,P)€R’, and P;-...-Ps<

<C-N. Then the number of matrices M € My(Z, N) satisfying the inequalities
R 2

Ni(M) < P, i=1,s, is at most C; - Rs(N), where C; = (1+2-5!-C)* -

PrOOF. By Lemma 1, we have My(Z, N) = TM,(Z, N) - SLs(Z). This equality,
together with Cor 1, yields

#{M € M(Z,N) : Ni(M) < P, i =T, 5} <

< Y. #H{MeT-SL(Z): Ni(M)< P, i=Ts} <
TETM,(Z,N)

< Z Cy = C; - Rs(N). O

TETM,(Z,N)

COROLLARY 3. Suppose that N € NN [2, +0), C € [1, +00). Then

a) the number of matrices M € My(Z, N) such that N(M) < C - N is at most
O5,0(Ry(N) - In* ' N);
b) the number of matrices M € My(Z, N) such that N(M) < C - N and

Hn,le{l,...,s}:é~M(M)<Nn(M)<C-/\/Z(M), ntl,  (10)

is at most O c(Rs(N) - In® 2 N).

PrOOE. If M € M(Z, N), and N (M) < C - N, then there exists a collection
k= (ki, ..., ks) € N’ satisfying the inequalities

Ni(M) < i=1,8, (11)
log, N — C' < Zkl log, N + C', (12)
i=1

where C' = max{s!, log, C + s}. If, in addition, M satisfies (10), then
k—C"<k,<k+C", C"=logC+1. (13)

We have 21 ... .. 2% < 20’ - N. Combining this with Cor 2, we can see that the num-
ber of M € My(Z, N) satisfying (11) is at most O, ¢(R4(N)). It remains to note that
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#{k € N’ : k satisfies (12)} < In*"' N,
s,C'

#{k € N° : k satisfies (12), (13)} <§ In°"* N. O
5,C"

By d;(M) denote the greatest common divisor of the tth-order minors com-
posed from the first ¢ rows of a matrix M € My(Z).

LEMMA 5. Suppose that t € {1,...,s— 1}, CER,,d €N, (P,...,P) € R’..
Then the number of matrices M € My(Z) such that

(M) =0 (mod d), (14)

NM)< P, i=1s [[P<C-|detM] (15)

U_l(d) §
Os,t,c<m' (Pl -...~Ps> >

ProOF. If the matrix M € M,(C) satisfies (15), then

is at most

S
|det M| < R=s!-]] P

i=1

Using this equality, Lemmas 1 and 3, as well as Cor 1, we can see that the number
of matrices M € M(Z) satisfying (14) and (15) is at most

Yo #{MeT SL(Z): M satisfies (15)} < fi(R, d),

TETMg(Z),det TR,

d¢(T)=0 (mod d)
where fi(R, d) is the number of matrices T € TMg(Z) such that detT < R
and di(T) = 0 (mod d). By N°(R) denote the set of vectors m € N° such that
my ... -mg < R. Then

00
2 s—1 2 s—1

fi(R,d) = g My -M3* ... My = g E my -m3-....my; <K

meNS(R), n=1 meNS(R), s.C

my-....my=0 (mod d) my-...omyg=nd
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n=1 meNt,
my .. omyg=nd
- 1 1 1
= Rs . I
m1<,,,~mt;nd
N (n-d)tt = mlt mf? me_y t
ml-...-mt':nd
R? e 1 RS
S gt P o-1(nd) < d—t1 o-1(d) <
n=1
Ufl(d)
< (&) ds—t+1 (P Py’ U

COROLLARY 4. Suppose thatt € {1,...,s—1},C€R,,d€N, (P,,...,PB) € R".
Then the number of matrices M € My 4(Z) such that

t
dM)=0 (modd), N(M)<P, i=1L¢ [J[R<C-DM),
i=1

is at most

Uﬁl(d) S
Os,t,c(m (Pl .Pt) )

ProoF. Without loss of generality we can assume that

my ... my¢
D(M) = |det

my oee Myt

Let M be the matrix obtained from M by adding the following rows:

0,...,0,1,0...,0), (0,...,0,1,0...,0), ..., (0,...,0,1).
©....0 Q.0

t t+1
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Then | det M| = D(M), and M satisfies the conditions (14) and (15) with P; = 1
for ¢ > t+ 1. It remains to apply Lemma 5. ]

COROLLARY 5. Let t € {1,...,s— 1}, C € [1;400), d € N, N € NN [2;0),
a € R. Suppose that sets w; = wy(N, d, C), w;, = w(N, d, C, a), w; = w(N,d,C)
are defined by the formulas

wy={MEM;4(Z): d(M)=0 (modd), 1 <N(M)<C-DM)<C” N},

wy ={M € w : \j(M) < C-d"},

Wi ={M € w;: |M|s - N(M) < C-N}.

Then
- o)
D (VM) < ey W', (16)
Mewt ’
~s . 0-1(d) _
Z (N(M)) s§'<a dS—t+l ’ 1n(d+ 1) : lnt 1 N’ (17)
Meuw, T
—s+1 U_l(d) _
S e W0 N2y 9
Mew;l H
PROOF. Suppose that k = (ki,..., k) € N’; then by wyr we denote the set of

matrices M € M, 4(Z) satisfying the conditions
dM)=0 (modd), N(M)<C-DM), 2" '<N(M)<2% i=T1.

