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On the asymptotic distribution

of integer matrices

Andrey Illarionov (Khabarovsk)

Abstract: We give an asymptotic formula for the number of integer matrices M such that M 2 Ω,
detM = N, where Ω is a domain of some special form, and N is a given positive integer. Using
this result, we obtain the formula

Es(N) = C(s) � lns�1 N + Os
�
(ln lnN) � lns�2 N� for any integer N > 2,

where Es(N) is the average number of the local minima of integer s-dimensional lattices Γ with
det Γ = N, and C(s) is a positive constant.
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1. Notation

We use the following notation:

1. #S is the number of elements in a finite set S ;

2. σα(N) =

X
djN dα (d are divisors of N, α 2 R);

3. Mt,s(Q) is the set of t� s matrices ((xij)) (i is the row index, j is the column
index) such that xij 2 Q (Q = R or Q = Z);

4. Ms(Q) = Ms,s(Q);
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5. Ms(Q,N) = fX 2 Ms(Q) : detX = Ng;
6. GLs(R) = fX 2Ms(R) : detX 6= 0g;
7. SLs(Z) = fM 2Ms(Z) : detM = �1g;
8. TMs(Z) =

�
((tij)) 2 Ms(Z) : tij = 0 for j > i, 0 6 tij < tii for j 6 i,

i = 1, s
	
;

9. TMs(Z,N) = TMs(Z) \Ms(Z,N);

10. d(M) is the greatest common divisor of the tth-order minors of M 2Mt,s(Z);

11. D(X) is the maximum absolute value of the tth-order minors of X 2Mt,s(R);

12. if X 2Mt,s(R), thenNi(X) = max
16j6s

jxijj, N (X) =

tY
i=1

Ni(X), jXj1 = max
16i6t

Ni(X);

13. Ls(Z) is the set of complete integer s-dimensional lattices;

14. Ls(Z,D) is the set of lattices Γ 2 Ls(Z) with det Γ = D.

We write

f(x)� g(x) (or f(x) = O(g(x))) for x 2 X,

if there exists an absolute constant C > 0 such that jf(x)j 6 C � g(x) for all x 2 X .
If C depends on a parameter θ, we write f(x) �

θ
g(x) (or f(x) = Oθ(g(x))). We

write f � g if f � g � f.
We say that a hypersurface S � Rs is piecewise differentiable if S consists of

a finite number of differentiable hypersurfaces.
A set K � Rs is called a cone with the vertex at the point x = 0 if λx 2 K for

any λ 2 R+ = (0,+1), x 2 K.
2. Introduction

Suppose that the set Ω � GLs(R) satisfies the following conditions:

(A) Ω =
�
((xij)) : (xi1, . . . , xis) 2 Vi, i = 1, s

	
, where Vi (i = 1, s) is a connected

cone in Rs with the vertex at the point x = 0, the boundary of Vi is piecewise
differentiable;
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303] On the asymptotic distribution of integer matrices 15

(B) there exists a positive constant C such that

sY
i=1

max
16j6s

jxijj 6 C � detX for any X = ((xij)) 2 Ω.

Themain aim of this work is to obtain an asymptotic formula for the number of in-
teger matrices M 2 Ω with detM = N. This problem arises when studying statistical
properties of local minima and Klein polyhedra of integer lattices (see [5–8]).

We note that Ω = Ds(R+) � Ω, where Ds(R+) is the set of diagonal matrices
((xij)) 2 GLs(R) such that xii 2 R+ , i = 1, s.

Consider the s(s � 1)-dimensional manifold PGLs(R) = Ds(R+)nGLs(R)
(the set of right cosets). Let us define a measure on PGLs(R). By P(Ω) denote the
image of Ω � GLs(R) under the projection GLs(R) ! PGLs(R). Suppose that
k = (k1, . . . , ks) is a permutation of f1, . . . , sg, and θ = (θ1, . . . , θs), θi = �1,
then we define

GLs(R, k, θ) =
�
((xij)) 2 GLs(R) : xiki = θi, i = 1, s

	
.

Let PGLs(R, k, θ) = P(GLs(R, k, θ)) be a map on PGLs(R). The set of all
PGLs(R,k,θ) is an atlas on PGLs(R). Define ameasure µ on themap PGLs(R,k,θ) as

µ(w) =

Z
W

dW (X)j detXjs for w � PGLs(R, k, θ),

where W is the prototype of w under the projection GLs(R, k, θ)! PGLs(R, k, θ);
here dW (X) is the differential of an s(s � 1)-dimensional Lebesgue measure on
GLs(R, k, θ) � Rs(s�1) taken at some point X.

It can be proved that the measure µ does not depend on the choice of the map.
Therefore, the measure µ is well-defined on PGLs(R).

For example, if

w = P(W), W =

8><>:0B� 1 x1 x2

x3 1 x4

x5 x6 1

1CA : x = (x1, . . . , x6) 2 W 09>=>; ,

02-Illarionov.tex



16 Andrey Illarionov (Khabarovsk) [304

where W 0 is a Lebesgue measurable set in R6 , then

µ(w) =

Z
W 0 ������det0� 1 x1 x2

x3 1 x4
x5 x6 1

1A�������3

dx.

It is easy to prove that µ(P(Ω)) <1 if Ω satisfies the condition (B).

Remark. It can be proved that the measure µ is invariant under a right action of
GLs(R). However, this fact will not be used, and its explanation is omitted.

Define the function χ : N ! R+ as

χ(N) = 1 +

X
pjN ln p

p
(p are prime divisors of N).

It follows in the standard way that

χ(N)� 1 + ln ω(N)� ln lnN for N > 2,

where ω(N) is the number of prime divisors of N.
The main result of the present work is the following.

Theorem 1. Suppose that the set Ω � GLs(R) satisfies the conditions (A) and (B).

For any integer N > 2 the number of integer matrices M such that M 2 Ω and

detM = N is equal toRs(N)
ζ(2) � . . . � ζ(s) ��µ(P(Ω))(s� 1)!

� lns�1 N +OΩ(χ(N) � lns�2 N)
�
,

where Rs(N) = #TMs(Z,N), and ζ is the Riemann zeta function.

Remark. If s = 2, then Theorem 1 can easily be proved using the methods of [3]
(two significant terms of the formula can be obtained by using [10]). The case s = 3
was considered in [8].

As an application of Theorem 1, we get an asymptotic formula for the average
number of local minima of s-dimensional lattices Γ with det Γ = N.
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305] On the asymptotic distribution of integer matrices 17

We prove Theorem 1 as follows. It is obvious that

#
�
Ω \Ms(Z,N)

�
=

X
djN X

M2Ms�1,s(Z),
d(M)=d

K(M,N),

where d(M) is the greatest common divisor of the (s � 1)th-order minors of
a matrix M, and K(M,N) is the number of vectors (n1, . . . , ns) 2 Zs such that0BBB� m11 . . . m1s

...
...

m(s�1)1 . . . m(s�1)s

n1 . . . ns

1CCCA 2 Ω \Ms(Z,N).

To calculate K(M,N), we must compute #(Γ \ U), where Γ is a lattice and U is
a domain in Rs�1 . This problem is quite simple. The main difficulty is to calculate
the sum X

M2Ms�1,s(Z),

d(M)=d

K(M,N).

The rest of the paper is organized as follows.

Section 3 contains some auxiliary results.

In section 4 we obtain estimates for the number of integer matrices lying in
a certain domain, as well as bounds for a sum of the formX

M2Θ,
d(M)=d

f(M), (1)

where

Θ �Mt,s(Z), f : Mt,s(Z)! R+.

In section 5 we get an asymptotic formula for a sum of the form (1).

In section 6 we prove Theorem 1.

In the final section we obtain an asymptotic formula for the average number of
local minima of s-dimensional lattices Γ with det Γ = N.

02-Illarionov.tex



18 Andrey Illarionov (Khabarovsk) [306

3. Auxiliary results

We define the functions τk : N ! R+ , k = 0, 1, 2, . . ., as

τ0(N) = 1, τk(N) =

X
djN τk�1(d)

d
for k > 1. (2)

Using induction, it is easy to prove that

τk(N) =

X
m1,. . .,mk2N,
m1 �. . .�mk jN 1

mk
1

� 1

mk�1
2

� . . . � 1
mk

for k,N 2 N. (3)

Take N 2 N. Using (3), we getRs(N) = # TMs(Z,N) =

X
m1,. . .,ms2N,
m1 �. . .�ms=N

m2 �m2
3 � . . . �ms�1

s =

=

X
m1,. . .,ms�12N,
m1 �. . .�ms�1 jN Ns�1

ms�1
1 �ms�2

2 � . . . �ms�1
= N

s�1 � τs�1(N). (4)

By (3) and (4), it follows that

τs�1(N) � σ�1(N), Rs(N) � Ns�1 � σ�1(N). (5)

The following result is well known (see [2, ch. 1]).

