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1 B
Abstract: Assume that A CF,, B C IF;, 2 < %, |A] = p%, |B| = pﬂ. We will prove that for

Z E+(A, bA) < 15p_(mm{ﬁ’l_a})/308|A|3|B|.
beB

Here E (A, bA) is the additive energy of a subset A and its multiplicative shift bA. This improves
previously known estimates of this type.

p > po(B) one has
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1. Introduction

Let X be a non-empty set endowed with a binary operation * : X x X — X.
Then one can define the operation * on pairs of subsets A, B C X by the formula
AxB = {axb:a € A, b€ B}. Inparticular, if A and B are subsets of a ring, we have
two such operations: addition A+ B:={a+b:a € A, b € B} and multiplication
AB=AxB:={ab:a € A, b€ B}. For agiven element b we define the operation
bx A =bx A. The sign * may be omitted when there is no danger of confusion.
We write |A| for the cardinality of A. We just consider the field F), of p elements,
where p is an arbitrary prime. All sets are assumed to be subsets of I,. Given any
set Y C FFp, we write Y™ :=Y \ {0} for the set of invertible elements of Y.
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DEfiNITION 1. For subsets A, B C I, we denote

E+(A,B): ‘{(al,az,bl,bz) EAXAXBXBZCL] —(Zz:bl —bz}
EX(A,B) = ‘{(al,az,bl,bz) € Ax Ax Bx BICL]CLQ :blbz}’

b

Numbers E, (A, B) and E.(A, B) are said to be the additive energy and the multi-
plicative energy of sets A and B respectively.

In the paper [5] J. Bourgain proved the following result.

THEOREM 1. Assume A C F,, B C F, and |A| = p®, |B| = o with o> B. Then

> " E. (A bA) < Cip™|AP|B|

beB

where v = min(83, 1 — a) and C\, ¢, are absolute constants (independent of «, [3).

In the same paper J. Bourgain deduces from Theorem 1 a sum-product estimate
for two different subsets. Later J. Bourgain and the author of this paper in [4] extended
Theorem 1 to the case of an arbitrary finite field. More precisely, we proved the
following result.

THEOREM 2. Take arbitrary subsets A, B of a finite field F, with ¢ = p" elements, such
that |Al=q", |B| = qﬁ , a>= [ and an arbitrary 0 < n < 1. Suppose further that for every
nontrivial subfield S C ¥, and every element d € IF, the set B satisfies the restriction

|IBNdS| < 4|B|'".

Then

5215
Z Ey (A, bA) < 13¢7"*|AP|B|  where ~=min (5» Tﬂ’?, 1 - a).
beB

In this paper we also deduced from Theorem 2 a new character sum estimate over
a small multiplicative subgroup. J. Bourgain, S.J. Dilworth, K. Ford, S. Konyagin and
D. Kutzarova [3] applied Theorem 2 to one of the problems of sparse signal recovery
and several other settings in coding theory. Also M. Rudnev and H. Helfgott [9]
used a method proposed in the proof of Theorem 1 to obtain a new explicit point-
line incidence result in [F,. These examples show that estimates like those from
Theorems 1 and 2 have a wide range of applications.
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In the current paper a slightly modified version of the method from paper [9]
will be used to obtain an improvement of Theorem 2 in the case of prime field ).
We will establish the following theorem.

THEOREM 3. Assume that A C F,, B C F, 1/4 < |B|/|A|, |A| = p*, |B| = 1"
Then for p = py(B) we have

> B, (A bA) < 15p MBS 4P g
beB

Ideas of M. Rudnev and H. Helfgott in context of this problem work only when
|B| > K|A| for some absolute constant K. The case when |A| is small comparatively
to |B| was analyzed by another method. This method is elementary and gives the
following estimate.

THEOREM 4. Assume that A C F,, B C Fi, |A| = p*, |B| = p”. Then for
p = po(a, B) we have

Z E+(A, bA) < Cp_(min{ﬂ’l_a})/2240|A|3|B|,
beB

where C > 0 is an absolute constant.

