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Abstract: Let ¢ be Euler’s totient function, ¢ be the sum-of-divisors function. We effectively
show that for any A > 0 and large & > zo(A) there are at least exp((log logz)”) integers n < z
which are common values of ¢ and . This improves a recent result of Ford, Luca and Pomerance,
where the existence of such A > 0 was established.
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1. Introduction

Let ¢ be Euler’s function, o be the sum-of-divisors function. Ford, Luca and
Pomerance [3]| proved (effectively) the following statement, which solves an old
conjecture of Erdés.

THEOREM. ( [3]). The equation ¢(a) = o(b) has infinitely many solutions. Moreover,
for some positive a and large x, there are at least exp((loglog x)®) integers n < x
which are common values of ¢ and o.

They noted that the proof relies on a recent work of Ford, Konyagin and Luca
on prime chains (see Lemma 5 below) and a result of Heath-Brown connecting the
possible existence of Siegel zeros with the distribution of twin primes. In a remark
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(see [3, p.487]) they also described an alternative approach of Konyagin, which
avoids using Heath-Brown’s result. It is mentioned there that Konyagin’s approach
would give a somewhat weaker conclusion about the number of common values
below z. In the present paper we effectively prove the following improvement of a
result from [3].

THEOREM 1. Forany A > 0 and large x > xo(A) there are at least exp ((log log x)A)
integers m < x which are common values of ¢ and o.

The proof of Theorem 1 is based on a refined version of Konyagin’s approach
and the argument used in [3]. We note that instead of Lemma 5 one can use
a precise formulation given in [2, Theorem 1]. This would allow to substitute A by
some function A(z) — oo as x — 0o. However the function A(z) obtained in this
way would grow extremely slowly. That is the reason why we decided not to pursue
this issue.

We begin to collect common values of ¢ and ¢ in a way as it has been described
in [3, p.2]. These values are found among numbers of the form n = a( H p) =

p
= H(p + 1), where p belongs to some set of primes p < z for which all prime

p

factors of p+ 1 are smaller than g0

, where § > 0 is a small numerical constant.
Then to deduce that n is a value of ¢ one exploits the implication

mrad(m)
¢(rad(m)) ) ’

where rad(m) is the product of the distinct prime factors of m.

¢(rad(m))|m = m = ¢(

In what follows p, ¢ denote prime numbers, P(n) denotes the largest prime
factor of n.

2. Lemmas
As usual, below L(s, ), s = o + it, is the Dirichlet L-function.

LEMMA 1. For some constant ¢y > 0, if x1, X2 are two real primitive characters to the
moduli my, my and if L(s, x,) and L(s, x2) have real zeros B, # [3,, then

&)
log(mym,)”

min{f, 3} <1-
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Lemma 1 follows from Landau’s result and the general theory of L-functions.
The following lemma is a refined version of Konyagin’s approach described in [3].

LEMMA 2. There are absolute positive constants c and C such that the following holds: for
any large X and any a > C(log log X)z(log X)fl/z, there exists z € [(log X)l/a, X|
such that for any 3 < m < x% and any primitive character x modulo m,

c

L(s, 0 in the region Res>1— —— .
(8,20 # & log z(|t| + 1)

PrOOF. The statement is well-known if x is complex or if ) is real and ¢ # 0. Thus,
it suffices to deal with real characters and real s.

Let ¢ = 0.1¢y, where ¢y is the constant in the statement of Lemma 1. Assuming
contrary, we get a real primitive character x; modulo m; < log X such that there is
a real zero () of L(s, x;) with

0.1¢

>l - —F—. 1
A log log X (1)

Recall that (see, [1, p.95]) for some absolute constant ¢; > 0,

Ci Ci
<l—-—F——F<1- .
& 1/2 log? m, (log X)'/?(log log X)?

Therefore, together with (1), we have, for C = ¢y/cy,

1a 0.1¢y
(log X)/* < exp <—a(1—ﬂ1)> < X.

Recall that we conjectured Lemma 2 not to be true. Thus, there is an integer m,
from the interval 3 < my < exp(0.1¢y/(1 — B1)) such that for some real primitive
character x, modulo m, there exists a real zero [, of L(s, x2) with

0.1¢
log ((exp (<?_‘§I)))

Br>1-— = fi.

According to Lemma 1,

Cy ¢y
<1 | < loglog X
[ p, <logmi+logm; < loglog +1—ﬁ1
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whence
0.9¢y

-6

This contradicts (1) and proves Lemma 2. O

log log X >

LEMMA 3. There exist absolute positive constants €y < 0.01 and C such that the
Sollowing holds: for any large X and any o € [C(log log X)Z(log X)_l/z, 80] there
exists z € [(log X)"*, X] such that

2, 2

3<m<Lz® ye€(m)

> Am)x(n)

n<T

< 0.1z,

where C(m) is the set of primitive characters modulo m.