Lemma 1. Any nonsingular matrix M 2 Ms(Z) can be uniquely represented in the

form M = T �Q, where T 2 TMs(Z), Q 2 SLs(Z).

From Lemma 1 we haveRs(N) = #
�
Ms(Z,N)

Æ
SLs(Z)

�
,

(Ms(Z,N)
Æ
SLs(Z) is the set of left cosets).

Lemma 2. For any natural N, the following estimate holds:X
djN σ�1(d)

d
� ln d 6 4 � ζ(2) � σ�1(N) � χ(N). (6)

02-Illarionov.tex



307] On the asymptotic distribution of integer matrices 19

Proof. We have

ln d =

X
rjd Λ(r), Λ(r) =

(
ln p, if r = pα, p is a prime,
0, else,

and thereforeX
djN σ�1(d)

d
� ln d =

X
rjN Λ(r)

X
djN ,

d�0 (mod r)

σ�1(d)
d

6
X
rjN Λ(r) � σ�1(r)

r
�X
djN σ�1(d)

d
.

To conclude the proof, it remains to note thatX
rjN Λ(r) � σ�1(r)

r
6
X
rjN Λ(r) � 2

r
6 4 � χ(N),X

djN σ�1(d)
d

=

X
r�r0jN 1

r2r0 6 ζ(2) � σ�1(N). �

Lemma 3. If M 2Mt,s(Z), t 6 s� 1, then d(M) = d(M �Q) for any Q 2 SLs(Z).

Proof. Suppose that Q = ((qij)) 2 SLs(Z), and there exist a permutation
k = (k1, . . . , ks) of f1, . . . , sg, integers n,m 2 [1, s], and an integer r such that

qij =

8><>: 1, if j = ki,
r, if (i, j) = (n,m),
0, else.

(7)

Then the proof of the formula d(M) = d(M �Q) is trivial. It remains to note that any
matrix Q 2 SLs(Z) can be represented as a product of matrices of the form (7). �

4. Bounds for cardinalities of sets of matrices

Lemma 4. Suppose that X,Q 2 GLs(R), and

detQ = �1, jXj1 6 1, jX �Qj1 6 1.

Then jQj1 6 s! � j detXj�1 .

02-Illarionov.tex



20 Andrey Illarionov (Khabarovsk) [308

Proof. jQj1 = jX�1 �X �Qj1 6 s � jX�1j1 � jX �Qj1 6 s � jX�1j1 6

6 s � (s� 1)! � jXj1j detXj 6
s!j detXj . �

By Lemma 4, we have

#
�
Q 2 SLs(Z) : jX �Qj1 6 1

	
6

�
1 + 2 � s!j detXj�s2�1

(8)

for any X 2 GLs(R) such that jXj1 6 1.

Corollary 1. Suppose that C 2 R+ , Y 2 GLs(R), (P1, . . . , Ps) 2 Rs
+ . Then the

number of matrices X 2 Y � SLs(Z) such thatNi(X) 6 Pi, i = 1, s, P1 � . . . � Ps 6 C � j detXj, (9)

is at most C1 = (1 + 2 � s! � C)s2�1 .

Proof. Let F(Y , P ) be the set of matrices X 2 Y �SLs(Z) satisfying (9). In the case
F(Y , P ) = ∅ there is nothing to prove. Suppose that there is a matrix X0 2 F(Y , P ).
Then

P1 � . . . � Ps 6 C � j detX0j, Y � SLs(Z) = X0 � SLs(Z).
Divide every ith row of X0 by Pi , and denote the resulting matrix as X0

0 . Then

#F(Y ,P )=#
�
X2X0 �SLs(Z) :Ni(X)6Pi, i=1,s

	
=

=#
�
X0 2X0

0 �SLs(Z) : jX0j161
	

=#
�
Q2SLs(Z) : jX0

0 �Q)j1 61
	
.

Using the estimate jX0
0j1 6 1 and (8), we have

#F(Y , P ) 6

�
1 + 2 � s!j detX0

0j�s2�1

.

It remains to note that j detX0
0j = j detX0j � (P1 � . . . � Ps)�1

> C
�1 . �

02-Illarionov.tex



309] On the asymptotic distribution of integer matrices 21

Corollary 2. Suppose that N 2N, C2R+ , (P1, . . . ,Ps)2Rs
+ , and P1 � . . . �Ps 6

6C �N. Then the number of matrices M 2 Ms(Z,N) satisfying the inequalitiesNi(M) 6 Pi , i = 1, s, is at most C1 � Rs(N), where C1 = (1 + 2 � s! � C)s2�1 .

Proof. By Lemma 1, we have Ms(Z,N) = TMs(Z,N) � SLs(Z). This equality,
together with Cor 1, yields

#
�
M 2Ms(Z,N) : Ni(M) 6 Pi, i = 1, s

	
6

6
X

T2TMs(Z,N)

#
�
M 2 T � SLs(Z) : Ni(M) 6 Pi, i = 1, s

	
6

6
X

T2TMs(Z,N)

C1 = C1 � Rs(N). �

Corollary 3. Suppose that N 2 N \ [2,+1), C 2 [1, +1). Then

a) the number of matrices M 2 Ms(Z,N) such that N (M) 6 C � N is at most

Os,C(Rs(N) � lns�1
N);

b) the number of matrices M 2Ms(Z,N) such that N (M) 6 C �N and9 n, l 2 f1, . . . , sg : 1
C
� Nl(M) 6 Nn(M) 6 C � Nl(M), n 6= l, (10)

is at most Os,C
�Rs(N) � lns�2

N
�
.

Proof. If M 2 Ms(Z,N), and N (M) 6 C � N, then there exists a collection
k = (k1, . . . , ks) 2 Ns satisfying the inequalities

2ki�1
6 Ni(M) 6 2ki , i = 1, s, (11)

log2 N � C0
6

sX
i=1

ki 6 log2 N + C0, (12)

where C0
= maxfs!, log2 C + sg. If, in addition, M satisfies (10), then

kl � C00
6 kn 6 kl + C00, C00

= log2 C + 1. (13)

We have 2k1 � . . . �2ks 6 2C
0 �N . Combining this with Cor 2, we can see that the num-

ber of M 2Ms(Z,N) satisfying (11) is at most Os,C(Rs(N)). It remains to note that

02-Illarionov.tex



22 Andrey Illarionov (Khabarovsk) [310

#
�
k 2 Ns : k satisfies (12)

	 �
s,C0 lns�1

N,

#
�
k 2 Ns : k satisfies (12), (13)

	 �
s,C0 lns�2

N . �

By dt(M) denote the greatest common divisor of the tth-order minors com-
posed from the first t rows of a matrix M 2Ms(Z).

Lemma 5. Suppose that t 2 f1, . . . , s � 1g, C 2 R+ , d 2 N, (P1, . . . , Ps) 2 Rs
+ .

Then the number of matrices M 2Ms(Z) such that

dt(M) � 0 (mod d), (14)Ni(M) 6 Pi, i = 1, s,
sY
i=1

Pi 6 C � j detM j, (15)

is at most

Os,t,C

�
σ�1(d)
ds�t+1 ��P1 � . . . � Ps�s�

.

Proof. If the matrix M 2Ms(C) satisfies (15), thenj detM j 6 R = s! � sY
i=1

Pi.

Using this equality, Lemmas 1 and 3, as well as Cor 1, we can see that the number
of matrices M 2Ms(Z) satisfying (14) and (15) is at mostX

T2TMs(Z),det T6R,
dt(T )�0 (mod d)

#
�
M 2 T � SLs(Z) : M satisfies (15)

	�
s,C

ft(R, d),

where ft(R, d) is the number of matrices T 2 TMs(Z) such that det T 6 R

and dt(T ) � 0 (mod d). By Ns(R) denote the set of vectors m 2 Ns such that
m1 � . . . �ms 6 R. Then

ft(R, d) =

X
m2Ns(R),

m1 �. . .�mt�0 (mod d)

m2 �m2
3 � . . . �ms�1

s =

1X
n=1

X
m2Ns(R),

m1 �. . .�mt=nd

m2 �m2
3 � . . . �ms�1

s �
s,C

02-Illarionov.tex



311] On the asymptotic distribution of integer matrices 23�
s,C

1X
n=1

X
m2Nt ,

m1 �. . .�mt=nd

m2 �m2
3 � . . . �mt�1

t �� R

m1 � . . . �mt

�s

=

= Rs � 1X
n=1

X
m2Nt ,

m1 �. . .�mt=nd

1
ms

1
� 1

ms�1
2

� . . . � 1

ms�t+1
t

=

= R
s � 1X

n=1

1
(n � d)s�t+1

X
m2Nt ,

m1 �. . .�mt=nd

1

mt�1
1

� 1

mt�2
2

� . . . � 1
mt�1

�
t�

t

Rs

ds�t+1

1X
n=1

1
ns�t+1 � σ�1(nd)� Rs

ds�t+1 � σ�1(d) 6

6 (s!)s � σ�1(d)
ds�t+1 � (P1 � . . . � Ps)s. �

Corollary 4. Suppose that t 2 f1, . . . , s�1g, C 2 R+ , d 2 N, (P1, . . . , Pt) 2 Rt
+ .

