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Abstract: We study the Bollobds—Riordan model for a random graph. We investigate the total
number of edges connecting a node of degree d; and a node of degree d,. Here d; and d, are
fixed positive integers. We prove that this number is close to its expectation with high probability.
We calculate the expectation with an error term Odl,dz( 1/t), where t is the number of nodes in
a graph. One part of our proofs includes a significant improvement of the known estimate for
the expectation of the number of nodes of degree d. We calculate this expectation with an error
term O(d/t) without any restrictions on d.
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1. Introduction

There are many interesting structures in the real world, which can be thought of as
graphs. A typical example is the World Wide Web: one can consider web pages to
be the nodes of the graph and hyperlinks to be the edges. One of efficient methods
for studying these graphs involves investigating a suitable random graph model.
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First models of random graphs were constructed and studied long ago. Classical
models and results are systematized, for example, in [3] and [9]. However, they are
not suitable for approximating dynamically changing and non-uniform networks.
In particular, such characteristics as the degree sequence differ significantly from
those observed in real networks.

Recently other models of random graphs were constructed to match more
closely the growth of real networks. The first one is due to Barabdsi and Albert [2].
However, they did not construct a precise model, leaving some parameters un-
specified. Variation of those parameters can change the properties of arising graphs
significantly, as it was shown in [4], so one needs something concrete for theoretical
investigation. Bollobds et al. proposed a concrete model in [6] based on the same
ideas. In the same paper they gave a rigorous proof of a theorem concerning the de-
gree sequence in this model.

In the current paper we study the Bollobds—Riordan model proposed in [6].
A survey of other models and their properties can be found, for example, in
the paper [4], and also in the book [7].

We now define the model of a random graph with ¢ nodes and kt edges,
k, t € N. The model is constructed in two stages. The first stage defines a probabilistic
space G,,. The second stage constructs a probabilistic space ék,kt = @kt basing on
Gy:. Hereafter we consider k as a fixed parameter of the model. An element of all
probabilistic spaces is an undirected graph with numbered nodes.

e The probabilistic space GG; contains only one graph with one node and one loop.

e Given G,, let us construct G,4;. Let G be a graph from G,,. We add a new
node with the number n + 1 to G. We also add a new edge incident to this
node. The other end of this edge can be any vertex a € G or the new node

d
(this creates a new loop). The probability of the first case is 2—+1 , where d is
n

1
the degree of a. The probability of the loop is Ml Since G has exactly n
n

nodes, the sum of the degrees of all the nodes in G is 2n, so the definition is
correct.

o Let G € Gi. We construct the graph G ¢ @kt as follows. We take as nodes
of G the following collections of nodes of G: {1, ..., k}, {k+1,...,2k}, ...,
{kt—k+1,..., kt}. We shall call such a collection a conglomerate. An edge j
of G defines an edge in G between the two conglomerates containing ¢ and j.
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The probability of G € @kt is the sum of the probabilities of all the graphs
G € Gy; corresponding to G.

Many properties of the Bollobas— Riordan model were investigated. The pa-
per [5] studies the diameter of a random graph. The paper [4] studies subgraphs
of a random graph. One of the most important properties is the degree distribution
for a random graph. The main paper [6] proves the power law for the degree dis-
tribution. This result matches well with the empirical observations of Barabdsi and
Albert (see [2]). However, it was proved under very strong restrictions on parameters.
In this paper we study a far more complicated property concerning the degrees. As
a part of our proofs, we also deduce a significant improvement of the theorem
by Bollobas et al.

We formulate the old and new results in Section 2. We prove new theorems
in Section 3.

2. Main results

Let us introduce some notation. For a condition A, we define [A] as the indicator
of A: [A] = 1 if A holds, [A] = 0 otherwise. Let d;, d, be arbitrary positive integers.
Let G be a random graph from @kt. We define a random quantity

X =X(G) = ‘{(z’,j) : (4, §) is an edge of G, degi:dl,degj:dz,i;éj}‘.

The following two theorems are the main results of this paper.

THEOREM 1. If di < k, dy < kord; =dy =k, then X =0. Ifdy > k, d) > k
and dy + dy > 2k + 1, then the expected value of X is

EX =

k(k + 1) ( G T
dl(d1 + l)dz(dz + ])
chn on)  k+1 2k)!
_Z d1+dz < (n) +[n:k] ( ) 2>_
‘ dyd nl(n+ 1) 2k 2(k — 1)!

d+d

(k- D(E+1) (k=D 1) 1
~ldi =kl 2kdy(dy +1) &> = K 2kd (d; + 1) +O’“’d“d2<¥>‘

)(2kt+1)—

di+1
Cdl +d,+-2
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THEOREM 2. Let ¢ > 0. Then

2
P(IX — EX| > c(d, + dy)Vkt) <2 exp(—g) :
In particular, if c(t) — 00 as t — oo, then |X — EX| < c(t)(dy + dp)Vkt with
the probability tending to 1 as t — 0.
While proving Theorem 1 we deduce the following simpler statement.