As we see, Theorem 4 gives a worse estimate than Theorem 3, but it is still
better than the one delivered by Theorem 2.

In Section 2 we state preliminary results which will be used in proofs of
Theorems 3 and 4. Theorem 3 is proved in Section 3, Theorem 4 is proved in
Section 4.

2. Preliminary results

All the subsets in Lemmas below are assumed to be non-empty. The first two lemmas
are due to Ruzsa [10, 11]. They are valid for subsets of any abelian group, but here
we state them only for subsets of I,.

LEMMA 1. For any subsets X,Y, Z of IF,, we have

| X -Y||Y - Z]

X - 2] <
Y
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LEMMA 2. Let Y, X, X5, ..., Xy be subsets of I¥,. Then

k
IL- 1Y + X

Xi+Xo+...+ X <
X1+ X0+ ...+ X Vi

DEfiNITION 2. For any nonempty subsets A C F,, B C F,, G C A x B, we define
their partial sum as

|ALBl ={a+b:(a,b) € G}.

Let us recall a modification of Balog—Szemeredi— Gowers result (see the paper
of J. Bourgain and M. Garaev [6], Lemma 2.3).

PROPOSITION 1. Let A and B be subsets of I, and G C A x B be such that
|G| > |A||B|/K for some K > 0. Then there exist subsets A' C A,B C B and
a number Q) with

T 42K 8V2K?In(el4)) T 7 ~ 8v2QK? In(e|A))
such that
Q|B|
AtBP > A+ B|—————.
AGBI > 147+ |256K3 In(e|A)

We use the following result from the book of T. Tao and V. Vu [12, Lemma
2.30, p. 80].

LEMMA 3. If EL(A, B) > 1/K - |A2|BI”*, K > 1, then there exists G C A x B
satisfying

1
Gl > S |AlIB|  and |A}B| < 2K|A|"?| B

This lemma represents a known technical approach for estimating sum-product
sets (see, for example [1], [2]).

LEMMA 4. For any given subsets X,Y CF,, G C IE‘; there is an element £ € G with

(X|[YflG|

X4+ 6Y]> —
| X[|Y]+ G|
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Moreover, the following inequality holds:

XY

|;¥.—F §)/| > 25;?(:%2_53;5'

PROOF. Let us take arbitrary elements £ € G and s € I, and denote

fE(8) = {(e.9) € X XY 2+ 96 = s},
It is obvious that
Z(f?(s))z = H{(@Ly, 020, 90) EXX X XY XY iz + i€ =30 + 1€} | =

s€ly,

= XIIY]+ [{(z1, 91,22, 90) € X X X XY XY 12y # 23, 11 + y1€ = 3 + 1€ } |

and

PN ACE 7 (1)

s€lf,

We observe that for every =1, x; € X, y;, y» € Y such that x; # z,, there is at
most one 1 € G satistying the equality z; + y;17 = x, + y»n. Therefore,

STST(F(9) < IXIYIIG) + IXPIY P

£€G sclF,
From the last inequality it directly follows that there is an element £ € G such that

[ XPIYT?

> () <X+ =g

self,

)
According to the Cauchy—Schwartz inequality,

(Zﬁ(s)) xS () )

sl sclF,

Observing that

ST (fH(9) = Bo (X, €Y)

s€ly

one can deduce the second assertion of Lemma 4.
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Combining inequalities (1), (2) and (3) we see that

XPIYP I XIYIG|

X|jy| + B XY+ Gl

X +£Y] >

Lemma 4 now follows. Il

DEfINITION 3. For any given subsets X, Y C F,, |Y| > 1 we denote

QIX.Y]=

X-X {xl_mz €X €Y, y # }
= 1Ty, T > YL P s T F Y2 -
(Y—Y)\{O} ="

If X =Y then Q| X, X| = Q|X].