Then the number of matrices M 2Mt,s(Z) such that

d(M) � 0 (mod d), Ni(M) 6 Pi, i = 1, t,
tY

i=1

Pi 6 C �D(M),

is at most

Os,t,c

�
σ�1(d)
ds�t+1 � (P1 � . . . � Pt)s�.

Proof. Without loss of generality we can assume that

D(M) =

�������det0B�m11 . . . m1t
...

...
mt1 . . . mtt

1CA������� .
Let eM be the matrix obtained from M by adding the following rows:

(0, . . . , 0| {z }
t

, 1, 0 . . . , 0), (0, . . . , 0| {z }
t+1

, 1, 0 . . . , 0), . . . , (0, . . . , 0, 1).
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24 Andrey Illarionov (Khabarovsk) [312

Then j det eM j = D(M), and eM satisfies the conditions (14) and (15) with Pi = 1
for i > t+ 1. It remains to apply Lemma 5. �

Corollary 5. Let t 2 f1, . . . , s � 1g, C 2 [1;+1), d 2 N, N 2 N \ [2;1),
α 2 R+ . Suppose that sets ωt = ωt(N, d, C), ω0t = ωt(N, d, C, α), ω00t = ωt(N, d, C)
are defined by the formulas

ωt =
�
M 2Mt,s(Z) : d(M) � 0 (mod d), 1 6 N (M) 6 C �D(M) 6 C

2 �N	,
ω0t =

�
M 2 ωt : Nt(M) 6 C � dα	,

ω
00
t =

�
M 2 ωt : jM j1 � N (M) 6 C �N	.

Then X
M2ωt �N (M)

��s �
s,C

σ�1(d)
ds�t+1 � lnt N, (16)X

M2ω0t �N (M)
��s �

s,C,α

σ�1(d)
ds�t+1 � ln(d+ 1) � lnt�1

N, (17)X
M2ω00t jM j1 � �N (M)

��s+1 �
s,C

N � σ�1(d)
ds�t+1 � lnt�1 N . (18)

Proof. Suppose that k = (k1, . . . , kt) 2 Nt ; then by ωt,k we denote the set of
matrices M 2 Mt,s(Z) satisfying the conditions

d(M) � 0 (mod d), N (M) 6 C �D(M), 2ki�1
6 Ni(M) 6 2ki , i = 1, t.

By Cor 4, we have

#ωt,k �
s,t,C

σ�1(d)
ds�t+1 �� tY

i=1

2ki
�s

. (19)

It is obvious that

ωt � [
k2K ωt,k, K =

�
k 2 Nt :

tX
i=1

ki 6 log2 N + C
0�,

ω
0
t � [

k2K0 ωt,k, K
0
=

�
k 2 Nt :

tX
i=1

ki 6 log2 N + C
0, kt 6 log2 d+ Cα

�
,
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313] On the asymptotic distribution of integer matrices 25

ω00t � [
k2K00 ωt,k, K00

=

�
k 2 Nt : max

16j6t
kj +

tX
i=1

ki 6 log2 N + C0�,

where the constant C0 depends only on s, t, and C , and the constant Cα depends
only on C and α. Using the above representation together with (19), we can writeX

M2ωt �N (M)
��s �

s,C

X
k2K #ωt,k

(2k1 � . . . � 2kt)s �
s,C,t

σ�1(d)
ds�t+1 �X

k2K 1 �
C0,t σ�1(d)

ds�t+1 � lnt N,X
M2ω0t �N (M)

��s �
s,C

X
k2K0 #ωt,k

(2k1 � . . . � 2kt)s �
C0 ,t,Cα σ�1(d)

ds�t+1 �X
k2K0 1 �

s,C,t�
s,C,t

σ�1(d)
ds�t+1 � ln(d+ 1) � lnt�1 N,X

M2ω00t jM j1�N (M)
�s�1 �

s,C

X
k2K00 max

16i6t
2ki �� tY

j=1

2kj
��s+1 � #ωt,k �

s,C,t�
s,C,t

σ�1(d)
ds�t+1 �X

k2K00 � max
16i6t

2ki
� � tY

j=1

2kj �
C,t�

C,t

σ�1(d)
ds�t+1 �N � lnt�1

N . �

From (18) and (4) we obtain the following estimate:

N
s�2
X
djN d

X
M2ω00s�1

jM j1�N (M)
�s�1 �

s,C
N
s�1 � lns�2

N �X
djN σ�1(d)

d
6

6 Rs(N) � lns�2 N . (20)

Suppose that k, n 2 f1, . . . , s � 1g, k 6= n. Let ω = ωs�1(N, d, C, k, n) be
the set of matrices M 2 ωs�1(N, d, C) such that Nk(M) �

C
Nn(M). Using the same

method as in the proof of Cor 5, we obtainX
M2ω �N (M)

��s �
s,C

σ�1(d)
d2

� lns�2 N .
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26 Andrey Illarionov (Khabarovsk) [314

Hence, we have

Ns�1
X
djN d

X
M2ω �N (M)

��s �
s,C
Rs(N) � lns�2 N . (21)

5. Calculation of certain sums

We are going to use the following notation.

1. ∂U is the boundary of a set U � Rs .

2. U is the closure of a set U � Rs .

3. C1(U) is the set of all continuously differentiable functions f : U ! R.

4. mes is the Lebesgue measure.

5. If x 2 Rs , V � Rs , ǫ > 0, thenjxj = (x21 + . . . + x
2
s)

1/2, jxj1 = max
16i6s

jxij,
dist1(x, ∂V ) = inf

y2∂V jx� yj1,

U(V , ǫ) =
�
x 2 Rs : dist 1(x, V ) 6 ǫ

	
,

B(V , ǫ) =
�
x 2 V : dist 1(x, ∂V ) 6 s � ǫ	.

6. jrfj is the absolute value of the gradient of a scalar function f.

Lemma 6. Suppose that the following conditions hold:

a) V is a bounded and connected Lebesgue measurable set in Rs ;

b) f is a nonnegative function from C1(V ), and there exists a function g : V ! R+

such thatjrf(x)j 6 g(x) for x 2 V , g(x) 6 g(y) for x, y 2 V , (x�y) 2 [0,+1)s;

c) D 2 N, Γ 2 Ls(Z,D).

Then X
γ2V\Γ f(γ) =

1
D

Z
V

f(x) dx+ Os(ξ1 + ξ2 + ξ3),

ξ1 =
1
D

Z
B(V ,D)

f(x) dx, ξ2 =

X
γ2Γ\B(V ,D)

f(γ), ξ3 = D � X
γ2V\Γ g(γ).
02-Illarionov.tex



315] On the asymptotic distribution of integer matrices 27

Proof. There exists a basis e(1), . . . , e(s) of the lattice Γ such that (see [2, ch. 1]
or Lemma 1)

e
(j)
i = 0 for j > i; 0 6 e

(j)
i < e

(i)
i for j < i; i = 1, s. (22)

We define the set

Π(γ) =

�
γ +

sX
i=1

tie
(i) : ti 2 [0, 1), i = 1, s

�
.

Then we have jx� yj1 6 s �D for x, y 2 Π(γ). (23)

Let

Γ0 = �γ 2 Γ \ V : Π(Γ) \ ∂V = ∅
	
, V 0

=

[
γ2Γ0 Π(γ).

Using (23), we have (V n V 0) � B(∂V ,D). Therefore,X
γ2V\Γ f(γ) =

X
γ2Γ0 f(γ) +O(ξ2), (24)

1
D

Z
V 0 f(x) dx =

1
D

Z
V

f(x) dx+O(ξ1). (25)

Take a point γ 2 Γ0 . From mean value theorems it follows that there exist points
xγ, yγ 2 Π(γ) such that���� 1D Z

Π(γ)

f(x) dx� f(γ)

���� 6
��rf(yγ)�� � jxγ � γj.

From b) and (23) we can obtain the following formula:���� 1D Z
Π(γ)

f(x) dx� f(γ)

�����
s
g(yγ) �D 6 D � g(γ).

Hence,

f(γ) =
1
D

Z
Π(γ)

f(x) dx+Os(D � g(γ)).
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28 Andrey Illarionov (Khabarovsk) [316

Using the above together with (25), we obtainX
γ2Γ0 f(γ) =

1
D

X
γ2Γ0 ZΠ(γ)

f(x) dx+Os

�
D �X

γ2Γ0 g(γ)� =

=
1
D

Z
V 0 f(x) dx+ Os(ξ3) =

1
D

Z
V

f(x) dx+ Os(ξ1 + ξ3).