THEOREM 3. The expected value of the number of nodes of degree d in a random graph
from Gy is

@5 g DD d=H +Ok(d)‘

d(d+ 1)(d +2) k t

t
Theorem 3 improves the result of Bollobas et al for the expected value. The
2k(k+ 1)t
# when d < ¢/
d(d+ 1)(d+2)
and t — o0o. Our result is valid for all values of d and includes the explicit error term.

main result of [6] asserts that X ~ EX and EX ~

3. Proofs

This section consists of several subsections. We write recurrent equations for
the quantity EX and related functions f, g, h, r in Subsection 3.1. The equation
for EX involves a function f, the equation for f involves a function g, the equation
for g involves a function h, the equation for h involves a function r. The function r
is related to the degree distribution.

We estimate r in Subsection 3.2. Theorem 3 follows as a special case. Using
this result, we estimate h in Subsection 3.3, then we estimate g in Subsection 3.4.
Next, we estimate f in Subsection 3.5. Theorem 1 follows from an estimate for f.

Finally, we prove Theorem 2 in the last Subsection 3.6.

3.1. Recurrent equations

We use Greek letters to denote nodes of a graph in @kt, which are con-
glomerates of k nodes of a graph in Gi;. We define the degree of a conglomerate
{v+1,v+2,...,v+k} in Gy as the sum of the degrees of v+ 1,...,v+ k. The
quantity X can be calculated without references to ékt, using only conglomerates
in Gi;. The expectation over @kt is the same as the expectation over G;.
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Let us introduce some notation. We denote the expectation over G, by FE,.
If G € G, and n' < n, there is exactly one graph G") ¢ G,y preceding G
in the construction of G,. The degree of a conglomerate « in G™) is denoted
by deg,, a. We denote the number of edges connecting o and 8 by N(a, ). The
same quantity for G"™) is denoted by Ny (e, B).

From now on let m be an integer such that 0 < m < k.

Let f(d, dp,t, m) be the expected value of the number of edges in a random
graph G € Gjiqq connecting a conglomerate of degree d; and a conglomerate
of degree d,. Only conglomerates with the number from 1 to ¢ are taken into
account. Obviously, EX = f(d;, d», t, 0). Moreover,

t t

fld,dy,t, m+1) = ZZE’““’”‘ [deg a = dy, deg f = dr| N(a, B))

a=1 p=1

=
Q

Let G € Gyiem+1 be fixed. Let v be the node connected to the last node of G.
Then

degpym @ degys i m B
_P e =, P E — )
Wee) = omrr T = o
degkter o+ degkt+m ﬂ
P , —1- .
(véa,véf) 2kt + 2m + 1

Note that N(e, 8) = Nizom(a, ). The following relations hold:

[dega = d, deg 8 =d,| = [dega =d;, degB=1d,, vE a]+

+|dega=d;, degB=1dy, vEP]+|dega=d,, degf=dp, v a, v¢ [ =
= [degpyma=d —1, degy  f=dp, vE ]+

+ [degps1m @ = di, degyim B=dr— 1, vE B] +

+ [degym @ = di, degprimB=dr, v€ a, v pl

Taking the expectation over G € Gyim+1 is equivalent to taking the expectation
over v and then over G(ka). Therefore,

d; —1
didytom+1)= f(d — 1, dy, t.m)—
fd,do tmt 1) = fldi = Lo, tom) ot
1

1 .=
+Hdd =1 tm)

d, +d,
l— . 1
+f(d"d2’t’m)< 2kt+2m+1) (1)
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The values f(d;, d,, t, k) and f(d,, dp, t+ 1, 0) are different from the point of view
of the conglomerate with the number ¢ 4+ 1 which is taken into account only
in the second case. Let vy =t + 1 and

¢

9(di, dy, t,m) = Epyym ([degfy =di] Y _[deg B = dy]N(v, ﬁ)) :

B=1

Then

f(d], dy,t+1, 0) = f(d], dy, t, k) + g(dl, dy, t, k) + g(dz, di,t, k) (2)
The equation (1) defines the values of f at all natural m by its value at m = 0.
The equation (2) defines the values of f at all natural ¢ by its value at ¢ = 1. Any
graph from Gy contains only one conglomerate. All the edges in any graph from Gy,

connect the conglomerate with itself. Thus the only graph in @k has one node and k
loops. Therefore,

f(dhdz’ I,O)ZO (3)

Let us study the quantity

¢
g(di,dy, t,m+1) = Z Eitim+1 ([degy = dy, deg 8= dr|N(v, B)) .
B=1

Note that the last node of the graph G is in the conglomerate « and

degkt+m Y +1

Pver) = .
WEN = it oma 1

The following recurrent relation holds:

[degy = di, deg B =d>|N(v,f) = [degy =di, deg = d>, vEIN(y,B) +
+[degy=di, degB=ds, vE BIN(7, B) +

+[degy=di, degB=d, v B, vE&NN(y,B) =

= [degrsm v =di — 2, degpyim B=da, v E V| Nigym(7, B) +

+ [degpym ¥y =di — 1, degpym B=dr — 1, v € Bl(Netrm(v, B) + 1) +

+ [degpym ¥ =di — 1, degpym B=1dr, v &, v & Bl Nitm(v, B).
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Let
t

h(d, dy, t,m) = Z Pyt ym(degy =d;, deg f=dy).
=1

Same as for f, we have

9(dy, dy,t, m+1) =h(d; — 1,d, — 1, ¢, m)# +
+g(dy - 2,d,, t, m)# +g(d - 1,dy — 1,¢, m)# +
+ g(d, — l,dz,t,m)(l—%), (4)
If m = 0, the conglomerate « has no nodes and N(vy, 3) = 0. Therefore,
g(di, dp, t,0) = 0. (%)