Lemma 5 is a simple extension of Lemma 2.50 from the book by T. Tao and
V. Vu [12].

LEMMA 5. Consider two arbitrary subsets X,Y C Fp, [Y| > 1. A given element £ € T,
is contained in Q| X, Y| if and only if | X + £+ Y| < |X||Y].

ProoF. Consider a mapping F' : X xY to X+£xY defined by the identity F(x, y) =
x + &y. The mapping F can be non-injective only when | X + & x Y| < | X||Y]. On
the other side, the non-injectivity of F' means that there are elements x;, 2, € X,
Y1, Y € Y such that (zy,y;) # (22, ) and F(z,,y)) = F(xy,1,). It is obvious
that y; # y, since otherwise £; = z, and we get a contradiction with the condition
(z1, 1) # (22, 12). Hence, £ = (x, — 22)/(v2 — y1) € Q|X,Y]. Lemma 5 now
follows. Il

We need the following Lemma due to C.-Y. Shen [7].

LEMMA 6. Let X| and X, be two sets. Then for any € € (0, 1) there exist at most
Inl/e
||
least (1 — €)|X,| elements of X .

min{| X, + X5|, | X, — X,|} additive translates of X, whose union contains at

PRrROOF. For simplicity, we assume that |X; + X,| < |X; — X;,|. The case when
| X1 + X;5| > | X — X;| can be considered similarly. Using Lemma 4 we deduce

| X1 ?1 X[

.Y, T1, EXI xXo x X x Xy = > —
’{(xyfﬂl Y1) 1 2 1 2:T+Y x1+y1}‘ X, + |
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Now we can fix two elements xi € X, yi € X, for which the equation wi +y=
—z+4y., z € Xy, y € X, has at least | X;||X>|/|X; + X»| solutions and, therefore,
(3 + X)) N (ys + X1)| = 1X1[1Xal/|1X) + X5|. Denoting N = |X; + X,|/|Xa| we

can observe that

| X
’Xlﬂ (a?i—yi-i—Xz)‘ > N 4)
Obviously, from (4) it follows that

1
|Xi| =X\ (2 — 5 + X0)| < (1 - N>|X1|'

We can repeat the previous argument for the sets X} and X, and find elements
xi eX 11 and yf € X, such that

1
‘X:ﬂ(wi—yi-i-Xz)’ P> %,
1 1\?
X7 = 1X0\ (22 —ys + X)) | < (1 - N)|X1]| < (1 - N) 1X1.

On the ¢-th iteration we find elements xi € Xi_l and yi € X, with
i—1

X
N b

) o 1\ 1\’
i) i= Pt (e ok )< (1= )< (1)

X7 0 (o - g+ X0)| >

We stop when |X7| < ¢]X| for some n. It is easy to see that we will do at most
In(1/e)K steps. The last observation completes the proof of Lemma 6. O

We also need the following sum-product estimate of M. Z. Garaev |8, Theorem 3.1].

THEOREM 5. Let A, B C ), be arbitrary subsets. Then

|AP|BJ?

A ap. 2P0
A=A 5 B

> C|APL (log, L)™',

P

where L = min {|B|, A

} and C > 0 is an absolute constant.
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3. Proof of Theorem 3

Let A, B CF, be as in Theorem 3 and d > 0, C > 1 to be specified. Assume

D EL(AbA) > C|B'|AP.

beB

Hence there is a subset B; C B such that
C i
Bi| > > |BI )

and

c
E, (A, bA) > E|}3|—5|A|3 for b€ By. (6)

Fix b € Bj. Applying Lemma 3 to (6), one can deduce that there exists
G C Ax b4, |GV > C/4-|BI°|A such that |4 ybA| < 4/C-|B|’|Al. Now,
by Proposition 1, there are A (®) A (®) C A and Q) such that

47| > f|B|— 4], (7)
27f?2( oy AIB < Qo <214) ®)
49> T puap, o)

27V2Q) In(e| A)