It remains to substitute the last relation into (24). �

Lemma 7. Let S be a closed piecewise differentiable hypersurface in Rs . Suppose that

r = (r1, . . . , rs) 2 Rs
+ , ǫ 2 R+ ,

U(S, ǫ, r) =
�
x 2 U(S, ǫ) : jxij 6 ri, i = 1, s

	
.

Then

mes U(S, ǫ, r)�
S
ǫ � sX

j=1

Y
i6=j

ri.

The proof is trivial.

Corollary 6. Suppose that the following conditions hold:

a) V is a connected set in Rs , its boundary ∂V is piecewise differentiable, and there

exists a positive constant C such thatjxij 6 C � xs, 1 6 xs for x = (x1, . . . , xs) 2 V , i = 1, s� 1;

b) f is a nonnegative function from the class C1(V (l, L)), and there exists a positive

constant R such thatjf(x)j 6 R

xss
, jrf(x)j 6 R

xs+1
s

for x 2 V (l, L), (26)

where V (l, L) is defined as the set of points x 2 V such that l 6 xs 6 L for given

positive real constants l and L, l 6 L;

c) D 2 N, Γ 2 Ls(Z,D).
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ThenX
γ2Γ\V (l,L) f(γ) =

1
D

Z
V (l,L)

f(x) dx+OV

�
R ��ξ+

1 + lnD
D

��
, ξ =

X
γ2Γ\V (l,L),
γs6D2

1
γss

.

Proof. We can assume that R = 1. If D2
6 l or D2

> L, then the proof is trivial.
Let

l 6 D
2
6 L.

Let us define the following sets

V (l,D2) = fx 2 V : l 6 xs 6 D
2g, V (D2, L) = fx 2 V : D2

6 xs 6 Lg.
Then X

γ2Γ\V (l,L) f(γ) =

X
γ2Γ\V (D2, L)

f(γ) +O(ξ). (27)

From Lemma 6 and the conditions (26) we can obtain the following formula:X
γ2Γ\V (D2,L)

f(γ)=
1
D

Z
V (D2,L)

f(x) dx+OC,s(ξ1 + ξ2 + ξ3),

ξ1 =
1
D

Z
B(V (D2,L),D)

1
xss
dx, ξ2 =

X
γ2Γ\B(V (D2,L),D)

1
γss

, ξ3 =

X
γ2Γ\V (D2,L)

D

γs+1
s

.
(28)

By (26), we have���� Z
V (D2, L)

f(x) dx � Z
V (l,L)

f(x) dx

���� 6 Z
V (l,D2)

1
xss
dx 6 C

s�1

D2Z
1

dxs

xs
= C

s�1 � lnD2,

ξ3 6
X
n2Zs,jni j6C�ns ,D26ns

D

ns+1
s

�
s,C

X
D26ns

D

n2
s

� 1
D
.

Combining this with (27) and (28), we obtainX
γ2Γ\V (l,L) f(γ) =

1
D

Z
V (l,L)

f(x) dx+ Os,C

�
ξ+ ξ1 + ξ2 +

1 + lnD
D

�
. (29)
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It remains to estimate ξ1, ξ2 . For any k = (k1, . . . , ks) 2 Ns we define

Πk =
�
x 2 Rs : 2ki�1

6 jxij 6 2ki , i = 1, s
	
.

Then

V (D2, L) � [
k2K(D2, L)

Πk,

K(D2, L) =
�
k 2 Ns : ki 6 ks + 1 + log2 C, log2 D

2
6 ks 6 log2 L+ 1

	
,

Put Πk(V ,D
2, L) = Πk \ B(V (D2, L),D). By Lemma 7, we have

mes Πk(V ,D
2, L)�

V
D � sX

j=1

Y
i6=j

2ki .

It is easy to prove that

#
�
Zs \Πk(V ,D

2, L)
��

V
D � sX

j=1

Y
i6=j

2ki .

Hence, we have

ξ1 6
1
D

X
k2K(D2, L)

Z
Πk(V ,D2, L)

1
xss
dx 6

1
D
� X
k2K(D2, L)

1
(2ks�1)s

�mes Πk(V ,D
2, L)�

V�
V

X
k2K(D2, L)

�
1

(2ks)s

sX
j=1

Y
i6=j

2ki
� �

s,C

X
log2 D26ks

1
2ks

� 1
D2 ,

ξ2 6
X

k2K(D2, L)

� X
n2Zs\Πk(V ,D2, L)

1
nss

��
s

X
k2K(D2, L)

1
(2ks)s

X
n2Zs\Πk(V ,D2, L)

1�
V�

V

X
k2K(D2, L)

�
D

(2ks)s

sX
j=1

Y
i6=j

2ki
� �

s,C

X
log2 D26ks

D

2ks
� 1

D
.

It remains to substitute these estimates into (29). �
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For Y = ((yij)) 2Mt�1,s(R), x = (x1, . . . , xs) 2 Rs , we define�
Y

x

�
=

0BBB� y11 . . . y1s
...

...
y(t�1)1 . . . y(t�1)s

x1 . . . xs

1CCCA 2Mt,s(R).

Lemma 8. Let M 2 Mt�1,s(Z), 2 6 t 6 s, r = d(M), d 2 N, and r j d. Suppose
that the lattice Γ = Γ(M, d) consists of solutions n 2 Zs of the following congruence

d

��
M

n

�� � 0 (mod d).

Then det Γ = (d/r)s�t+1 .

Proof. If

mij = 0 for j > i, (30)

then the proof is trivial. Lemmas 1 and 3 imply that M can always be reduced to
the form (30). �

Lemma 9. Suppose that a set Θt and a function f satisfy the following conditions:

a) Θt is a subset of Mt,s(R), and Θt can be represented as

Θt =
�
((xij)) : (xi1, . . . , xis) 2 Vi, i = 1, t

	
,

where Vi , i = 1, . . . , t, are connected sets in Rs , and the boundaries ∂Vi are

piecewise differentiable;

b) there exists a constant C 2 [1;+1) such thatNi(X) 6 C � xii, i = 1, t, (31)N (X) 6 C �D(X) for X 2 Θt; (32)

c) f is a nonnegative function from C1(Θt(N)), where for N 2 (1;+1) and the sets

Θt(N) defined as

Θt(N) =

�
((xij)) 2 Θt : 1 6 x11 6 x22 6 . . . 6 xtt, xs�t+1

tt

t�1Y
i=1

xii 6 N

�
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32 Andrey Illarionov (Khabarovsk) [320

there exists a positive constant R such that

f(X) 6
R

(N (X))s
, (33)����∂f(X)

∂xkl

���� 6 RNk(X) � (N (X))s
(34)

for k = 1, t, l = 1, s, X = ((xij)) 2 Θt(N).

Then

St(N, d, f) =
τt�1(d)
ds�t+1 �� sY

k=s�t+1

ζ(k)
��1 �� Z

Θt(N)

f(X) dX +OΘt

�
R � lnt�1

N � 1 + ln d
ds�t+1 � σ�1(d)

�
for d 2 N, where

St(N, d, f) =

X
M2Mt,s(Z)\Θt (N),

d(M)=d

f(M).

Proof. The proof is by induction on t.

Base of induction. Let t = 1. Then

Θ1�Rs, Θ1(N)=
�
x= (x1, . . . ,xs)2Θ1 : jxj1 6C �x1, 16x1 6N1/s	,jf(x)j6 R

xs1
, jrf(x)j6 s �R

xs+1
1

for x= (x1, . . . ,xs)2Θ1(N),

d(m)= gcd(m1, . . . ,ms) for m= (m1, . . . ,ms)2Zs,

(35)

where gcd(m1, . . . ,ms) is the greatest common divisor of m1, . . . ,ms . Using the
Möbius function µ, we obtain

S1(N, d, f) =

X
n2N

µ(n) � s(n), s(n) =

X
m2Θ1(N),

m�0 (mod nd)

f(m).
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The relations (35) imply that we can use Cor 6 to calculate the sum s(n) by
swapping x1 and xs . We have

s(n) =
1

(nd)s

Z
Θ1(N)

f(x) dx+O

�
R ��ξ+

1 + ln(nd)s

(nd)s

��
,

ξ =

X
m2N�Zs�1, jmj16C�m16C�(nd)2s ,

m�0 (mod nd)

1
ms

1
.

In this proof, the constants in asymptotic estimates O(. . .) and � depend only
on Θt . It is easy to prove that

ξ � 1
(nd)s

X
16m16(nd)2s�1

1
m1

� 1 + ln(nd)
(nd)s

.

Therefore,

S1(N, d, f) =
1
ds

�X
n2N

µ(n)
ns

Z
Θ1(N)

f(x) dx
�

+O

�
R �X

n2N

�
1 + ln(nd)s

(nd)s

��
=

=
1

ds � ζ(s) Z
Θ1(N)

f(x) dx+ O

�
R � 1 + ln d

ds

�
.

This completes the proof in the case t = 1.