By Cor 4, we have

o ( d) t s

—1 k;

#wt’k sfc ds—t+1 . ( | | 2 ) . (19)
It is obvious that

¢
wtCth,k, K:{kENt:Zki<10g2N+C'},
kek i=1

t
wy C U Wt ks K = {k eN': Zkﬁ <log, N+ C', k< 10g2d+0a},
keK' i=1
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1<y<t

t
e U Wt K":{kGN : max k; +Zki<10g2N+C"},
—

keK"

where the constant C' depends only on s, ¢, and C, and the constant C,, depends
only on C and «. Using the above representation together with (19), we can write

MEwt
#wtk
M << —_— 1 K
Mze;( () kEZK 2k 2k)s C’tC ds t+1 gf; 5,0t
t
o_1(d _
s<§tds_‘—f+?-ln<d+1>~lnt W
t —s+1
M . .
> #"_1 < > max 2" (Hz’“f> oy K
sy V(M) o0 (g ISIst =1 50t
t
o_1(d) ; k;
&g 2 (max 2 - ][0 <
keK" =1
o_1(d) t—1
€ e NN

From (18) and (4) we obtain the following estimate:

2 L 2
szdz S<%Ns SNZ

dN  Mew!, d|N
Rs(N) - In*"2 N.

g_ 1(d)

— #wt,k g_ 1 (d)
Z (W(a1)) S<<CkeZK (2. ... 2ke)s s<§t ds- t“ §1§’<t dstH!

‘In' N,

(20)

Suppose that k,n € {I,...,s— 1}, k # n. Let w = ws_ (N, d, C, k,n) be
the set of matrices M € w;_;(N, d, C) such that Ny(M) = N (M). Using the same

method as in the proof of Cor 5, we obtain

Z (N(M))—s < U—l(d> In* %N,

2
Mew sC d
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Hence, we have

NIy A (V) <<R() In*"? N. (21)

dN Mew

5. Calculation of certain sums

We are going to use the following notation.
1. AU is the boundary of a set U C R®.

2. U is the closure of a set U C R®.
3. C'(U) is the set of all continuously differentiable functions f: U — R.
4. mes is the Lebesgue measure.
5. Ifzx € R®, VCR®, € >0, then
2] = (@1 + ... +25)"", |zl = max [z,

dist o (z, V) = inf |z — Y|oo,
yeov
U(V,e) = {z € R®: dist (z, V) < €},
B(V,e) = {z € V: dist o(z, V) < s+ €}.
6. |V f] is the absolute value of the gradient of a scalar function f.

LEMMA 6. Suppose that the following conditions hold:
a) V is a bounded and connected Lebesgue measurable set in R’;

b) f is a nonnegative function from C ! (V), and there exists a function g:V — R
such that

V()| < glz) for z €V, g(z) <gly) for z,ycV, (z—y) € [0,+00)%

¢) DEN, T € Ly(Z, D).

Then
S o) /(w)dx+o<sl+sz+@>
| 1%
G-p [ fwdn 6= S o). &=D- X g0)

B(V,D) YETNB(V,D) YEVNT
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PrOOF. There exists a basis e(]), e, " of the lattice T such that (see [2, ch. 1]

or Lemma 1)

)

We define the set

(y) = {’y+ Ztie(i) 2t €10, 1), z:m}

i=1
Then we have

|z —yloo < s-D for z,y € I(y).

Let
I'={yernv:o@nov=g}, V=[JuM.

yer!

Using (23), we have (V' \ V') C B(8V, D). Therefore,

D ) =D f(n) +0&),

yevnr yer’

%/f(m) dwz%/f(x) dz + 0(&).
i v

D—0 for j>1 Oge.j)<e£i) for j<i; t=1,s.

(22)

(23)

(24)

(25)

Take a point v € I''. From mean value theorems it follows that there exist points

Ty, Yy € II(y) such that

5 [ ferde- 1) < 91w,

11(v)

From b) and (23) we can obtain the following formula:

’% / f(x)dx—f(’Y)’ <g(y) D< D).
11(v)

Hence,



28 Andrey lllarionov (Khabarovsk) [316

Using the above together with (25), we obtain

Zf(v)z—Z/f da:+0( > ()>:

er’ er’ er’
! 7 n() v

=5 [ fo s+ 0ue) = 5 [ 1) a0+ 60
v 14

It remains to substitute the last relation into (24). O
LEMMA 7. Let S be a closed piecewise differentiable hypersurface in R®. Suppose that
r=(r,...,rs) ERL, e€ Ry,

U(S,e,r) = {x cU(S,e): x| <my, 1=1 s}

Then

mes U(S, €, 1) <<e ZHrl

J=1 i#jg

The proof is trivial.

COROLLARY 6. Suppose that the following conditions hold:

a) V is a connected set in R®, its boundary 8V is piecewise differentiable, and there
exists a positive constant C such that

|z;| < C-z5, 1<xzs for z=(x1,...,25) €V, i=1,8—1;

b) f is a nonnegative function from the class C' (V(I, L)), and there exists a positive

constant R such that

R
IV f(z) < Ty for zeV(, L), (26)

@) < 2,

T3

where V (1, L) is defined as the set of points x € V such that | < xs < L for given

positive real constants | and L, |l < L

¢) DeN, T € Ly(Z, D).
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Then

DOEIG) V(L/L) f(w)dw+0v(R-(£+]+;D)), = > -

~ernVv(l,L) yernv(i,L), Vs
”ngDz

PROOF. We can assume that R = 1. If D? <lor D? > L, then the proof is trivial.

Let

2

I<D*<L.

Let us define the following sets
V(l,D2):{x€V:l<x5<D2}, V(Dz, L):{xEV:ngccsgL}.