22
1AV + 047 | < Ga In(e|Al)| B |AJ>. (10)

By the Cauchy—Schwartz inequality

03

BBl A A(b) A(b) <
2121n(€|A|)| 1|| | | | <Z| 1 X 2|

beB;

I S 140 0 A (49 1 a2
bb'eB,

1/2
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Hence

06

ey P VB AR < S (A AP < (4 1A

bbeB,
and there is some by € B; such that

C6

——— —|B,||B| |4

$= 30400 4P) x (400 A >
beB,

Now we define
B, = {b e B, |AY A | AV 0 AP > 076|B|_6‘5|A|2}.
225 In?(e| Al)
Obviously,
6

_ (b) (bo) (b (bo)
S| = Z ‘(Al ﬁAlo)X(Az ﬂA20)|<m

beB\B,

|B\[|B]"*| A,

6

_ ®) ~ 4(b0) ®) ~ 4Gy _ ¢
Sz—Z|(A1 ﬂAl )X(A2 ﬂAz )‘—S—Sl>m

beB,

|B\[|B]"*| A

Observing that S, < |B,||A|* and using (5) one easily deduces
7

Blf75’ 11
226ln2(e|A|)| | (1

|B,| >

1A A |, 14D A AP > 1B ®|A| for be B,.  (12)

bl

225 In?(e| A|)
From (7), (9), (10), (12) and Lemma 1 we see that

AP+ 043 || A" + by 3|
A

b A + b4 | < <

- 2774/2 In%(e| A

08 ) |B|85‘A(lb0) + bAgbO) , (]3)

AP 104|457 + 43| _
AP A AP h

‘A(lbo) + bA(2b0)| <
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’A(lbo) + bAgb) | |A(1b0) 4 bOAgbo) ‘2
AT 0 AP A

_ 299/2 1n*(e| A])

b b
< —gnge PB4 + b4, (14)
(bo)

AP oA L4+ A

AP | pA®] <
A T

49 bAV] A b ASF_ 2Ewel)

< |B|266|A|3.

(15)

Hence by (13), (14) and (15) we have

2'%94/21n'%(e| A) B

|535 |A| 5 )
0% Q4 Qo

oo A + 4™ | <

Using (8) we finally obtain

22]9\/5 11’116(6|A|)
!

[boA” + b1 | < 1B*]A].

Now we redefine A(lbo) by A" and B,/b, by B'. One can deduce the following
properties (for § < 1/440):

2219 21 16 A
14 +bA| < fc‘zl A 5613 4] for all be B, (16)
B> g (17)
226 In*(e|A|)
c
41> 551814l (18)

Our aim is to get a contradiction from (16), (17) and (18).
We will use the symbol

22194/21n'%(e| A))
ol

M:rbn%x|A'+bA'|, sothat M < B4l (19)
E /
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Now we use Lemma 4 to establish the bound

E (A, bA) = ]{(al, ar,a3,04) CA x A x A x A ra) +ab=a3+ a4b}‘ >
|4’ A"

> > . 20
|A" + bA'| M (20)
By summation over all b € B’ we obviously obtain

! ! ! ! / |AI|4|B/|
|{(a1,a2,a3,a4,b)EA x A xA xA ><B:a1+a2b:a3+a4b}‘> VA

There are some elements @, a; € A’ such that

AI2B/
|{(a1,a4,b)€A'><A'><B':a1—53:(a4—52)b}‘ > | |]\4|' |

Let A\ =A'—a;, Ay=A' -, be the translates of A’ by @3 and @, respectively. Then

A/2B/
a’]sa2’b eAllelszla]:azb >| || |
M
There exists some a, € A'2 such that
A'||B
e 48 0 =a)] > 4121

Thus, we have a subset Bj C (A} Na,B) of cardinality

5> A1B1
M

In original notation B lies in the intersection of a,/byB, and some translate of
A(lbo) ; moreover, by the bounds (17), (18) and (19) one has