Induction step from (t � 1) to t. We define the sets

Θt�1 =

�
((x0ij)) : (x0i1, . . . , x0is) 2 Vi, i = 1, t� 1

�
,

Θt�1(N) =

�
((x0ij)) 2 Θt�1 : 1 6 x

0
11 6 x

0
22 6 . . . 6 x

0
(t�1)(t�1),

(x0(t�1)(t�1))
s�t+2

t�2Y
i=1

x
0
ii 6 N

�
,

Vt(X
0,N) =

�
x 2 Vt : x0(t�1)(t�1) 6 xt 6 N

1/(s�t+1) �� t�1Y
i=1

x
0
ii

��1/(s�t+1)�
for X0

= ((x0ij)) 2 Θt�1(N).
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Then Θt(N) can be represented in the following form:

Θt(N) =

��
X0
x

�
: X0 2 Θt�1(N), x 2 Vt(X0,N)

�
.

It is obvious that

St(N, d, f) =

X
rjd X

M02Θt�1 (N),
d(M0 )=r

Φ(M 0), (36)

where

Φ(M 0) =

X
m2Vt(M0 ,N),
d(M)=d

f

��
M 0
m

��
=

X
n2N

µ(n) � F(M 0, n), M =

�
M 0
m

�
,

F(M 0, n) =

X
m2Vt(M 0,N)\Γ(M 0,nd) f��M 0

m

��
,

(37)

and the lattice Γ(M 0, nd) is defined as in Lemma 8.
Applying Lemma 8, we obtain

det Γ(M 0, nd) =

�
nd

r

�s�t+1

.

By the condition c), we have

f

��
M 0
x

��
6

R

xst � (N (M 0))s , ���� ∂∂xk f��M 0
x

������ 6 R

xs+1
t � (N (M 0))s .

Therefore, we can apply Cor 6 to compute the sum F(M 0, n), obtaining
F(M 0, n) =

�
r

nd

�s�t+1

F0(M
0) + O

�
R

(N (M 0))s ��ξ(M 0, n) +
1 + ln(nd)�
nd
r

�s�t+1

��
,

F0(M
0) =

Z
Vt(M 0,N)

f

��
M 0
x

��
dx,

ξ(M 0, n) =

X
m2Vt(M0 ,N)\Γ(M0 ,nd),jmj16(nd)(s�t+1)2

1jmjs1 .
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Substituting this equality in (37) yields

Φ(M 0) =

�
r

d

�s�t+1 1
ζ(s� t+ 1)

� F0(M
0) +

+ O

�
R

(N (M 0))s ��X
n2N

ξ(M 0, n) +
1 + ln d�
d
r

�s�t+1

��
. (38)

Taking into account (36), we have

St(N, d, f) =
1

ds�t+1 � ζ(s� t+ 1)

X
rjd r

s�t+1 � St�1(N, r, F0) + O(R � (η1 + η2)),

(39)
where

St�1(N, r, F0) =

X
M02Θt�1(N),
d(M0 )=r

F0(M
0), η1 =

X
n2N

X
M2Θt (N),Nt(M)6(nd)2(s�t+1), d(M)�0 (mod nd)

(N (M))�s,
η2 =

1 + ln d
ds�t+1

X
rjd rs�t+1

X
M02Θt�1(N),
d(M0 )=r

(N (M 0))�s.
From (16), (17), and (31), (32) we obtain the estimates

η1 �X
n2N

1 + ln(nd)
(nd)s�t+1 � σ�1(nd) � lnt�1 N � 1 + ln d

ds�t+1 � lnt�1 N � σ�1(d), (40)

η2 � 1 + ln d
ds�t+1

X
rjd r

s�t+1 � σ�1(r)
rs�t+2 lnt�1

N � 1 + ln d
ds�t+1 � lnt�1

N � σ�1(d). (41)

Using the conditions of the Lemma, it can be proved that the function

F0(X
0) =

Z
Vt(X0,N)

f

��
X0
x

��
dx

is nonnegative, continuously differentiable on Θt�1(N), and

F0(X
0)� R � lnN

(N (X0))s , ����∂F0(X0)
∂x0kl ����� R � lnNNk(X0) � (N (X0))s .
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If D(X0) < N (X0)/(C � t) for any X0 2 Θt�1 , then

D

��
X0
x

��
6 t �D(X0) � kxk1 <

1
C
� N (X0) � kxk1 =

=
1
C
� N��X0

x

��
for

�
X0
x

� 2 Θt.

This contradicts (32), and therefore we must haveN (X0) 6 C � t �D(X0) for X
0 2 Θt�1.

Hence, we can apply the induction assumption to calculate St�1(N, r, F0). We have

St�1(N, r, F0) =
τt�2(r)
rs�t+2 �� sY

k=s�t+2

ζ(k)
��1 � Z

Θt�1(N)

F0(X
0) dX0

+

+ O

�
R � lnt�1 N � 1 + ln r

rs�t+2 � σ�1(r)
�
.

Therefore, we can writeX
rjd rs�t+1 �St�1(N,r,F0)=

=

�X
rjd τt�2(r)

r

� �� sY
k=s�t+2

ζ(k)
��1 � Z

Θt�1(N)

F0(X
0)dX0

+

+O

�
R � lnt�1

N �X
rjd 1+ lnr

r
�σ�1(r)

�
=

= τt�1(d) �� sY
k=s�t+2

ζ(k)
��1 � Z

Θt(N)

f(X)dX+O
�
R � lnt�1

N � (1+ lnd) �σ�1(d)
�
.

(42)

It remains to substitute (40), (41), and (42) into (39). �

Corollary 7. Suppose that the set Θ = Θs�1 satisfies the conditions a) and b) of

Lemma 9 for t = s� 1. Let C1 2 R+ , N 2 N\ [2;+1), and let f be a nonnegative
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function from C
1(Θ(N)), where

Θ(N) =

�
((xij)) 2 Θ : 1 6 xii, i = 1, s� 1,

�
max

16j6s�1
xjj
� � s�1Y

i=1

xii 6 C �N�,

and there exists a constant R 2 R+ such that the estimates (33) and (34) hold.

Then

N
s�1
X
djN d

X
M2Ms�1,s(Z)\Θ(N),

d(M)=d

f(M) =
Rs(N)

ζ(2) � . . . � ζ(s)��� Z
Θ(N)

f(X) dX +OΘ,C

�
χ(N) � lns�2

N

��
.

Proof. Let P (s � 1) be the set of permutations of f1, . . . , s � 1g. For any
k = (k1, . . . , ks�1) 2 P (s� 1) we put

Θ(N, k) = fX 2 Θ(N) : xk1k1 6 xk2k2 6 . . . 6 xks�1ks�1g.
Using (21) and (33), we obtain the estimate

N
s�1
X
djN d

X
M2Θ(N ,k)\Θ(N ,n),

d(M)=d

f(M) �
s,C1

Rs(N) � lns�2
N

for k, n 2 P (s� 1), k 6= n. Hence,

N
s�1
X
djN d

X
M2Ms�1,s(Z)\Θ(N),

d(M)=d

f(M) =

X
k2P (s�1)

N
s�1
X
djN d

X
M2Ms�1,s(Z)\Θ(N ,k),

d(M)=d

f(M) +

+ Os,C
�Rs(N) � lns�2

N
�
. (43)

It remains to prove that

Ns�1
X
djN d

X
M2Ms�1,s(Z)\Θ(N ,k),

d(M)=d

f(M) =
Rs(N)

ζ(2) � . . . � ζ(s) � Z
Θ(N ,k)

f(X) dX +

+OΘ,C,k
�Rs(N) � χ(N) � lns�2

N
�

for any k 2 P (s� 1). (44)
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Without loss of generality, we consider only the case k = (1, . . . , s). Using Lemma 9,
we obtain that

Ns�1
X
djN d

X
M2Ms�1,s(Z)\Θ(N ,k),

d(M)=d

f(M) =

= Ns�1 �X
djN τs�2(d)

d
�� sY

k=2

ζ(k)
��1 � Z

Θ(N ,k)

f(X) dX +

+OΘs�1,C

�
N
s�1 � lns�2

N �X
djN �1 + ln d

d
� σ�1(d)

��
.

Combining this expression with (2), (4), and (6) yields (44).
To conclude the proof, it remains to substitute (44) into (43) and note thatX

k2P (s) ZΘ(N ,k)

f(X) dX =

Z
Θ(N)

f(X) dX. �

6. Proof of Theorem 1

Lemma 10. Let G be a connected Lebesgue measurable set in Rs . Then

#(G \ Zs) = mesG+Os
�
mes U(∂G, 1)

�
.