Then

Yo f) > f) +00). (27)

~yerrnV(l,L) yeETNV(D? L)

From Lemma 6 and the conditions (26) we can obtain the following formula:

Z fly) = D / f(z)dz+ Oc s(& + & + &),

yeI'nV (D% L) V(D2 1)
1 1 D (28)
i "D / de’ &= > e = D>
B(V(D% L),D) ’ YeTNB(V(D% L),D) '* YETNV(D? L) Vs

By (26), we have

‘ / f(x)dx—/f(:z:)dw

< / idxgc /dxs_csl 2,
s Ts

V(D2 L) V(LL) V(L.D?) |
D D 1
& < < - <5

\"i\ gc‘"s.Dz <ns

Combining this with (27) and (28), we obtain

Z fly =D / f(z dx+030<§+§1+§2+1+11)nD>.

~eINV(I,L) V(L)

(29)
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It remains to estimate &, &,. For any k= (ki, ..., k;) € N° we define

Iy, = {z e R*: 287" oy < 2%, i =T,5}.
Then
vioinpc |J m.
kCK(D? L)

KD’ L) ={ke€N°:k; <k, +1+log, C, log, D> <k, <log, L+ 1},

Put II(V, D’ L) = Il N B(V(D’, L), D). By Lemma 7, we have

S
m,(V,D* L)< D- 2k
mes (V. D 1) £ D3 ]

j=1 i#j

It is easy to prove that

S 2 k;
#(Z IV, D% D) < D-y [ 2"

=1 i#j
Hence, we have
g < 2 > / L < > ! ,(V, D’ L) <
X A —dr < —=- Ar . mes ) )
‘ z3 D (2k1)s * v
keK(D? Dyv. 02 1) keK(D2 L)
1 1
< ¥ (5T ¥ em
keK(D2 L) Jj=1 1#j log, D*<k,
1 1
es X (Y <X mgp X ois
keK(DA L)  neZsny(V.DA L) ° keK(D? L) n€ZsNI(V,D? L)

< > ( ZHz’“)« > %«5.

keK(DZ L) J=1 ] ¢ log, D?<k,

It remains to substitute these estimates into (29).
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For Y = ((y;5)) € Mi_15(R), z = (21, ..., z5) € R’, we define
Y Yis
% : :
( ) - . : € Mt,s(R)-
z Ye-1 - Yi-1)s
| ce T

LEMMA 8. Let M € My_14(Z), 2 <t < s, r=d(M), d € N, and r | d. Suppose
that the lattice T = T'(M, d) consists of solutions n € 7° of the following congruence

() =0 et

Then det T = (d/r)°* "',

Proor. If
mi; = 0 for ] > 1, (30)
then the proof is trivial. Lemmas 1 and 3 imply that M can always be reduced to

the form (30). O

LEMMA 9. Suppose that a set ©; and a function f satisfy the following conditions:
a) ©y is a subset of My 4(R), and ©; can be represented as

(—)t = {((m”)) : (IL‘“, e xis) € V;, 1= m},

where Vi, i = 1,...,t, are connected sets in R®, and the boundaries OV; are
piecewise differentiable;

b) there exists a constant C € [1; +00) such that

N(X)<C-D(X) for XE€ Oy (32)

¢) f is a nonnegative function from C'(6;(N)), where for N € (1; +00) and the sets
©:(N) defined as

t1
O4(N) = {((qu)) €O 1<z <zn<...<zy, ' Hﬂiu < N}
i=1
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there exists a positive constant R such that

R
f(X) < , (33
W) :
0 R
’ fX) 4
Oz |~ Mi(X) - V(X))
fork=1,t,1=1,s, X = ((z;;)) € ON)
Then
Tt 1 -
St(N, ds f) ds t+1 ' ( H C(k ) X
k=s—t+1
_ 1+1Ind
< [ s0ax+ 0 (rowt N R o @)
©:(N)
for d € N, where
S(N.d = > f).
MeMy 5(Z)NO¢(N),
d(M)=d
PrOOF. The proof is by induction on ¢.
Base of induction. Let £ = 1. Then
0,CR’, N):{x: (T1,...,T5) €Oy |T|oo <Crzy, 1<y <N1/8},
s R
If(z)| < —S |V f(x )|\ s+l for z=(zy,...,25) €O1(N), (35)

T

d(m):gcd(ml,...,ms) for m=(my,...,my)€Z’,

where gcd(my, ..., my) is the greatest common divisor of my, ..
Mobius function p, we obtain

., ms. Using the

SiN.d, f) =D un)-s(n), stn)= D f(m).

neN meO (N),
m=0 (mod nd)
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The relations (35) imply that we can use Cor 6 to calculate the sum s(n) by

o](m A O( (5 1+(:lf;()”d) ))

¢= > —
my
MENXZS~!, |mloe <C-my <C-(nd)23,
m=0 (mod nd)

swapping z; and zs. We have

In this proof, the constants in asymptotic estimates O(...) and < depend only
on ©;. It is easy to prove that

1 1 Lt In(nd)
(nd)s 1§m1<2(nd)231 m < (nd)s ’
Therefore,
(25 ) vo(n s (Lmoary)
Si(N,d, f) = ds(neN / f(x)dz ) +O[ R- REZN i _
/ f(z) da:—i—O( 1+d11’1d)‘
OI(N)

This completes the proof in the case t = 1.