69

1-694
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We consider three cases.
Case 1. Suppose that Q[B)] # F,. It is clear that 1 + Q[B)] # Q[B)] since
otherwise Q[B'l] = F,. The latter means that there are elements a, b,c, d € Bj
with 1 + %_2 ¢ Q[B'l] . Now we recall that B} is a subset of a,/b, - B, so we can
regard a, b, ¢, d as elements of B,. Observe that for an arbitrary subset B'l' C B'l we
have 1 + Z%s ¢ Q|B/] since Q[B]] C Q[B)]. Therefore, by Lemma 5, for these

elements a, b, ¢, d € B, we have

b
B! + B + —dB’{ . (22)

L

—-b
Bf + (B'{ + —Z_ dB’{)‘ <

a —
C—

We now use Lemma 6. First of all we will show that for any b; € B, we can
cover 99 % of the elements of the set b B] (a subset of the translation of blA(lb")) or
2199 1n(100) In®(e| A) bo)

028 :
Indeed boA(lb]) N A(lbo) is a subset of boA(lbO), and by Lemma 6 and Lemma 1 we can
cover 99 % of the elements of either b; B] or —b; B} by at most

—b, B, by at most |B|286 additive translates of the set boA(l

In(100)
|b0A") 1 A
In(100)
= ‘A(lbl) nA(lbO)’

min {byA"’ 0 A% + 6,1, [al” n A — bBY|} <

b

min {|boA" N A + b, AP [boA) 0 AP — b A7 [} <

bl

00 0 A® 4 AW 1 A4S 4t AP
= bl b() b] bO
1A% 1 A [byby AT 1 AT |

~X

_ In(100)| A" + by ATV || A" 4 5y AT | _ 2% In(100) In' (e|4)

(br) (B0) || 4(b1) (bo) = c*8 |B|286
|47 AT [ 45 0 Ay |

additive translates of bOA(lb‘) N Agb‘)) and whence of boA(lbO). In the last estimate we
have used (8), (10) and (12).
We consider all these estimates together. This enables us to choose B as
a subset containing at least 98 % of the elements from Bj such that (a — b)B|
2219 1n2(100) In'®(e| A))
= 1B

gets covered by at most %9 translates of byA™ + b A™ .
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Similarly, we can find a subset Zﬁ“” containing at least 98 % of the elements of
. 221%1n%(100) In"*(e|A
A(lbO) such that (¢ — d)A(lbO) gets covered by at most ( 05)6 (14D | B
translates of boA(lbO) + boA(lbO). Now we apply Lemma 2 to (22) as follows:
~(bo) 7o) -b
B/1/+B/1/+ a—b i < ‘Alo +B’1/+B~’1,HA10 +hBll" <
-d ‘ A(bo)’
VB ) 00 4| e, @0
< ATV + AV 4 A "+ ——B| <
oA A" + A7+ ]‘ + — B
287 InS(e| A)) sl = —-b
< 1B |AY + Z— B (23)

The covering argument above implies that

~(by) , @b 220 1n*(100) In*(e| Al) | 11251 44 b b b
‘Aﬁ '+ Bl < o 1B AP+ AP 4 AP 4 AW <
259 1n*(100) In**(e| A))
g 0144 |B|1446|A|

/!

Comparing this with (21), (22) and using the conditions |B|/|A| > 1/4,

| >

> 0.98 ‘B’l |, for large p we deduce that
0.98)2C"38 _ 2013 In*(100) In*®(e| A
( ) | |2 1385 < ( ) ( | |) |B|1695|A| o
2500 1036 (| A)) C'69
B 2-3076 21113 1 4 100 21115 1 4 100
|B| n*(100) |B|17308¢5 n*(100) (24)

~ —_— .
|A] In%(e| A]) < (0.98)2C307 (0.98)2C307

21 115/307 11’14/307(100)
(0.98)2/307

Now we define C = and from (24) deduce the inequality

|B| < |B|3085

which is false when § < 1/308. This finishes the proof of Theorem 3 in the case 1.