The definition of h is similar to that of g, except for the absent factor
N(, ). The calculation for h is the same as for g, except for the corresponding
absent term:

d —1
h(d;, dy, t 1) =h(d; —2,d,,t _
(ls 25 am+ ) (1 s U2, ’m)Zkt+2m+l+
dy — 1
hid; — 1,dy, — 1, ¢ _
Fhdi 1., ,,m)zkt+2m+1+
dy + d,
—1 l— —— ).
+ h(d] 5 dz, t, m)( Zkt n 2m+ 1) (6)

Let

t
T(d, t, m) - Z Pkt+m(deg B = d)
A=1

Note that 7(d,t,0) is the expected value of the number of nodes of degree d
in a graph from Gy;. Obviously,

h(dy, o, t,0) = [dy = 0]r(d>, £, 0). (7)
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Now,

Pittm+1(deg8=d) =Py im+i(degf=d, v€ B)+ Pyimyi(degf=d, v¢p)=
= Pitm+1(degs s B=d—1, VEP)+ Pyt (degry i f=d, v€B)=

d—1
= Pkt_;.m(degkterﬂ: d- l)m *

C2kt+2m+1
d—1
2kt +2m+ 1

d
+ Pim(deggy i B=4d) ( 1 —) ,

r(d,t,m+1)=r(d—1,t,m) +r(d,t,m)<1 L) (8)

C 2kt+2m+1

Additionally,
r(d,t+1,0) = r(d, t, k) + P rr(degy = d). 9)

The only graph from @k has exactly one node. The degree of this node is 2k.
Therefore,

r(d, 1,0) = [d = 2k]. (10)

1
Let us calculate Py ;(deg~y = d) with an error term O (t_2> )
If z>0and y >0, then (1 —z)(1 —y) > 1 —z — y. One can easily prove

by induction that

(l—z) ... - (I—z) 21—z —... — 1

for zy, ...,z € [0, 1].

We suppose first that d = k. In this case the equality degy; v = d holds if and
only if the edge from the node kt + 1 does not go to the node kt + 1, the edge from
the node kt + 2 does not go neither to the node kt + 1, nor to the node kt +2, ...,
the edge from the node kt + k does not go to any of the nodes kt + 1, ..., kt + k.
Therefore,

1 2 k
=k=(1- 1- TR B el >
Pty r(degy=k) ( 2kt+1) ( 2kt+3> ( 2kt+2k—1>

1 2 k b j
- - S S T N 1
t+1 2kt+3 2ht+2k—1 ;2kt+2j—1 (1)

>
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We suppose now that d = k + 1. In this case the equality degy, ;v = d holds
if and only if the following is true: there is exactly one value of j in the range
1 < j < k, for which the edge incident to the node kt + j goes to one of the nodes
kt+1,..., kt+ j. Therefore,

Pyyp(degy =k +1) =
1

pnqw

i (1 i+ 1 >>
; Z.:I]I+1 2kt + 25— 1
. j—1 . k .
J 1 1+ 1
I 1_ - - S —
2kt + 25— 1 ( ;2kt+2i—l i§12m+2f£—1>

j 1
S — ). 12
2kt + 25 —1+Ok<t2> (12)

Let s(d, t) be the function defined by

Jj—
j
X
e ( 2kt+21—1>2kt—|—2j—1

.
|

1

<.
I

M-

1

J

k .
Pusaldery =) = [a =K (130 52— ) +

J=1

k j
+ld=k+1] ZW+§(d,t).
j=1

Since Z Py x(degy = d) = 1 and probability is always non-negative, we
d

1
have Z'E(d,t) =0, 5(d,t) >0 ford# k+1 and 5(k+ 1,t) > Ok<t—2>.

dt) = O’“(tlz)

So, we have expressed the function f as a function of g, the function g as

d
Therefore,

a function of h, and the function h as a function of . We have proved a recurrent
equation for 7. We have also estimated the quantity Py j(degy = d) which is
included in the recurrent equation for r. We are now ready to prove an estimate
for r.
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3.2. Asymptotic behaviour of r and proof of Theorem 3

STATEMENT 1. If d, t are positive integers and m is an integer such that 0 < m < k,
then

rdtom) = [d> PR DD [d=H

d(d+ 1)(d + 2) k

Theorem 3 is the special case of this Statement with m = 0.

(m + 1)+ok(§>. (13)

PrOOF. Let

Qkt +2m+ 1)(k+1) [d= k|
dd+ 1)(d+2) k

m—1 ([d=kl-[d=k+1])GE+1)
—Z 2kt +2i+ 1

a(d,t,m) =r(d,t,m) — [d > k| (m+1)—

i=0
. . 1 . .
The error term in (13) is equal to a(d, t, m) + O 7 Thus, it is sufficient to

d
prove that a(d, t, m) = O 1)
Let us rewrite the equations (8)—(10) in terms of the function a. Start

by rewriting (8):

a(d,t,m+1)—a(d—1,t,m)m‘f%+l —a(d,t.m) (1_ ﬁ) _
U o S
Fld-1>k] d(kdill) B [d_llc:k] (m-+1) ﬁ +
gy 3 M Sk

(=) (e

2(k+1) [d=k]
>:_[d>k]d(d+1)(d+2) ko

T2 ([d=k]—[d=k-+1])(i+1)
+Z 2kt+2i+1
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(Jd=k|—[d=k+1])(m+1) k1 m+1
- d>h+1 A=kl
2kt 2mt | =kt Gy A=k
sk d=k =m0, k<d<k+2]0( = ) =
| ](d+l)(d+2)+[ Beramer TIm> +2] ’“(t2)

1
=[m>0, k<d<k+2]0k<t—2>.