Induction step from (¢t — 1) to t. We define the sets

et_l:{«m;j»:<x;,,...,x;s>ew, ir,t—l},

O1-1(N) = {((-’E;g)) €01 < 37,11 < 1"22 <... < xitfl)(tfl)’
(x(t (- 1) H% < }
t—1 —1/(s—t+1)
V;:(X,,N) _ {x € V;: . t ety < <z < Nl/(S t+1) | (ngl) }
i=1

for X' = ((al;)) € O4_1(N).
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Then ©;(N) can be represented in the following form:

0:(N) = {(XI) X €0,,(N), zeV(X, N)}.

X

It is obvious that

SN A =D D @ (36)

r|ld M’eet (),
d(M')=r
where
Z Z M
mevy (M’ ,N), neN m
d(M)=d (37)

s A

meV,(M',N)NT'(M',nd)

and the lattice T'(M’, nd) is defined as in Lemma 8.
Applying Lemma 8§, we obtain

d s—t+1
det T'(M', nd) = (n_) .

r

By the condition c), we have

() < zwomr [aa/((2))] = o iame

Therefore, we can apply Cor 6 to compute the sum F(M', n), obtaining

F(M',n) = (%) SitHFO(M’) + o(ﬁ : (g(M’, n) + %n(ﬁ))) :

an= [ ()

Vi(M',N)

g(Mlﬁn) = Z |,n,:s

meVy(M! N)D(M' nd), |°°
Imlso < (nd)(s~t+1)2
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Substituting this equality in (37) yields

s—t+1 1
(M) = (2) m - Fy(M') +
o i ( Seorn (15—%)) (38)

neN

Taking into account (36), we have

1

N, d, S8, (N, 7, Fy) + O(R - ,
Si( f) = d T C(s—t 1 1) %T i-1(N, 7, Fy) + O(R - (m +m))
(39)
where
SN R) = > RM). n=Y 3 V()™
M' €64 (N), neN Me6y(N),
a(M=r Ny (M) < (nd)25= D d(m)=0  (mod nd)
1+Ind _ _
=g 2T D, W)
r|ld Mee;_j(N),

dM')=r

From (16), (17), and (31), (32) we obtain the estimates

1+1nnd _ 1+1Ind -
m < Z o o_i(nd)-In""' N < ‘"' N-o_i(d), (40)

—t+1
neN ds
1+Ind _ o_1(r _ 1+Ind _
M < ot 7’ t+1-rsl—t(+2)lnt 'N« W-lnt "'N-o \(d). (41)

rld
Using the conditions of the Lemma, it can be proved that the function

= [ (%))

V(X',N)

is nonnegative, continuously differentiable on ©;_;(N), and

R-InN
Ni(X') - NV (X7)*

R(X) <

R-InN ‘ OFy(X')
(NM(X7)*

!
oz},



36 Andrey lllarionov (Khabarovsk) [324

If D(X') < N(X')/(C - t) for any X' € ©; ,, then

X' 1
p((%)) <t D) -lalle < & - NCO) el =
x c
1 X' X'
:—-./\/(( )) for ( )GG)t.
C z x
This contradicts (32), and therefore we must have
N(X)<C-t-DIX') for X €6;.

Hence, we can apply the induction assumption to calculate S;_(N, 7, Fy). We have

k=s—t+2

0r-1(N)
1+1
+ O<R~lnt—1 N- T:tij -0_1(1")).
Therefore, we can write
er—t+l 'St_l(N,’I‘,F()) =
rld
_ (Z th(r)) ( liI C(k))l- / Fy(X')dX' +
r
rld k=s—t+2 011(N)
_ I+Inr
—|—O<R-lnt 1N-Zd . -0_1(7')) =
s -1
=7_1(d)- ( 11 ((k)) : / f(X)dX+O(R-In" 'N-(1+1Ind)-0_(d)).
k=s—t+42 0:(N)
(42)
It remains to substitute (40), (41), and (42) into (39). O

COROLLARY 7. Suppose that the set © = O,_, satisfies the conditions a) and b) of
Lemma9fort=s—1. Let C; € R, N € NN|[2; +00), and let f be a nonnegative
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function from C'(©(N)), where

1<j<s—1

O(N) = {((m”))GG 1<z, i=1,s—1, ( max zj)- Hmiigc-N},

and there exists a constant R € R, such that the estimates (33) and (34) hold.
Then

R S B Rk

dIN MMy (Z)nem),
X ( / f(X) dX + Oe ¢ (X(N) In*7? N) ) .

d(M)=d
O(N)

PrOOF. Let P(s — 1) be the set of permutations of {I,...,s — 1}. For any
k= (ki,..., ks_1) € P(s— 1) we put

O(N, k) ={X € O(N) : Tt p, < Tip, < ... < Tk}

Using (21) and (33), we obtain the estimate

NIy Td DT f(M) € Ry(N)-In° PN

d|N MeO(N,k)NO(N,n), G
d(M)=d

for k,n € P(s— 1), k # n. Hence,

NIy D> fan= D> NI Td )T f(M)+

dIN  MeMy_ | @)new), keP(s—1) dIN  MeMy_ | (Z)NO(N.k),
d(M)=d d(M)=d
-2
+ O5.0(Rs(N) - In" " N). (43)

It remains to prove that

NI d D f(M)—ﬁ /fX)dX+

dIN MeM,_ 4(Z)NO(N.k).
‘ i o(N.k)

+ 00,0k (Rs(N) - x(N) -In*">N) forany k€ P(s— 1). (44)
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Without loss of generality, we consider only the case k = (1, ..., s). Using Lemma 9,
we obtain that

NTIYDd Y )=

dIN  MeMy_y ((Z)N6.k),

d(M)=d
5—2(d : -
—nt 3l jl( ). (Hc<k>) : / f(X) dX +
d|N k=2 o(NF)
+ 0957150 (Nsl '11’1872 N - Z (1 ‘l‘dll’ld ) o‘l(d))>

N

Combining this expression with (2), (4), and (6) yields (44).
To conclude the proof, it remains to substitute (44) into (43) and note that

>, / f(X)dX=/f(X)dX. 0

k€P(s)g(n k) o(N)

6. Proof of Theorem 1

LEMMA 10. Let G be a connected Lebesgue measurable set in R®. Then
#(G N Z°) = mes G + O, (mes U(G, 1)).