Case 2. Suppose that ‘B’l| > 4/p. It is clear that Q [B'l] = IF,, since for an arbitrary
§ € IF, the equality ‘B'l + §B'1‘ = |B'1 ‘2 is impossible (simply because |B'1 ‘2 > p).
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Let us take arbitrary elements £ € F;, s € IFp, an arbitrary subset ‘B'{‘ > 0.96|B'1’
and denote

fe(s) = [{(b1,by) € B x By : by + &by =
fe(s) == |{(b1,bs) € Bf x B : by + &by = s}|

It is obvious that

Z(ff ‘{ by, by, b3,by) € B) x By x By x B} : b1+§bz—b3+§b4}|

seF,

= ’BII‘Z—F ’{(b],bz,b3,b4) € Bll X Bll XBll XB’I Ibl #b3,b1 —|—£b2 :b3+£b4}‘

and

D fels) = N0 = B[,

s€lf, s€lf,

Let us observe that for every by, by, b3, by € B} such that b, # bs, there is at
most one 7 € IF‘; satisfying the equality b; + nb, = b3 + nbs. Therefore,

S S e < B o -1+ B

&CF;, €T,

From the last inequality it directly follows that there exists an element & € IF; such
that

/ 2 ‘B Il ’4

DU < e < Bl

s€lf, s€lF,

Note that this ¢ is independent of BY . According to the Cauchy— Schwartz inequality,
2
(S s) <8 +e81l o
s€l, s€lf,
Now we see that
4 4

BI (=1 _ (0.9)|Bi| (p—1)

Z 2 4= 2 4
B[ (e~ D)+ |By|" |B)| (p—1)+]|B]

p—1
|BY +¢BY > (096~ (29)

Recall that Q[B]] = F,. So we can find elements a,b, ¢, d € Bj, such that
a—2>
c—d

& =

(again, we can regard them as elements of B,). Using a covering
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argument as in the proof of the case 1 we can choose B'l' as a subset containing
at least 96 % of the elements from B) such that (a — b)By + (c — d)B] gets
2420 1n%(100) In**(e| A])

o2 |
+ boAgbO) + boA(lbO). Now we see that

covered by at most

B|”25 translates of boA(lbO) + boA(lbO) +

a—0b 2420 1n*(100) In*(e| A
Blll + - dBlll < ( Cl)lz ( | |)|B|1]25‘A§b0) +A(1b0) +A§b0) +A§b0) <
2530 1n*(100) In**(e| A])
< 0144 |B|l446|A|

Again, comparing this with (25) and using the condition |B|/|A| > 1/4, we deduce
that

N L 2530 1n*(100) In**(e| A)

0
. i B")4] =

(0.96)4§ < (0.96

p 2530 1114(100) 14580+«
=4 < om 096y (26)
2265/72 lnl/36(100)
Now we define C' = (0.96)17% and from (3) deduce the inequality
p< p145,@6+a
-«
which is false when § < @ . This concludes the proof of the theorem in the case 2.

Case 3. Suppose that Q[B'l] = I, and ]B'l" < 4/p. Repeating the argument from
B| = 0.96|B,| we find
elements a, b, ¢, d € B, independent of the subset B']' with

the proof of case 2 for an arbitrary subset B C B,

;12
> (0.96)4ﬂ.

a—>b
BII BII
‘ 1+c—d : 2

Using a covering argument as in the proof of the case 1 we can choose B'{
as a subset containing at least 96 % of the elements from B] such that (a —
2420 [n*(100) In*?(e| A])

o2

b)B] + (c — d)B/ gets covered by at most |BI''® translates
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of bOA(lbO) + boAgbO) + boA(lbO) + boA(lbO). Now we see that

2420 1n*(100) In**(e| A)
g Cll2

2530 1n*(100) In**(e| A])
< 14

B2 A% 4 A% AP A <

|B|l446|A|.