If k=1, we always have m = 0 in this equation. If k£ > 1, then k + 2 < 2k.
Thus, we can replace the latter indicator function with [k < d < 2k].
Further, we have

ald.t11,0)— a(d.t.k) = (r(d,tﬂ,o)_[d}k] (2Kt + 2+ )(k+1) [d:k]) i

d(d+1)(d+2) k
(2kt+2k+1)(k+1) k+1
d(d+1)(d+2) Fla=k==-

- (r(d,t, k)—|d> k|

—(ld=kl-ld= k+l])22ktl++21+l>

k-1

1+ 1
:Pkt+k<degv=d>—[d=k]+<[d=kl—[d=k+1])§m=

=3(d,t)= [k<d<2k]0k<tlz).

Finally,

Qk+1)(k+1) | [d=H _

ald, 1,0) = 1d =2kl = ld > k| g oo +

Therefore, there is a constant C such that

( d—1 d
D—a(d—Ltm)—o - |<
ald t.m+1) —ald=1t:m) o a(d’t’m)< 2kt+2m+1)‘
C

S Gk ram A sk<2A,

C
la(d,t+1,0) —a(d,t, k)| < !

\ m[dgk@k].

(14)
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We now consider six cases.

Case 1. Let d < k. The degree of any conglomerate in any graph from Gy, is
not less than k, since we do not take into account the last «unfinished» conglomerate.
Thus, r(d, t, m) = 0 and a(d, t, m) = 0.

Case 2. Let d = 1. Suppose that the case 1 does not hold, i.e. that k = 1.
The equation (8) has sense only for m = 0. Since a(0, t, m) = 0, we have

1
Lt —a(lLt,oy1———) =
a(l, £, 1) = a( )( 2H4)

2+ 3 1 2+1 1
=24 —1)(1-——)=0
3 ° %+1+< 3 )( ZLH)

1
It follows from (11) that P, (degy = 1) = 1 — ———. Consequently, the equation

2t+1
(9) is equivalent to
(1,t+1,0) —a(l,t, 1) = Py (d Delt+—— =9
all, 5 —a\l, 1, = € = - ~ 4 — Y.
ey 2+ 1
Finally, (10) is equivalent to
a(1,1,0) = 0.

One can easily show by induction that a(l1, t, m) = 0.

Case 3. Let d = 2, k= 1. Similar to the previous case, the equation (8) has
sense only for m = 0. We have

2
2,t,1)—a(2,t,0)[ 1 — —— | =
.t - a2.1.0) (1 55

B %+3+ 1 +1 1 N 2t + 1 | 2 _
N 12 241 3 2t+1 12 24+1)

Using (12), we obtain from (9) the following:

~ 1
8(2, t) = .Pt_H(ng’)’ = 2) — zt——l—l = 0,

a(2,t+1,0) —a(2,t,1) =0,
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Finally, (10) is equivalent to
3.2 3
2-3-4 4

Therefore, a(2,t,1) = a(2,t+ 1,0) and

a(2,1,0) =1

2t—-3 1 3 2t -3 3
a(2,t,0)=a(2,t-1,0)—— =...=a(2,1,0) - = - = - = )
2t —1 35 201  4Q2t-1)

Case 4. Let d =2, k= 2. When m = 0, the equation (8) is equivalent to

a@tn—a;umo__i_>:

4t + 1

B 4t+3+1 1 N 4+1 1 | 2 0
- 8 4t + 1 8 2 aa+1/)

When m = 1, the same equation is equivalent to

4t + 3 8 2 4t+1 443

4 +3 1 2 2
l——1+—)(1- = - .
8 4+ 1 4 +3 (4t + 1)(4t + 3)

Using (11), we obtain

2 445 3 1 2
a(2,t,2)—a(2,t,1)<1——>:__+____ N

1 2 2
et = (1- — ) (1- —==) -1 _ |
52.9) ( 4t+1)( 4t+3> TEF T H T @)

Therefore, (9) is equivalent to

a2, t+1,0) — a(2,t,2) = T

Thus,
2 2 4t -1
2,t+1,0) =a(2,t,0)| 1 = —— l———) =0a2,t0)——.
a(2,t+1,0) = a2, )( 4t+1>( 4t+3> a(2.10) 33
The equation (10) gives
5-3 1 1
a2, 1,0) =~z o=

2:3-4 2 8
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Finally,

44t -5
a(2,t,0) =a(2,t—1,0)—— = ... =a(2, 1, 0)-

B 7 4t — 5 3
4 -1

3
710 4—1 8(4t—1)

We now prove the following bound for d < 2k by induction on d:

o(d, k)

d,t < —F
la(d, £, m)| 2kt +2m + 1

(15)

Here C(d, k) depends on the degree d and on k, but does not depend on ¢.
This bound for d < 2 follows from the results of the cases 1—4.