The proof is given in [7].
For any lattice I' € L4(Z) we define

A(T) = min ( max |a(i)|oo),

1<i<s

where the minimum is taken over all systems of vectors {a(i) }5:1 such that {a(i) }f:l
is a basis of I'. Using well-known results [2, ch. 8], we can write

AT) < Cy - max |09, (Cy = Co(s) > 0) (45)

1<i<s

for any linearly independent system {b®}5_, C T.
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COROLLARY 8. Suppose that T' € Ly(Z,D), zp € R*, X = s- XT). Let G be
a connected Lebesgue measurable set in R®. Then

1 1
#(GN (T +z)) = pmes G+ Os <Emes U(0G, )\)) .

PrROOF. We can assume that o = 0.
Let {a”}5_, be a basis of T' such that

@ _
max 0] = MT).

Wi mT o7
By M denote the matrix with the columns a'’ ,...,a"’ . Then
#ING)=#Zn(M '-Q)).
Using Lemma 10, we obtain

#T'NG) =mes (M '+ G)+ Os(mesUBM - G), 1)). (46)

Clearly, we have

1
mes(M_l-G):|detM_l|-mesG:BmesG. (47)

Since |M - 2| < A |2]o for all z € R®, it follows that M - U@(M '-G),1) C
C U(dG, \). Therefore,

1
mes U(B(M_l -G), 1) < D mes U(9G, N). (48)
It remains to substitute (47) and (48) into (46). O

LEMMA 11. Suppose that R € (1, +00), and

s—1

H; (R) = {33 € [1,+00)* ™" : |zl - sz < R}-

1=1
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Then we have

dz 1 |
—_—=—-In"" R 49
/ Ty e Ty s! n (49)

PROOE. Let

H;(R) = {IE [1;—|—oo)t:a;1 <zy <. <3y, T G Hmz\ },

dzx
Lis(B) = / P

Hy(R)
It is clear that
/ ﬁ = (s= D! L 1.4(R). (50)
Hy-(R)
Let us show that
il = S ' R (51)

The proof is by induction on ¢.
In the case t = 1 there is nothing to prove.

Induction step from (¢t — 1) to t. Let us perform the following substitution:

yi=m, G=11t—1, =5”‘Ha

Since we have

< ” ) 1/(s—t+1) dx | dy
Ty = - ’ = : ]
K Yl oo Yo Ty-o.. Ty s—t+1 yr-... -y

it follows that

R

Itlsyt)
I —
ts( 3—t+1/

1

Using the induction assumption, we obtain (51). Now (49) follows from (50)
and (51). O



329] On the asymptotic distribution of integer matrices 41

For any X € M,(R) by A;(X) we denote the (s, j) cofactor of the matrix X.

LEMMA 12. Suppose that N € N, N > 2, the set Q C GL4(R) satisfies the conditions
(A) and (B) of Theorem 1, and there exists a constant C| € [1; +00) such that

s—1

Ni(X)<Cy-zy, i=1,s; Ni(X) < Cy-Ay(X) forany X € Q. (52)

i—1

=

Let
Q(Z,N,Cy) = {((mij)) € QN M(Z, N) : Jmax m; U my; < Gy - N}.

Then we have

: __ Rs(N) WP) o -2
EN,C) = o (H T N O ) 1 ) )
for any positive C, such that
1
G < s (53)

C}-Cy-sl-(s—1)-(s—1)
where C, is the constant in the estimate (45).

Proor. Using the conditions of the Lemma, we can see that any set V; can be
represented in the form

Vg:{t-(ml,...,.fvi_],1,.’Ei+1,...,$s):tERJ”
(xl"“’x’;l’xﬂ'l’""xS) € I/Vi’}’ (54)

where W; C RS , and the boundary 0W; is piecewise differentiable. Put
0= {((Ccij)) ity zis) €V, i=1,8— 1}

O(N) = {X €0: Jnax i Hmﬂ }
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For any integer matrix M € ©(N) we define

K(M) = #{m €7’ (Z) € QN M(Z, N)}.

Then
#Q(Z,N,Co) = > K(M).