The proof is given in [7].
For any lattice Γ 2 Ls(Z) we define

λ(Γ) = min
�
max
16i6s

ja(i)j1�,
where the minimum is taken over all systems of vectors

�
a(i)
	s
i=1 such that

�
a(i)
	s
i=1

is a basis of Γ. Using well-known results [2, ch. 8], we can write

λ(Γ) 6 C0 � max
16i6s

jb(i)j1 �
C0 = C0(s) > 0

�
(45)

for any linearly independent system fb(i)gsi=1 � Γ.
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Corollary 8. Suppose that Γ 2 Ls(Z,D), x0 2 Rs , λ = s � λ(Γ). Let G be

a connected Lebesgue measurable set in Rs . Then

#
�
G \ (Γ + x0)

�
=

1
D
mes G+Os

�
1
D
mes U(∂G, λ)

�
.

Proof. We can assume that x0 = 0.
Let fa(i)gsi=1 be a basis of Γ such that

max
16i6s

ja(i)j1 = λ(Γ).

By M denote the matrix with the columns a(1)
T
, . . . , a(s)

T
. Then

#(Γ \ G) = #(Zs \ (M�1 � G)).
Using Lemma 10, we obtain

#(Γ \ G) = mes (M�1 � G) +Os
�
mes U(∂(M�1 � G), 1)�. (46)

Clearly, we have

mes (M�1 � G) = j detM�1j �mes G =
1
D
mes G. (47)

Since jM � xj1 6 λ � jxj1 for all x 2 Rs , it follows that M � U(∂(M�1 � G), 1) �� U(∂G, λ). Therefore,

mes U
�
∂(M�1 � G), 1� 6

1
D
�mes U(∂G, λ). (48)

It remains to substitute (47) and (48) into (46). �

Lemma 11. Suppose that R 2 (1, +1), and

Hs�1(R) =

�
x 2 [1,+1)s�1 : jxj1 � s�1Y

i=1

xi 6 R

�
.
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Then we have Z
Hs�1(R)

dx

x1 � . . . � xs�1
=

1
s!
� lns�1 R. (49)

Proof. Let

Ht,s(R) =

�
x 2 [1;+1)t : x1 6 x2 6 . . . 6 xt, x

s�t+1
t � t�1Y

i=1

xi 6 R

�
,

It,s(R) =

Z
Ht,s(R)

dx

x1 � . . . � xt .
It is clear that Z

Hs�1(R)

dx

x1 � . . . � xs�1
= (s� 1)! � Is�1,s(R). (50)

Let us show that

It,s(R) =
(s� t)!
t! � s! � lnt R. (51)

The proof is by induction on t.
In the case t = 1 there is nothing to prove.

Induction step from (t � 1) to t. Let us perform the following substitution:

yi = xi, i = 1, t� 1, yt = x
s�t+1
t � t�1Y

i=1

xi.

Since we have

xt =

�
yt

y1 � . . . � yt�1

�1/(s�t+1)

,
dx

x1 � . . . � xt =
1

s� t+ 1
� dy

y1 � . . . � yt ,
it follows that

It,s(R) =
1

s� t+ 1

RZ
1

It�1,s(yt)
yt

dyt.

Using the induction assumption, we obtain (51). Now (49) follows from (50)
and (51). �
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For any X 2 Ms(R) by Aj(X) we denote the (s, j) cofactor of the matrix X.

Lemma 12. Suppose that N 2 N, N > 2, the set Ω � GLs(R) satisfies the conditions
(A) and (B) of Theorem 1, and there exists a constant C1 2 [1;+1) such thatNi(X) 6 C1 � xii, i = 1, s;

s�1Y
i=1

Ni(X) 6 C1 � As(X) for any X 2 Ω. (52)

Let

Ω0(Z,N, C2) =

�
((mij)) 2 Ω \Ms(Z,N) : max

16i6s�1
mii � s�1Y

j=1

mjj 6 C2 �N�.

Then we have

#Ω0(Z,N, C2) =
Rs(N)

ζ(2) � . . . � ζ(s) ��µ(P(Ω))s!
� lns�1

N +OΩ,C2 (χ(N) � lns�2
N)
�

for any positive C2 such that

C2 <
1

C2
1 � C0 � s! � (s� 1)! � (s� 1)

, (53)

where C0 is the constant in the estimate (45).

Proof. Using the conditions of the Lemma, we can see that any set Vi can be
represented in the form

Vi =
�
t � (x1, . . . , xi�1, 1, xi+1, . . . , xs) : t 2 R+,

(x1, . . . , xi�1, xi+1, . . . , xs) 2 Wi,
	
, (54)

where Wi � Rs�1 , and the boundary ∂Wi is piecewise differentiable. Put

Θ =
�
((xij)) : (xi1, . . . , xis) 2 Vi, i = 1, s� 1

	
,

Θ(N) =

�
X 2 Θ : max

16i6s�1
xii � s�1Y

j=1

xjj 6 C2 �N�.
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For any integer matrix M 2 Θ(N) we define

K(M) = #
�
m 2 Zs :

�
M

m

� 2 Ω \Ms(Z,N)
�
.

Then

#Ω0(Z,N, C2) =

X
M2Θ(N)

K(M).

Let us calculate K(M).
If d(M) does not divide N, then K(M) = 0.
Suppose that M 2 Θ(N), and d = d(M) is a divisor of N. Then

K(M) = #
�
m 2 Zs \ Vs : sX

i=1

miAi = N

�
,

where

Ai = Ai

��
M

m

��
, i = 1, s.

Therefore,

K(M) = #
�
m 2 Zs�1 \ V (M,N) :

s�1X
i=1

miAi � N (mod As)
�
,

where

V (M,N)=

(
(x1, . . . ,xs�1)2Rs�1 : (x1, . . . ,xs�1,xs)2Vs, xs=

N� s�1P
i=1

xiAi

As

)
.

Since d = gcd(A1, . . . , As) divides N, it follows that there exists a solution
n 2 Zs�1 to the congruence

s�1X
i=1

niAi � N (mod As).

Now we have

K(M) = #(V (M,N) \ (Γ + n)),
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where

Γ =

�
(γ1, . . . , γs�1) 2 Zs�1 :

s�1X
i=1

γiAi � 0 (mod As)
�
.

It is easy to prove that det Γ = jAsj/d. Using this fact together with Cor 8 yields

K(M) =
djAsj �mes V (M,N) +Os

�
djAsj �mes

�
U(∂V (M,N), λ)

��
. (55)

The rows of M are a linearly independent system in Γ. Combining this with (45),
we obtain

λ 6 C0 � jM j1. (56)

To calculate the integral

mes V (M,N) =

Z
V (M ,N)

dx,

we make the substitution

x
0
i =

xi

xs
, i = 1, s� 1, where xs =

1
As

�
N � s�1X

i=1

xiAi

�
. (57)

This means that

xi = N � x0i
D(M, x0) , where D(M, x0) = det

0BBB� m11 . . . m1(s�1) m1s
...

...
...

m(s�1)1 . . . m(s�1)(s�1) m(s�1)s

x01 . . . x0s�1 1

1CCCA .

Using (B), we have

D(M, x0) >
1
C
�N (M)�maxf1, x01, . . . , x0s�1g � N (M) for (x01, . . . , x0s�1) 2 Ws.

(58)
In this proof, constants in asymptotic estimates � and O(. . .) depend only on Ω
and C2 .

We have

dx1 . . . dxs�1 = Ns�1 � jAsj � dx01 . . . dx0s�1

(D(M 0, x0))s . (59)
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Since

Vs =

�
x 2 Rs :

�
x1

xs
, . . . ,

xs�1

xs

� 2 Ws, xs 2 R+

�
,

we can see that the mapping (57) transforms the set V (M,N) onto Ws . Finally, we
obtain

mes V (M,N) = N
s�1 � jAsj � f(M), f(M) =

Z
Ws

dx01 . . . dx0s�1

(D(M, x0))s . (60)

Let us estimate mes U(∂V (M,N), λ). Using (52), we have����AiAs ���� 6 C1 � (s� 1)!. (61)

Take any point y = (y1, . . . , ys�1) 2 U(∂V (M,N), λ). Then there exists x =

= (x1, . . . , xs�1) 2 V (M,N) such thatjxi � yij 6 λ 6 C0 � jM j1, i = 1, s� 1. (62)

Let

xs =
1
As

�
N � s�1X

i=1

xiAi

�
, ys =

1
As

�
N � s�1X

i=1

yiAi

�
.

Then �
Mex � 2 Ω, det

�
Mex � = N,

where ex = (x1, . . . , xs�1, xs). Hence

N 6 s! � N (M) � jexj1 6 s! � N (M) � C1 � xs ) xs >
1

C1 � s! � NN (M)
. (63)

Using (61), (62), and the condition N (M) � jM j1 6 C2 �N, we obtainjxs � ysj 6 s�1X
i=1

����AiAs ���� � jxi � yij 6 C1 � (s� 1)! � (s� 1) � C0 � jM j1 6

6 C1 � (s� 1)! � (s� 1) � C0 � C2 � NN (M)
.
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From this estimate and (63) it follows that

ys > xs � jxs � ysj > C3 � NN (M)
, (64)

where

C3 =
1

C1 � s! � C1 � (s� 1)! � (s� 1) � C0 � C2 > 0 (see (53)).