Case 5. Let 3 < d < 2k. Suppose that the bound (15) holds for d — 1.
It follows from (14) that

(Jo(d,t,m+ 1) <la(d— 1,6, m) = la(d tom)| (1 - 0} +
T s R 2kt+2m+ 1
C
o
(2kt+2m+1)?

C
d,t+1,0)|<|a(d,t, k _—

By the induction hypothesis

|a<d,t,m+1)|<|a(d,t,m)|(1 d ) Cd-1,k(d-1)

 2kt+2m+1 (2kt+2m+1)2
d O(d—1,k)(d—1)+C,
2kt+2m+-1 (2kt+2m+1)?

Ci
L Ca(d,tm)|( 1
T Gkt ame: Sadtm) <

Applying this bound several times we get

kt+m—1 d
d,t <la(d, 1,0 - —
ademi<iat@ 1ol I (1-57) +

+kt§10(d—l,k)(d—1)+01ktﬁl d Y,
(2j+1)2 2i+1

=k i=j+1

t

Cl kt-+m—1 d
S 1 (55) (16

j=2 i=kj
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We now estimate the products involved in (16):

kt+m—1 Cl kt+m—1 Cl kt+m—1 1
L P ml{1-—%))<
H ( 2i+1) exp( Z n( 2z~l—l>) eXp( d Z 2z+1>

=1y 1=ty

kt+m—1"

kt+m—1" +1
— <
exp< d Z /2Z > exp( d Z /22+1>
g d [ 2kt+2m+1 Zig+1 \?
2
:exp(—d/ i ):exp(__ln(l)>:(L) . (17)
/ 2241 2 2o+ 1 2kt+2m+1

20

We now estimate each of the three terms on the right-hand side of (16).
The first term is obviously not greater than

d
2k+1 2 2k+1 !

A 1,0 ) <la(d,1,0)| = = Ogs [ = ).

la(d. 1, )|(2kt~l—2m—|—1> ald 1O d’k<2kt+2m+1>

Let us consider the second term:

’“i”:‘l C(d—1,k)(d-1)+C ’“ﬁ‘l (1 d ) _
. P - 5 X
= 25+ 1) i 20+ 1

_Cd-1LRd=1)+C ’“’“‘i“ (2 +3)*
2kt +2m + 1)* = Qi+

kt+ d kt4+m—1 d
(2J+3)2 Z . 2 :
Z - Qi+ 1+ <
= (254 1)? = 2j+1
3 4 kt+m—1 .
<(rrmm) X oeent
j=k

d
When d > 4, the function (2z + 1)7_2 is monotonically increasing. Thus,

kt+m

kt+m—1 d_
d_ 2kt +2m + 1)2
2 < /(2z+1)§ 2y < L

> i+

j:k k

NID..

d-2
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When d = 3, the same function is monotonically decreasing. Thus,

kt+m—1 kt+m-— i q_
i (kt+2m—1)>""  (2kt+2m+1)27!
2j+1)1 %< 2z+1)7 2dz< < .
PIRCA / i i—2 a2
7=k k—1

Therefore, the second term on the right-hand side of (16) is not greater than

O(d—1,k)(d—1)+C 2 \? 1
1+ =04p| =—— ).
(d—2)2kt + 2m + 1) 2k 1 F\ 2kt +2m + 1

Let us consider the third term:

zt: C ktﬁ_l {— d <§t: C 2kj+ 1 %i_
= ki 1)? 2 2i+1) o (Qkj+1) \2kt+2m+1/

i=kj

t

dz2kj—|— (Zi 2

(2k7t+2m—i—1)z s

(N1

The cases d > 4 and d < 4 are again different. When d > 4, the function (2kz+1)
is monotonically increasing. If ¢ > 1, then

t

> (2kj+1)

j=2

Nln..

t
2kt 4 1)4-!
2 < (2kt+1)§‘2+/(2kz+1)§‘2dz < @kt )iy SR
Kd—2)
2

When t = 1, the left-hand side is zero, so this bound holds, too. When d = 3,
d
the function (2kz + 1)? is monotonically decreasing. Thus,

t

> (kj+1)

j=2

Nln.

(2kt + 1)~

¢
< /(2kz+ l)gfzdzg Kd—2)
1

Therefore, the third term on the right-hand side of (16) is not greater than

C C 1
Ok +2m 1P K-k 1om+]) Od’k<2kt+2m+ 1)‘

The three bounds prove the induction step of the case 5.
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Let

{ C(d, k) }
C = max ¢ 1, max .
1<d<2k d— 1

Then C > 1 is a constant (depending only on k) such that the bound

c@d - 1)

dtm)< —2— )
la(d,tm)l < S

(18)
holds for 1 < d < 2k. We now prove by induction on d that this bound also holds
for d > 2k.

Case 6. Let d > 2k. Suppose that (18) holds for d— 1. We now prove the bound
(18) for d by induction on ¢ and m.