M€eO(N)

Let us calculate K(M).
If d(M) does not divide N, then K(M) = 0.
Suppose that M € ©(N), and d = d(M) is a divisor of N. Then

S
K(M) = #{m €L NVy: Y miA; = N},
i=1

where

Therefore,

K(M) = #{m € 2" NV(M, N): z_: m;A; = N (mod As)},

i=1

where

s—1
N—EILQAZ

Since d = ged(Ay, ..., As) divides N, it follows that there exists a solution
n € Z°"! to the congruence

s—1
Z n;A; =N (mod Ay).
i=1
Now we have
K(M)=#(V(M,N)n (T +n)),
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where
s—1

I'= {('yl, e Ys 1) €EZT Z'yiAi =0 (mod As)}.

i=1

It is easy to prove that det I' = |A4|/d. Using this fact together with Cor 8 yields

K(M) = -mes V(M, N) + O, (i -mes (U(OV (M, N), ,\))> . (55)

|4 |4

The rows of M are a linearly independent system in I'. Combining this with (45),
we obtain

A< G- [ Mls. (56)

To calculate the integral

mes V(M, N) = / dz,

V(M,N)
we make the substitution
; S 1 =
;=" i=1s5—1, where :ES:—(N—Z:E@A,-). (57)
Ts A, i=1
This means that
my ... Mys—1) mis
x
Ty =N-———"—~, where D(M, r') = det
D(M, z') M5 1)1 - Ms—1)(s—1) Ms—1)s
T ... Ty 1

Using (B), we have

D(M,z') > é-N(M)-max{l,x'l,... Ty} >N (M) for (z),...,%_,) € W,.
(58)
In this proof, constants in asymptotic estimates < and O(...) depend only on Q
and C,.
We have / /
dz, . dzy = N |4y) - ST 0T (59)

(DM, a'))*
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B s. [T Ls—1
Vi=<zxzeR :{ —, ..., eEW,, s e Ry ¢,
Tg Tg

we can see that the mapping (57) transforms the set V(M, N) onto W. Finally, we

Since

obtain
mesVOLN) = N LA 00, 00 = [T o)
Let us estimate mes U(OV (M, N), A). Using (52), we have
‘— (s =1 (61)

Take any point y = (y1,...,¥s—1) € U(OV(M, N), ). Then there exists z =
= (x1,...,Zs_1) € V(M, N) such that

|z =yl K A< Co- M|, i=1,8-1 (62)
Let
1 s—1 1 s—1
Is:_<N_inAi>s ys—_<N_ZyzAz>
$ i=1 s i=1
Then
M — M
(T) GQ, det <T> :N,
T T
where T = (1, ..., Zs_1, Zs). Hence
N<Ls!-N(M) - |Z|p < 8- N(M)-C >1 N 63
LS ( )|.’L’|OO\S ( ) 1'$53$8/m'm. ( )

Using (61), (62), and the condition N (M) - |M|y < C, - N, we obtain

lzs — ys| < o =yl SO -(s= 1D (s—1)-Cp - [ M|y <

<C]'(8—1)!‘(8—1)'00'02'W.
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From this estimate and (63) it follows that

> | | > C N (64)
Ys = Ts Ts Ys| =2 U3 N(M),
where
1
C; = —C’l-(s—l)!~(s—1)'C’0-C’2>0 (SCC(53))
Cl - 8!

Suppose that

Using (62), (63), and (64), we have

LT T X | — T T — Mo - N(M
Ys Ys Ys Ts Ys Ts*Ys N

Hence, the mapping (57) transforms U(V (M, N), \) onto some set U such
that U C U(OW,, p), where p = O(|M|s -/\/'(M)-N_l). From the definition of y;
it follows that y, - D(M, y') = N. Using this equality together with (64), we have

D(M,y) > g > N(M).

Now applying the above to (59), we obtain

B dy ...dy._
mes U\(V(M, N)) < N*7" - | A, - / m<
U(OWs,p) ’
< Ns_l . ﬂ +Mmes U(aWsa /“l') < Ns_l ’ ﬂ H <
. | Mo
V(M)

Substituting (60) and (65) into (55) yields that

K(M)=N*".d. f(M) JFO(NS‘2 -d- %)
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This, in turn, allows us to write

#Q0(Z,N,Cy) = S(N)+O(&(N)),

M=N"3 5 dfn). & =3 3 d M]{/_[l;os 5 (66)

d|N Meo(N) d|N Meo(N
d(M)= d(M)=d

By the condition (B), we have
N(M) <s-C-D(M) for M€ O(N)NM,_4(Z).
Clearly, we can write
DM)<(s—1)!"N(M)<(s—1)!-N.
Therefore, we can apply (20) to estimate &(N):
£(N) < Ry(N) -In* * N. (67)
Using (58), we can see that the function

dx’
109 = [ o

Wi

satisfies the conditions
S

f(X) é W(—X)ls - mes WS,
af(X) |Ap(X, 2)] 1
— " dr K N(X) ———— =
e | pox T L N g
1

—NK(X) - V(X))

where Ay (X, ') is the (k, ) cofactor of the matrix

T ..o Zi(s-1) T1s

T(s—1)1 -+ T(s—1)(s—1) LT(s—1)s
/ /
A e Tg_q 1
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Therefore the condition ¢) of Lemma 9 is satisfied (¢ = s— 1, the constant R depends
only on Q). Hence, we can apply Cor 7 to calculate the sum S(N), obtaining

_ RS(N) . ns—2
SN = 2 g(s)( / F(X) dX + O((N) -1 N)). (68)

e(N)
Substituting (67) and (68) into (66), we have

__R) 2
....g(s)</f(X)dX+O(x(N)1 N)>. (69)

#Q0(Z, N, Cy) = ).
o(N)

To compute the integral (69), let us make the following substitution:

/

Ty =1, T =tz i=1,s-1 j=1,s j#i (70)

Then we can write
dX = (ti... -t )ty .dte ] dal,

1<i<s-LI<G<s,

i
/ !
dz’, ... dms(sil)

1
fX) = (ti... ts 1)’ / |det X'|*

s

dt, ...dt, dzy; ... dz,
F(X)dx = et (/A) I i o

. . 1|s
tl ts—l |detX| i <<,
W it
where

1 / !