Suppose that

x
0
i =

xi

xs
, y

0
i =

yi

ys
, i = 1, s� 1.

Using (62), (63), and (64), we havejy0i � x
0
ij = ���� yiys � xi

ys
+
xi

ys
� xi

xs

���� 6 jyi � xij
ys

+ jxij � jxs � ysj
xs � ys � jM j1 � N (M)

N
.

Hence, the mapping (57) transforms U(∂V (M,N), λ) onto some set eU such
that eU � U(∂Ws, µ), where µ = O

�jM j1 �N (M) �N�1�. From the definition of ys
it follows that ys �D(M, y0) = N. Using this equality together with (64), we have

D(M, y0) >
N

ys
� N (M).

Now applying the above to (59), we obtain

mes Uλ(∂V (M,N))� N
s�1 � jAsj � Z

U(∂Ws,µ)

dy01 . . . dy0s�1jD(M, y0)js �� Ns�1 � jAsjjN (M)js �mes U(∂Ws, µ)� Ns�1 � jAsjjN (M)js � µ�� N
s�2 � jAsj � jM j1

(N (M))s�1 . (65)

Substituting (60) and (65) into (55) yields that

K(M) = Ns�1 � d � f(M) + O

�
Ns�2 � d � jM j1

(N (M))s�1

�
.
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This, in turn, allows us to write

#Ω0(Z,N,C2)=S(N)+O(ξ(N)),

S(N)=N
s�1 �X

djN X
M2Θ(N),
d(M)=d

d �f(M), ξ(N)=N
s�2 �X

djN X
M2Θ(N),
d(M)=d

d � jM j1
(N (M))s�1 .

(66)

By the condition (B), we haveN (M) 6 s � C �D(M) for M 2 Θ(N) \Ms�1,s(Z).

Clearly, we can write

D(M) 6 (s� 1)! � N (M) 6 (s� 1)! �N .

Therefore, we can apply (20) to estimate ξ(N):

ξ(N)�Rs(N) � lns�2 N . (67)

Using (58), we can see that the function

f(X) =

Z
Ws

dx0
(D(X, x0))s

satisfies the conditions

f(X) 6
CsjN (X)js �mesWs,����∂f(X)

∂xkl

���� 6 s � Z
Ws

jAkl(X, x0)jjD(X, x0)js+1 dx
0 � Y

16i6s�1, i6=k

Ni(X) � 1
(N (X))s+1 =

=
1Nk(X) � (N (X))s

,

where Akl(X, x0) is the (k, l) cofactor of the matrix0BBB� x11 . . . x1(s�1) x1s
...

...
...

x(s�1)1 . . . x(s�1)(s�1) x(s�1)s

x01 . . . x0s�1 1

1CCCA .
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Therefore the condition c) of Lemma 9 is satisfied (t = s�1, the constant R depends
only on Ω). Hence, we can apply Cor 7 to calculate the sum S(N), obtaining

S(N) =
Rs(N)

ζ(2) � . . . � ζ(s)� Z
Θ(N)

f(X) dX + O(χ(N) � lns�2 N)
�
. (68)

Substituting (67) and (68) into (66), we have

#Ω0(Z,N, C2) =
Rs(N)

ζ(2) � . . . � ζ(s)� Z
Θ(N)

f(X) dX +O(χ(N) � lns�2 N)
�
. (69)

To compute the integral (69), let us make the following substitution:

xii = ti, xij = ti � x0ij, i = 1, s� 1, j = 1, s, j 6= i. (70)

Then we can write

dX = (t1 � . . . � ts�1)
s�1

dt1 . . . dts�1

Y
16i6s�1,16j6s,

i 6=j

dx
0
ij,

f(X) =
1

(t1 � . . . � ts�1)s
� Z
Ws

dx0s1 . . . dx0s(s�1)j detX0js ,

f(X) dX =
dt1 . . . dts�1

t1 � . . . � ts�1
�� Z

Ws

dx0s1 . . . dx0s(s�1)j detX0js � � Y
16i6s�1,16j6s,

i 6=j

dx
0
ij, (71)

where

X
0
=

0BBB� 1 x012 . . . x01s
x021 1 . . . x02s
...

...
. . .

...
x0s1 x0s2 . . . 1

1CCCA .

The set Θ(N) consists of matrices X such that

X =

0BBBB� t1 t1 � x012 . . . t1 � x01(s�1) t1 � x01s
t2 � x021 t2 . . . t2 � x02(s�1) t2 � x02s

...
...

. . .
...

...
ts�1 � x0(s�1)1 ts�1 � x0(s�1)2 . . . ts�1 ts�1 � x0(s�1)s

1CCCCA ,
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where

(t1, . . . , ts�1) 2 Hs�1(C2 �N) =

�
t 2 [1;+1)s�1 : jtj1 � s�1Y

i=1

ti 6 C2 �N�,�
x0i1, . . . , x0i(i�1), x

0
i(i+1), . . . , x

0
is

� 2 Wi, i = 1, s� 1.

From this fact and (71) it follows thatZ
Θ(N)

f(X) dX =

Z
Hs�1(C2�N)

dt1 . . . dts�1

t1 � . . . � ts�1
� Z
W1�. . .�Ws

1j detX0js Y
16i,j6s,

i 6=j

dx
0
ij.

Using (49) and the definition of the measure µ, we obtainZ
Hs�1(C2N)

dt1 . . . dts�1

t1 � . . . � ts�1
=

lns�1 N

s!
+ O(lns�2

N),Z
W1�. . .�Ws

1j detX0js Y
16i,j6s,

i 6=j

dx
0
ij = µ(P(Ω)).

Thus, we have Z
Θ(N)

f(X) dX =
lns�1 N

s!
� µ(P(Ω)) +O(lns�2 N).

It remains to substitute the last formula into (69). �

Corollary 9. Under the conditions of Lemma 12, we have

#Ω(s)(Z,N) =
Rs(N)

ζ(2) � . . . � ζ(s) ��µ(P(Ω))s!
� lns�1

N + OΩ(χ(N) � lns�2
N)
�
,

where

Ω(s)(Z,N) = fM 2 Ω \Ms(Z,N) : Ns(M) = max
16i6s

Ni(M)g.
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Proof. Take any positive constant C2 such that C2 satisfies the condition (53) and
C2 6 1/s!. Then for any M 2 Ω0(Z,N, C2) we have

s�1Y
j=1

Nj(M) � max
16i6s�1

Ni(M) 6 C2 �N 6 C2 � s! � N (M) 6 N (M).

Therefore,

max
16i6s�1

Ni(M) 6 Ns(M),

and hence

Ω0(Z,N, C2) � Ω(s)(Z,N). (72)

Take a matrix M 2 Ω(s)(Z,N) nΩ0(Z,N, C2). Then

max
16i6s�1

Ni(M) 6 Ns(M),
s�1Y
j=1

Nj(M) � max
16i6s�1

Ni(M) > C2 �N . (73)

Using the condition (B), we have

s�1Y
j=1

Nj(M) � max
16i6s�1

Ni(M) > C2 �N >
C2

C
� N (M).

Therefore, it follows that

max
16i6s�1

Ni(M) >
C2

C
� Ns(M).

From this inequality and (73) it follows that

max
16i6s�1

Ni(M) �
C,C2

Ns(M).

Hence, by Cor 3 b), we obtain that

#
�
Ω(s)(Z,N) n Ω0(Z,N, C2)

� �
s,C,C2

Rs(N) � lns�2
N .

Using this relation together with (72), we have

#Ω(s)(Z,N) = #Ω0(Z,N, C2) + Os,C,C2(Rs(N) � lns�2
N).

It remains to apply Lemma 12. �
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Lemma 13. Suppose that X 2 Ms(R), C 2 [1;+1), and N (X) 6 C � j detXj.
Then there exists a permutation (k1, . . . , ks) of f1, . . . , sg such thatNi(X) 6 C � s! � jxiki j, i = 1, s,

s�1Y
i=1

Ni(X) 6 C � s � jAks j,
where Aks = Aks(X) is the (s, ks) cofactor of the matrix X.

Proof. Assume the converse. This means that any permutation (k1, . . . , ks) off1, . . . , sg satisfies the following condition:� either jAks j < 1
C � s s�1Y

i=1

Ni(X),� or there exists a number j 2 f1, . . . , sg such that jxjkj j < 1
C � s! � Nj(X).

Then we must havej detXj 6 sX
l=1

jAlj � jxslj < 1
C

sY
i=1

Ni(X),

which contradicts the conditions of the lemma. �

Let Ξ(s) be the set of all sets Ω � GLs(R) satisfying the conditions (A) and (B).