If d > 2kt + 2m, any graph from @ka, like any graph from Gy, has
kt +m edges and cannot have a node of degree d. Let d = 2kt + 2m. Since d > 2k,
any graph from Gy, has at least two nodes. The degree of any node is greater
than 1. Thus, the degree of any node is strictly less than 2(kt +m) = d. Therefore,
if d > 2kt + 2m, then r(d, t, m) = 0 and

la(d, £, m)| = |r(d, t, m) 2kt +2m+ 1)(k+ 1) _ 2kt +2m+ 1)(k+ 1) <
d(d+ 1)(d+2) d(d+ 1)(d+2)
< k+1 <1< d—1 '
d(d+2) 2kt +2m — 1

Suppose now that 2kt + 2m > d. By the induction hypothesis

d—1
g _177 _1
la(d, t,m)| < la(d—1,t,m )|2kt+2(m—1)+1 +
+ |a(d, t 1)|<1 d ><
e wm Akt 2m—-1)+1) >
C(d—2) d—1 C(d—1) . d B
S 2kt+2m—32kt+2m—1  2kt+2m—3 2kt+2m—1/
C(d—1) C(d—1)
= d-—2)+Qkt+2m—-1-d) = ———~
@kt +2m = 3) 2kt + 2m =1y (4~ D+ @kt +2m )= e am—1

This proves the step of the induction on m. Since a(d, t+1,0) = a(d, t, k), the step
of the induction on ¢ is trivial. This proves the bound (18) in the general case.
Statement 1 is proved. O
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3.3. Asymptotic behaviour of h

STATEMENT 2. If d;, d,,t are positive integers and m is an integer such that
0 < m <k, then

h(d, d,,t, m) =

(k+ 1)(2kt+2d] +1- M)
dy(dy + 1)(d2 +2)

d + 1 (k+ 1)(d, — 1)d, d
(19)

= [dy > K] ([dl =m|

ProoF. If d; > 2m or d, > 2(kt + m), then h(d,, dp, t, m) = 0 by the definition
of h and émm. The bound holds in this case. Suppose now that d; < 2m and
dy < 2(kt+m).

We use induction on m. The implied constants in O(-) can be different for
different values of m. However, since 0 < m < k, all those constants can be
bounded by one constant depending only on k.

The induction base m = 0 follows immediately from (7), (13). Note that
r(d,t,0) =0 for d < k.

The induction step. Suppose that the statement is proved for m. Let us prove
it for m + 1. Let us substitute the induction hypothesis into (6). If d, < k, all
the terms on the right-hand side are zero. Consequently, the left-hand side is zero.
This proves the induction step in this case. Now, let us suppose that d, > k. Then,

h(d],dz,t,m—l- 1) =

di—1 ([dl—zzm](k+1)(2kt+2m+l)+Ok<1+%))+

T 2kt+2m+1 dy(dy + 1)(d> + 2)
d—1 (k+ 1)(2kt +2m + 1)
— 2 [d—-1=m d—-1>k
+2kt—|—2m—|—1 ([ : M. @ ] (dg—l)dz(d2+1)

dp dy+d,
14+ = - 1=
+O’“( + t)>+( 2l<,-t+2m+1>><
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(lc+1)<2kt+zag1 - M)
X ([dl —1=m]

d
d(dy 1 1)(d> +2) ldi = 1=m, do =kl

+d -1 :m+1](k+l)(dl_2)(d1 Y +0k<@>) _

2dy(dy + 1)(dy +2) t
= A g T RIS

(k+1)<2kt+2d1_1_w>

di

Fldi=m+1] b (dr+ 1) (o +2) “ld=mel o=kl +
(k+ l)<2kt+2d1 ~1- M) 4 (e )d 4+

i dy(dy + 1)(d2 +2) ~ld2=kl7 - dy(dy + 1) (dy + 2))

=2 (G Sra o s ) o(T) -

(e (- G5

= k]dl—]_:l> di = m+ 1]+ [d = m+2] 22’2&211‘13&11)2) +ok(%) _

(k+1)<2kt+2d1+1—w)

d1—|-1
:[dlzm+1]( LG DG —[dry = k] - )+
_ (k+1)di(d —1) d
+[d1_m+2]2d2(d2+1)(d2+2)+O’“(7>'

The statement is proved. O
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3.4. Asymptotic behaviour of g

STATEMENT 3. If d;, dy, t are positive integers and m is an integer such that 0 <
m < k, then

g(d],dz,t,m):[d2>k+1] ([d1 :m] (k+1)d] <1 B ( dl(d] —1) > B

dr(dy + 1) 22kt +2m — 1)
& (k+1)di(d - 1)(dy - 2)
~ldy = —k+1 : =m+1
lh=m. =k 1 T = S k 2m — Day(d + 1)

()

PROOF. Asin the previous subsection, if d; >2m or d, >2(kt+m), then g(d,,d,,t,m)=
= 0 and the statement holds. Suppose now that d; < 2m and d, < 2(kt +m).

We use induction on m. All the implied constants in O(-) for different values
of m can be bounded by one constant.

The induction base m = 0 follows trivially from (5).