PROOE. Define z € [(log X)"*, X] as in Lemma 2. Note that z* > log X > log .
We follow Gallagher’s paper [4]. For a character x € C(m) and 2 < T < 2’

we use the representation (see, [1, p. 117])

> Amx(n) == af —a +O($1(;f:’2m>.

z9<n<z P p

Here p are zeros of L(s, x) in the region 0 < Res < 1, |Ims| < T. Choose
T = z'® Then, if a € [C(log log X)z(log X)fl/z, 0.01} and X is large,

x

<z Z /y”_1 dy <ml_4a—i—/ Z PO gy,

[Impl<T " 09 L0 [Imp|<T

> Am)x(n)

nLx

Here ((p) = Re p. Hence

PSS

3<m<a® xec(m)

> Am)x(n)

nLx

<x12a—i—/ Z Z E yPO 1 gy,

209 ISMS2® xeC(m) | Im p|<T

10a

Since | Imp| < z* and m < z°, by the definition of z (see Lemma 2) we see

that, for some absolute constant c,

C
<1- .
B(p) og 7
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Therefore, since 2"’ < y < z and the number of zeros p with |Im p| < T is of

order T log(mT) = o(z™), we obtain

B(p) %o
_ _ x
Z 07" L logy Z ¥ du+ — <
| im pl<T | Im AI<T v
1—c/log z“
<logz / y“l{ Z 1}du+x0'8:
0 [Imp|<T
Blo)zu
1—c/log z“

=log / v Ny (u, T) du + 7%,

where N, (u, T') is the number of zeros of L(s, x) in the rectangle u < o < 1, [t| < T
From Gallagher’s density estimate [4], for some absolute constant Cy > 0 we get

> 3T Ny(u, 1) < T,

m<T xeC(m)

Thus, if &y is small enough, then for o € [C(log log X)*(log X)™"?, &y] and large

X we have

z l—c/logz®

22 4 Gy logm/ / g O gy dy <

Z Z ZA(n)X(n) <2z

3<m<a? xel(m) | n<a 209
1—c/log z®
<227 + Cyzlogz / 27007 gy <
0
-2« —c/2a
<3z +2Cyxe <0.1zx. O

For positive reals d,7,y, z with 1 < y < £"%7% and a nonzero integer a, the

following notation has been introduced in [3]:



255] On the number of common values of ¢ and o 47

Sy(z;6,a) =#{p<z:P(p+a)< g0

YT
qlogx

, qlp+a},

or Sy(z;d,—1) < i }

;0,7) = <y:S(z;6,1) < <
5(37:% >7) {q y q(w ) qlogl‘

LEMMA 4. There are absolute constants 0 < § < 0.1, v >0, ¢, > 0 and C > 0 such
that the following holds: for any large X and any o € [C(log log X)Z(log X)_l/ 2, 61]

there exists x € [(log X)l/“, X} such that for all y < $1/2—6’

#E(z,y; 6,7) <y "%

PRrOOE. For small positive &, and C(log log X)*(log X) /? < a < &y we choose z
to satisfy the conclusion of Lemma 3. Thus,

U(x, m) = Z Z A(n)x(n)| < 0.1z forany m <" (2)

X€C(m) ' n<z
The result follows from the proof of [3, Lemma 2.6]. O
A prime chain is defined as a sequence of primes q = t, 1, 5, ..., where for

every j one has ¢;1; = 1 (mod t;). Let 7 (y, g) be the set of primes ¢ < y which are
in a prime chain starting with gq. The following statement is due to Ford, Konyagin
and Luca [2].

LEMMA 5. For every € > 0 there is a constant C(g) such that if y > q then

T <o) () "

3. Proof of Theorem 1

Let 4, 7, €; be positive absolute constants defined in Lemma 4. For small 0 < a < €
and large X > Xo(a) > 0 we choose z € [(log x)", X] according to the conclu-
sion of Lemma 4. Let £ = &(z, :cl/z_é; d,7) and let

T=UTE"", 9.

qes

Denote
S:{pgm:P(erl)gm'/H and ttp+1 forall te€T}.
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By partial summation, Lemmas 4, 5 we see that if Xy(«) is sufficiently large then

Z t 20 logx (3)

and #S > yx/(3 log ) (see |3] for the details).
From known results (see [5]) it follows that there is an absolute positive constant
6 < 0.1 such that

0 Yz
L<z:P 1) < < .
{p v (p+) a:} 10 log
Hence
yE
#lpcS:Pp+1)>2') > .
{r (p+1)>2"} 6log 2

We divide the prime numbers p € S with P(p+ 1) > ” into classes such that each
class consists of primes p with equal values of P(p+ 1). Since each class contains at
most z' ™ numbers, there are at least 2" disjoint classes. Thus, picking up from
each class at most one prime, we obtain a subset Sy C S consisting of L = [mo_sel
primes p with pairwise distinct P(p 4 1). In particular, we can form 2" pairwise

distinct numbers

{kikyy ook} = { [[e+1: Sc So}.

PES)

Let n; = (H(p + 1)) k;l. Since o(p) = p+ 1, all n; are values of 0. We will

peS
show that all n; are also values of ¢. We recall that for this purpose it is sufficient

to show that ¢(rad(n;))|n;.
The prime factors of n; are < 279, Repeating the argument from |3, page
484], we see that for ¢ < /% °, if ¢ € T then q1 ¢(rad(n;)), and if ¢ € T then

/26

vy (60 () < T

where v,(m) denotes the exponent of ¢ in the factorization of m. On the other
hand for such ¢ Lemma 4 and the inequality (3) imply
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vg(ny) = #{pe S\ So:qlp+1} > #{peS:qp+1} RN
T
= #{p<w:P(p+ 1) <x1/2_‘5,q|p+ 1} _22 - _ 050 >
teT

2 B = > rad(n;))).
qglogz 9qlogz =~ 2qlogz Yq (¢( ("J)))

Thus, all 2[“”0'59] numbers n; are common values of ¢ and ¢, and moreover
n; < €’*. Hence, since z € [(log X)", X], there are at least exp {(log X)O'Wa}
common values of ¢ and ¢ below ¢*. Since 6 > 0 is an absolute constant the
result follows by taking a to be sufficiently small.
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