Corollary 10. Any set Ω 2 Ξ(s) can be represented in the following form:

Ω = Ω1 [ Ω2 [ . . . [ ΩL,

where L 2 N, Ωi\Ωj = ∅, i 6= j, and for any l 2 f1, . . . , Lg the following conditions

hold:

a) Ωl 2 Ξ(s);

b) there exists a permutation (k1, . . . , ks) of f1, . . . , sg such that

s�1Y
i=1

Ni(X)�
Ω
jAks(X)j, Ni(X)�

Ω
jxiki j, i = 1, s for X 2 Ωl.

Proof. We put h = (2 � C � s � s!)�1 and divide the set Ω into the following parts:

Ωn =

�
X 2 Ω : nijh 6

xijNi(X)
< (nij + 1)h, i, j = 1, s

�
,
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where nij 2 Z, jnijj 6 h
�1 . It is obvious that Ωn 2 Ξ(s). It remains to prove that

any Ωn satisfies the condition b). Take a matrix Y 2 Ωn . By Lemma 13, there exists
a permutation (k1, . . . , ks) of f1, . . . , sg such thatNi(Y ) 6 C � s! � jyiki j, i = 1, s, (74)

s�1Y
i=1

Ni(Y ) 6 C � s � jAks(Y )j. (75)

From this and the definition of Ωn , we obtain that j(niki + 1)hj > 1/(C � s!). Hence,jniki j > (2s� 1), i = 1, s, andjxini j > h � (2s� 1) � Ni(X), i = 1, s (76)

for any matrix X 2 Ωn .
Let us show that���� Aks(X)Qs�1

i=1 Ni(X)
� Aks(Y )Qs�1

i=1 Ni(Y )

���� 6 (s� 1)! � (s� 1) � h for X 2 Ωn. (77)

Without loss of generality, it can be assumed that ks = s. We define matrices

A = ((aij)), B = ((bij)), aij =
xijNi(X)

, bij =
yijNi(Y )

, i, j = 1, s� 1.

Then we can writejaijj 6 1, jbijj 6 1, jaij � bijj 6 h, i, j = 1, s� 1,

and hence j det A� det Bj 6 (s� 1)! � (s� 1) � h.
Taking into account the relations

det A =
As(X)Qs�1
i=1 Ni(X)

, detB =
As(Y )Qs�1
i=1 Ni(Y )

,

we obtain (77).
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From (77) and (75) we have

Aks(X)Qs�1
i=1 Ni(X)

>

���� Aks(Y )Qs�1
i=1 Ni(Y )

����� ���� Aks(X)Qs�1
i=1 Ni(X)

� Aks(Y )Qs�1
i=1 Ni(Y )

���� >
>

1
C � s � (s� 1)! � (s� 1) � h >

1
2 � C � s . (78)

By applying (76) and (78), it follows that Ωn satisfies the condition b). �

Proof of Theorem 1. We divide the set Ω into the following parts:

Ω =

s[
k=1

Ω(k), Ω(k)
= fX 2 Ω : Nk(X) = max

16i6s
Ni(X)g.

From Cor 3 b) we obtain

#
�
Ω(k) \ Ω(l) \Ms(Z,N)

�
= OC,s(Rs(N) � lns�2

N)

for k 6= l. Thus, we can write

#
�
Ω \Ms(Z,N)

�
=

sX
k=1

#
�
Ω(k) \Ms(Z,N)

�
+OC,s(Rs(N) � lns�2

N). (79)

Let us show that

#(Ω(k) \Ms(Z,N)) =

=
Rs(N)

ζ(2) � . . . � ζ(s) ��µ(P(Ω))s!
� lns�1

N +OΩ(χ(N) � lns�2
N)
� (80)

for any k 2 f1, . . . , sg. Obviously, it suffices to consider the case k = s. By Cor 10,
without loss of generality it can be assumed thatNi(X)�

Ω
xii, i = 1, s,

s�1Y
i=1

Ni(X)� As(X) for X 2 Ω(s).

Then, using Cor 9, we have (80). To conclude the proof, it remains to substitute
(80) into (79). �
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7. The average number of local minima

of integer lattices

For a rational number P/Q 2 (0, 1) let s = s(P/Q) be the length of the continued
fraction expansion

P

Q
= [q1, q2, . . . , qs] =

1

q1 +
1

q2 + . . . +
1
qs

, qi 2 N.

In [3] H.Heilbronn proved the following asymptotic formula:

1
φ(Q)

X
16P<Q,

gcd(P ,Q)=1

s

�
P

Q

�
=

2 ln 2
ζ(2)

� ln Q+ R(Q), (81)

where φ(Q) = #fn 2 N \ [1;Q] : gcd(Q, n) = 1g is the Euler function, R(Q) =

= O
�
σ
4�1(Q)

�
. In [10] J. Porter established that R(Q) = C + Oǫ(Q

�5/6+ǫ) for any
ǫ > 0, where C is a positive constant.

One of the most interesting generalizations of continued fractions was proposed
by G. Voronoi [12] and H.Minkowski [9]. Their approach is based on local minima
of lattices. Let us recall some definitions.

By saying that Γ is a complete lattice of dimension s we mean that it has the form

Γ =
�
k1m

(1)
+ . . .+ ksm

(s) : ki 2 Z, i = 1, s
	
,

where m
(i) are linearly independent vectors from Rs (a basis of Γ). The value

det Γ = j det((m(i)
j ))j is called the determinant of Γ.

A nonzero point γ 2 Γ is called a local minimum of Γ 2 Ls(R) if there is no
other nonzero point γ0 2 Γ such thatjγ0ij 6 jγij, i = 1, s; jγ0j < jγj.
Denote as M(Γ) the set of all local minima of Γ.

The Voronoi—Minkowski construction is motivated by Lagrange’s classical
theorem on best approximations by continued fractions. For example, if α 2 (0, 1/2),
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then for a lattice Γα defined by the basis (1, α), (0, 1) we have

M(Γα) = f�(Qi, αQi � Pi) : i = 0, 1, . . .g, (82)

where Q0 =0, P0 =1, and Pi/Qi= [q1, . . . ,qi�1] is the ith convergent to α for i>1.
Let us recall that Ls(Z,N) is the set of all s-dimensional integer lattices Γ

with det Γ = N. Using Lemma 1, we can see that #Ls(Z,N) = Rs(N). Let

Es(N) =
1Rs(N)

� X
Γ2Ls(Z;N)

#M(Γ)

be the average number of local minima of lattices Γ from Ls(Z,N).
Using (81), (82), we have (see [7])

E2(N) =
4 ln 2
ζ(2)

� lnN +O(χ(N)).

It was shown in [6] that

1
DP

N=1
Rs(N)

� DX
N=1

X
Γ2Ls(Z;N)

#M(Γ) = C(s) � lns�1
D+Os(ln

s�2
D)

for any D > 1. The proof of this formula is based on the following result.

Theorem 2 [6]. For any integer s > 2 there exists a set ΩM,s � GLs(R) such that

a) the interior of ΩM,s is not empty;

b) ΩM,s = Ω1[Ω2[ . . .[ΩL , where L 2 N, Ωi\Ωj = ∅ for i 6= j, and the sets Ωi

satisfy the conditions (A) and (B);

c) for any natural N, the following formula holds:X
Γ2Ls(Z,N)

#M+(Γ) = #(ΩM,s \Ms(Z,N)) +Os
�
#(∂ΩM,s \Ms(Z,N))

�
,

where M+(Γ) = M(Γ) \ Rs
+ .

From Theorems 1 and 2, we obtain the following result.
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Corollary 11. For any integers s > 2, N > 2, the following asymptotic formula

holds:

Es(N) = C(s) � lns�1 N +Os(χ(N) � lns�2 N), (83)

where C(s) =
2s

(s� 1)!
� µ(P(ΩM,s))
ζ(2) � . . . � ζ(s) .

Proof. The following estimate is well-known (see, e. g., [1, 4]):

#fγ 2 M(Γ) : γ1 � . . . � γs = 0g �
s
lns�2

N

for

Γ 2 Ls(Z,N).

Therefore, we haveX
Γ2Ls(Z,N)

#M(Γ) = 2s � X
Γ2Ls(Z,N)

#M+(Γ)+ Os(Rs(N) � lns�2
N).

From this equation and Theorem 2 it follows that

Es(N) =
2sRs(N)

� �#�ΩM,s \Ms(Z,N)
�

+

+ Os
�
#(∂ΩM,s \Ms(Z,N))

��
+ Os(ln

s�2
N).

We clearly have

µ(P(∂ΩM,s)) = 0, µ(P(ΩM,s)) > 0.

It remains to apply Theorem 1. �

Remark. The formula (83) was proved in [8] in the case s = 3. The paper [8] also
contains the results of an approximate computation of the constant C(3). If s > 4,
it is impossible to calculate the constant C(s) even approximately. However, the
following estimates hold [11]:

2�1

(s� 1)!
6 C(s) 6

2s

(s� 1)!
.
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