The induction step. Suppose that Statement 3 is proved for m. Let us prove it
for m + 1. Let us multiply (4) by 2kt + 2m + 1 and make use of the induction
hypothesis and (19). If d, < k+ 1, the induction step is trivial. Now, let us suppose
that d, > k:

(2kt—|—2m—|—1) (dl,dz,t m+1
(k+1) (2k;t+2d1—l—w>

(dy—1)dy(dr+1)

_[dl—lzm, dz—l:k]%+[d]_1:m+l] (k+1)<d1_2)(d1_1) _’_Ok(@)) n

=(dy—1) ([d1 —1=m]

2(dr—D)dy(ds+1) t

e (a2, ()]
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B (k+1)(d;—1)
+(2kt+2m+1—d1 —dz)[dl —l—m]m—
(k+1)(di—1) (di—1)(di —2)
dy(dyr+1) 2

(k+1)(di —1)(d1 =2)(di —3) d3
2dy(dy+1) +O’“(72)

—[dy—1=m] —[dy—1=m,dy=k+1](d; —1)*+

+[di—1=m+1]

_1_ (d=Dd
((k-i-l) (2kt+2d1 1 5 ) (k+1)(dy—1)
+ +

—[di=m+1
[1 mn ] dz(d2+1) d2

—|—(2kt—|—2m+ 1—d, —dz)

(k+1)(di—1)  (k+1)(d1—1)*(d-2)
dy(dy+1) 2dy(dr+1) -

(kle(jl_l)*(dl_])z)*

3(k+1)(d—2)(di—1) (k+1)(d—1)(d;—2)(d;—3) )
2dy(dy+1) 2dy(dy+1)

—[d1:m+1, d2:k+1] <d1—|—

+|di=m—+2] (

2

d k+1 (di—1)d,
Ol 2 ) =[di=m+1]——— | 2kt+2d; — 1 - ——"— +(d; = 1)(dr+1
+ k(t) [1 m-+ ]dz(dz—i—l)( +2a, 5 +(1 )( 2+ )+

+(di - 1)(2kt+2m+1-d, _dz)_w> _

2

—[di=m+1, dy=k+1]d} +[d; =m+2]

(k+1)(di=2)(d; = 1)d, d3
205 (d 1) +O’“<7>‘

The term with the factor [d; = m + 1] can be transformed as follows. Note
that m and d; — 1 are interchangeable in this term. So

d—1)d
2kt+2m+1—%+(dl—1)(d2+1)+(d1—1)(2kt+2m+1—d1—d2)—
d—1)*(d, -2 di—1d
_d=Ddi=2) )2( e R C ) L} . Ji

dy—1)(d, -2
+(d1—1)(d2+1+2kt+2m+1—d1—dz—(‘)z#)
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(di —1)d,
5 +

+(d1—1)<2k:t+2m+1—(d1—1)—

di—1)d
—d, <2kt+2m+l—%>.

=2kt+2m+1—

(di = D)(d1 —2)
)

This proves the induction step and the statement. U

3.5. Asymptotic behaviour of f and proof of Theorem 1

STATEMENT 4. If d;, d,,t are positive integers and m is an integer such that
0 < m <k, then

fldi,do, t,m)=([di > k,d, > k] = [di =k, dr = k]) x

(k<k+ 1)(2kt +2m + 1) (1 Crt2Cil sy 2n ) B

di(di + 1)da(d> + 1) Caltaen

_i 05,‘;32 ( (2n)! k+1+[n—k]ﬂ)_
d1d20d+d nl(n+1)! 2k Tk -1)2

(e 5 (gt o (7))

Theorem 1 is the special case of this statement with m = 0.

Prook. If d; < k or d, < k, or d; = d, = k, then it follows from (20), (2), (1) and
(3) that g(d, dp,t, m) = g(da, dy,t,m) = 0 and f(di, d»,t, m) = 0. This proves
Statement 4 in this case. Further we suppose that

(d],dz)ES:{dl >k+1, d2>k}U{d1 >k, dz}k)—Fl}

Let

di—k
k(k+1) ( Co o T a,

di(dy + 1)dy(dy + 1) Cj,lj;;ﬁz

fidy, do,t, m) = >(2kt—|—2m—|—1),
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koohm ( (2n)! k+1+[ o (2k)! )

.fZ(dla dz) _ di+dy,—2n n
; ddyCT,, \nl(n+ 1)1 2k 2= )P

f3(dy, dy, t, m) = (m+ 7) ([dl = k]m +ldr = HCA(T—FI))

for (di, dy) € S. If (di, dy) € S, let f; =0.

LEMMA 1. If (dy, dy) € S, then
f(ddt +1) f(d 1, d,, t, m) d -1
m - - m)—————— —
1 1, W2, 4, 1 1 s U2, 0, 2;’—'—2 +1

~ d) — 1 ~ d; +d,
- fild,dy — 1,¢ —_ — di,dy,t ]l—-—— ) =
fl( 1, a2 > ’m)2kt—|—2m+l fl( 1, 4z, ,m)( 2kt+2m+1>

k+1 k+1
—ld =k— [dy=k]—
L4 ]dz(d2+1) 42 ]dl(d1+1)

LEMMA 2. If (dy,dy) € S, then

. - di— 1
di,dr)— foldy—1,dp) —— —
f2( 1 2) f2( 1 5 2)2k‘t+2m—|—l

~ d) — 1 ~ di+dp
R -)—2" " _Fd,d)(1- =22 ) _
LG )2kt+2m+1 i, 2)< 2k;t+2m+1)

|d, = K] ((k+1)(k—1) [d2:k+l]k2+1) N

Tk rom+ I\ k(1) 2k

[d) = K] (k+1)(k—1) K +1
d=k+1]—— ).