Hap) Tys
1 /

X — 21 T2s
/ / 1

Tg1 Ty e

The set ©(N) consists of matrices X such that
t] t] -ac'12 tl 'CL‘II(S_I) t] 'SCIIS
ty - 25 12} R ty - 25,

X = . . . . . 4

ts_l ° xl(s,l)l ts_] ° x2371)2 oo ts_] ts_] ° .'L'I(Sfl)s



48 Andrey Illarionov (Khabarovsk) [336

where

(t1,....ts1) € Hy_((Cy- N) = {te [1; +00)" " : [t]s - Ht }
(mél, ,x;(i_l),a:;(iﬂ), ‘..,mgs) EW;, i=1,s—1.

From this fact and (71) it follows that

dt ... dt, |
/f(X)dX_ / T / |detX’|5 I dai;
a(N)

<i,j<
Hsfl(CTN) Wix...xW, : zlyij >

Using (49) and the definition of the measure p, we obtain

dty ...dts_ n*'N _
/ 1 i +O(In*"* N),

tl'---'ts—l s!
H,_(CyN)
1
dz; P(Q)).
|y 11 = uro)
Wix...xW; l;ijs
Thus, we have
ns~ 1 N
/ fX S H(P@) + O(In* % N).
o(N)
It remains to substitute the last formula into (69). O

COROLLARY 9. Under the conditions of Lemma 12, we have

#0¥(z, N) = -In*"' N + Oq(x(N) - In*? N)) ,

where

Q9(Z, N) = {M € QN M,(Z, N) : N,(M) = max N;(M)}.

1<i<s
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ProoF. Take any positive constant C, such that C, satisfies the condition (53) and
C, < 1/s!. Then for any M € Q'(Z, N, C;) we have

s—1
[N - max Ni(M)<Cy-N<Cy-sl- N(M) < N(M).
j=1

1<i<s—1

Therefore,
max N;(M) < Ns(M),

1<i<s—1
and hence
Q(Z,N,C,) c Q¥(z, N). (72)
Take a matrix M € Q¥ (Z, N)\ ' (Z, N, C,). Then

s—1

max Ni(M) < N(M), }_IIM(M)-lggg_lM(MDCz-N- (73)

Using the condition (B), we have
s—1 C
[[Vi()- max Ni(M)>Cy-N > EZ - N(M).

i1 1<i<s—1

Therefore, it follows that
C
max ANj(M) > 52 - Noy(M).

1<i<s—1

From this inequality and (73) it follows that

max N;(M) =< Ny(M).

1<i<s—1 C.C

Hence, by Cor 3 b), we obtain that
#(Q¥(z, N\ 9 (Z, N, 0y)) K R In°~2 N.
Using this relation together with (72), we have
#Q(Z, N) = #Q/(Z, N, C3) + O, 0.c,(Rs(N) - In° * N).

It remains to apply Lemma 12. ]
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LEMMA 13. Suppose that X € M(R), C € [1;400), and N(X) < C - |det X|.
Then there exists a permutation (ki, ..., ks) of {1,..., s} such that

s—1
Ni(X) < Cost-lag |, i=Ts, J[MEX)<C-s- 14,
i=1

where Ay, = Ay, (X) is the (s, ks) cofactor of the matrix X.

PROOF. Assume the converse. This means that any permutation (ki,...,ks) of
{1, ..., s} satisfies the following condition:
s—1

1
ither |A — i(X),
e it 14 < 5 TT 4000

1
e or there exists a number j € {1, ..., s} such that |z, | < o sl - Nj(X).
- s!
Then we must have

S

1 S
[det X| < Y Al - loal < 5 [ Mi(X),
i=1

I=1
which contradicts the conditions of the lemma. ]
Let Z(s) be the set of all sets Q C GL,(RR) satisfying the conditions (A) and (B).

COROLLARY 10. Any set Q € Z(s) can be represented in the following form:
Q=QUQHU...UQ,

where L € N, O;NQ; = @, 1 # j, and forany l € {1, ..., L} the following conditions
hold:

a) Q € E(s);

b) there exists a permutation (ky, ..., ks) of {1,..., s} such that

s—1

HA/}(X)<§|A;€S(X)|, /\/,-(X)<§|xiki|, i=1,s for XeQ.
=1

PrROOFE. We put h=(2-C-s- s!)_1 and divide the set Q into the following parts:

Tij ..
Q,=<X€N:n;h < <(nij+1h, d,5=1,s,,
n { N Ni(X) (nij + 1) i, ] s}
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where n;; € Z, |ny| < h™'. It is obvious that €, € E(s). It remains to prove that
any (2, satisfies the condition b). Take a matrix Y € €,,. By Lemma 13, there exists

a permutation (ki, ..., ks) of {1,..., s} such that
Ni(Y) < C-s -y ], i=1,s, (74)
s—1
NiY) < C- 5 Ay (V)] (75)

i=1

From this and the definition of €2,,, we obtain that |(n, + 1)h| > 1/(C-s!). Hence,
Ini,| > (2s—1),i=1,s, and

|Zin,| = h-(2s—1)-Ni(X), i=1,s (76)

for any matrix X € Q,.
Let us show that
Ay, (X) Ay, (Y)

oM 15 M) <(—=D-(s—1)-h for X€Q, (77

Without loss of generality, it can be assumed that k;, = s. We define matrices

.’L‘i]‘

A= ((ai)), B=((by)), aij:N}(X)’ bij:M(Y)a i,j=1,s—1

Then we can write

lag| <1, bl <1, lag;—by| <h, 4,j=1,5-1,
and hence
|det A—detB| < (s—1)!-(s—1)-h.
Taking into account the relations

Ay(X)

[Tiz) Mi(X) ITici NMi(Y)

we obtain (77).
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From (77) and (75) we have

Ak (X) Ak (Y) ‘ ‘ B A (Y)
T2} N X) [ v T ) [LZ Vi(Y)
1
> —(s=D-(s=1)-h> 7
e R (79)
By applying (76) and (78), it follows that (2, satisfies the condition b). O

PrOOF OF THEOREM 1. We divide the set €2 into the following parts:

1<i<s

a=Jo", a® ={Xeq: N(X) = max Ni(X)}.