Comparing this with (21) and using the condition |B|/|A| > 1/4, we deduce that

(0.96)*C'3 B 2530 1n*(100) In**(e| A])

Bl 4]
2500 [n36(e| A|) ca4 B4

|B|2—282(5 21030 1n4(100)

21932 1n4(100)
[ (e 4]) ~ (0.96)C%2 >

(0.96)*C%2 *

= B < (27)
2516/141 1n2/141 (100)

Now we define C = (0.96)2/141

and from (3) deduce the inequality

|B| < |B|2835

which is false when 6 < 1/283. Note that in all the cases the value of the constant C
is strictly less than 15. Theorem 3 is proved. U

4. Proof of Theorem 4

As in the proof of Theorem 3 we assume contrary, i. e. Z E. (A, bA) > C|B|'"|A]

beB
for some C' > 0, 6 > 0. Following the argument from the beginning of the proof

of Theorem 3, we find A' C A and B C F,, 1 € B’ (which is in fact a subset of
a multiplicative shift of B) such that

2219\/5 11’116(6|A|)

1A' +b4| < = IB|*"®|A| = L for all be B, (28)
B/ 7 1-76
>———|B|'™", 29
c
A’ > |B|~|Al. (30)

2442
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Using Lemma 4 we obtain

|/4

H(al, a, as, CL4) € AxAxAxA - a;+ba, = a3+ba4}‘ > forall be B.

By summation over all b € B' one gets

[{(a1, a2, a3, a4,b) € A’ x A' x A’ x A' x B': a) +bay = a3 + bas }| >

A/4B/
>M forall be B.

Now we can fix elements ag, ag € A' such that

|A'P| B

\{(al,a4,b)€A x A xB: al—a3—b(a4— 2)}‘ i7

(31)
We denote

1, ifseA —a;

f(s) = |{(a,b) € A’ x B' : b(a - ay) = s, g(s) = 0 otherise
Clearly,
[{(a1,as,b) € A/ x A’ x B 10— ay =blas — a)) }| = Zf ), (32)
scF,
> () =E.(4 - a3, B). (33)

s€lf,
Now, by the Cauchy—Schwartz inequality,
2
(S 7609) <X 76370
s€l, self, self,
and, by (32) and (33), one can deduce that

|A'P|B]
B (A -0y, B) > —H—.

Consider two cases.
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Case 1. Assume that |A'||B'| < p. Applying Theorem 5 one obtains

L4
—>|AI—AI|2-

|AI|2|BI|2 - |AI|3|BI|1/9
|A']

E.(A-d),B) ~ logy(IB)

Using (28), (29) and (30) we deduce

LW B[S~ PAI 28 In% (e] A])

8§ 414
|B|244 |A| =
2188/9 In*9(e| A|) log, (| B]) o
28090/9 1n378/%(¢] A|) log, (| B|)
g B|2239/9 34
|B] C, 022999 7 "
8090/2239

Defining C = 0N we observe that for sufficiently large p from (4) it follows that

1

|B| 1/9 < |B|2240/96.
This gives a contradiction when & = 1/2240. The proof of Theorem 4 in this case
is completed.
Case 2. Assume that |A'||B'| > p. Again, applying Theorem 5 we obtain

L4 . |A/ A'|2 |A/|2|B/|2 |A/|26/9p1/9
E.(A—-a,B)” ' logp

|A'|
Using (28) and (30) we deduce

o C35/9|A|35/9pl/9 2878 1n64(e|A|)

2445) 4,4
235/2|B|35/9 log2 P < 0244 |B| |A| =
21712 1n% (e A]) logy p 14 5
= 1A /9|B|2231/9 >p1/9‘ 35
C2319(, (35)
19119/4462

Defining C = W, we observe that for sufficiently large p from (4) it follows

1
that

1/9 2232/98| 411/9
p”? < |BPPP(A”.

-«
This gives a contradiction when § = TR Theorem 4 is proved. [
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