From Cor 3 b) we obtain
#(Q% N QY N My(Z, N)) = O o(Rs(N) - In* N)

for k # 1. Thus, we can write

#(Q2NM,(Z, N)) = Xs: #(Q% N M(Z, N)) 4 Oco(Rs(N) - In*2N).  (79)
k=1

Let us show that

#W N My(Z, N)) =

R (M(P(Q))
¢(2)-...-¢(s) s!

(80)

-In*"' N + Og(x(N) - In*"? N))

for any k € {1, ..., s}. Obviously, it suffices to consider the case k = s. By Cor 10,
without loss of generality it can be assumed that

s—1
NiX) 2, i = T3, Ni(X) < Ay(X) for X € Q).

=1

Then, using Cor 9, we have (80). To conclude the proof, it remains to substitute
(80) into (79). O
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7. The average number of local minima
of integer lattices

For a rational number P/Q € (0, 1) let s = s(P/Q) be the length of the continued
fraction expansion

P
a:[qlsqb"‘aqs]: 1 ) QleN
qQ+——

1
Q+...+—

ds

In [3] H. Heilbronn proved the following asymptotic formula:

| P\ 22
QD S(é) = M@ s

ged(P.Q)=1

where ¢(Q) = #{n € NN [1;Q] : ged(Q,n) = 1} is the Euler function, R(Q) =
= 0(a%1(Q)). In [10] J. Porter established that R(Q) = C + O.(Q™” 6T€) for any
€ > 0, where C' is a positive constant.

One of the most interesting generalizations of continued fractions was proposed
by G. Voronoi [12] and H. Minkowski [9]. Their approach is based on local minima
of lattices. Let us recall some definitions.

By saying that I" is a complete latfice of dimension s we mean that it has the form

= {klm(l) bt kem® k€7, i = 1, s},
where m" are linearly independent vectors from R® (a basis of I'). The value
detT = | det((m?)))| is called the determinant of T".

A nonzero point y € T is called a local minimum of T' € L (R) if there is no
other nonzero point 4 € I' such that

il <lvl, i=1s Y| <hl

Denote as () the set of all local minima of T'.
The Voronoi—Minkowski construction is motivated by Lagrange’s classical
theorem on best approximations by continued fractions. For example, if o € (0, 1/2),
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then for a lattice T, defined by the basis (1, ), (0, 1) we have
M(Ty) ={£(Qi,aQ; —P) :i=0,1,...}, (82)
where Qo =0, Py=1, and P,/Q;=|qi,...,q;_1] is the ith convergent to o for i > 1.

Let us recall that £4(Z, N) is the set of all s-dimensional integer lattices I’
with detT" = N. Using Lemma 1, we can see that #L(Z, N) = Rs(N). Let

B(N) = RSEN) ' FGE%N) #n(r)

be the average number of local minima of lattices I' from L4(Z, N).
Using (81), (82), we have (see [7])

41n2
2

By(N) = ‘In N + O(x(N)).

It was shown in [6] that

— LS S sm@)=c(s) 0" D+ 0,(n" D)

for any D > 1. The proof of this formula is based on the following result.
THEOREM 2 [6]. For any integer s > 2 there exists a set Qon s C GLs(R) such that

a) the interior of Qen s is not empty,
b) Qops = N ULU...UQL, where L € N, Q;NQ; = & for i # j, and the sets §;
satisfy the conditions (A) and (B);

¢) for any natural N, the following formula holds:

> #M (D) = #(Quns N ML(Z, N)) + Oy (#(8Q0m,s N1 My(Z, N))),
eLy(Z,N)

where M (I') = M(T) NRY..

From Theorems 1 and 2, we obtain the following result.
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COROLLARY 11. For any integers s > 2, N > 2, the following asymptotic formula
holds:

Ey(N) =C(s) - In* ' N + O5(x(N) - In* * N), (83)
where
20 w(P(Qons))
(s=1! ¢2)-...-¢s)

C(s) =

PrOOF. The following estimate is well-known (see, e.g., [1,4]):
#{lyeMI) iy -...- 7 =0} < In* > N
S

for
'€ Ly(Z,N).

Therefore, we have

dToamI) =2 > #M(T) + Oy(Ry(N) - In°? N).
IeLy(Z,N) IeLy(Z,N)

From this equation and Theorem 2 it follows that

Es(N) = Rsz(sjv) : (# (QSJ?,S N Ms(Z’ N)) +
+ 0, (#(0m.s N M, (Z, N)))) +0,(In* 2 N),

We clearly have
w(P(02m,s)) =0,  w(P(Qons)) > 0.

It remains to apply Theorem 1. O

Remark. The formula (83) was proved in [8] in the case s = 3. The paper [8] also
contains the results of an approximate computation of the constant C(3). If s > 4,
it is impossible to calculate the constant C(s) even approximately. However, the
following estimates hold [11]:
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