e+ am+ 1\ 2k 51 BRI

LEMMA 3. If (dy,dy) € S, then

~ ~ d—1
f3(d]7d25t3m+1)_f3(d1 - l’dz’t’m)zkt+2m+l o

dy—1 d+d, >_

—f3(dl’d2_ l,t,m)m —f3(d1,d2,t,m)(1_ 2kt+2m+1

X

k+1 k+1 1 k—1
=ld _k]dz(dz-i-l) Hdz_k]dl(dlﬂ) Tk oml <m+ 2k )
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(k—1)(k+1) (k= 1)(k+1) k(k+1)
% ([d1 :k]er[dz :k]m —d, :k+1]m _

k(k+1)
—Ndy=k+1]———L 4 2dy =k, dy =k+1]+2[d,=k+1,d, =k] | .
[d; +]d1(d]+1)+[] ydy=k+1]+2[d =k+1,d, ])

ProOF oF LEMMA 1. Note that the formula defining }v] gives the correct result for
d, = dy = k, so we may consider the special case d; = k+ 1, d, = k together with
the main case d; > k+ 1, d, > k. We have

d —1

fildy, dy,tm+ 1) = fildi = L dp,tm) 5o =

~ dy— 1 ~ dy + d
— fildi,dy = 1,t ————— — fi(dy, dp, t l—-—— ) =
fl( 1, W2 5 sm)zkt+2m+1 fl( 1, 42, am)( 2k:t+2'm—|—1)

k di—k
() ( _M)(zju(dﬁrdz))—
d1 (dl + 1)d2(d2 + 1) lel——::clb—&-Z

k1 vdi—k—
k(k+1) ( B C2I;F+12Cd1+d2—12k—1> B

—|di—-1>k|l—————
4 ]dldz(dz +1) ij+dz+1
di—k
k(k -+ 1) Cécl;:lzcdﬁdz—%—l
=12 k— L (1- 4 . (21)
di(dy + 1)ds Cai+dy1

Suppose first that d; = k. Then d, > k and

1 05151‘2) N )
— (1~ 24 ktdy) - —(1- = ):
s Y AR G s

24 k+dy, 1 k+1
Cda(dy+ 1) dy dy(dy+ 1)

The expression (21) is symmetric in d; and d,, so the case dy >k, d) = k is
symmetric to the previous case. Suppose finally that d; > k and d, > k. Then

K+ )Q+di+d) K+ 1)CH ok k(k+1)
di(di+ Ddao(dy +1)  didy(dy +dyp + 1)CY,, “TET didy(dr + 1)
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K+ DO, KR+
didy(dy +dy + 1)CG . PTETdi(d + 1)dp
k(k + 1)051;:12 di—k —0
d1+d2—2k—1 -

didy(di + dy + )0y,
Lemma 1 is proved. O

PrOOF oF LEMMA 2. First we simplify the expression for fz in the special case
di=k, d>k+1:

- k1 O~ (2n)! (2k)!
kd) = ———7— > CFn + .
hlk, &) 2K2d,CF . 2 FESM I 1) 2(k — 1)12kdyCF,

Now, we apply the identity (26) from [10, 1.2.6]. If k is an integer and r, s, ¢
are real numbers, then
k—
> ClnCiiien)

n=0

T k

— =C s
r—1tn r+s—tk

Let t=-2,r=1, s =d, — k and let k be the parameter of the model:

> 3Ol e = Chramnian

n>0

Since Cffn =0 for k —n < 0 by the definition of binomial coefficients,

k n
Z C2n+l Ckfn _ Ck
2n+ 1 k+d2—2n dz—l—k—l—l

n=0

Let us move the term with n = 0 to the right-hand side:

k C’fl
2n+1 Ck*’n Ck Ck Ck7 1
§ +dy—2n — Ydy+k+1 dr+k — +k*
2 1 k dz 2n 2 2 dz k

n=1
Therefore,

(k+1)Cy )y . (2k)! k+1 (2k)!

- + .
2RACF,y,  2k=1)2kd:Cf,y, 2kda(dat1)  2(k—1)(k+1)ICEE)

E(kst) =
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The proof consists of 3 cases depending on whether d; or d, is equal to k.
Since (d;, dy) € S, the case d; = d, = k is impossible.

Case 1. Let d; = k, dy > k-+ 1. The left-hand side of the formula in Lemma 2
is equal to

ra di + dy irs dy — 1
- _ > _ s =

f(k, alz)erzm+1 [dy — 1= k+1]fs(k, dy 1)2kt+2m+1

_( 1, (2k)! ) k+d,

~ \2kdo(dr+ 1) 2k~ 1)k + 1)ICFL) ) 2kt +2m+ 1

_(k+1+ (2k)\(k + dy) ) 1 N
2kdy 2k - D)k +1)ICpL, J 2kt +2m + 1

-
2kt +2m+1\2k 2k 1)1k + 1)\ )

B 1 (k+1)(k=1) [d=k+1] B> +1
2kt +2m+ 1 2kdy(dy +1)  2kt+2m+1 2k

Case 2. Let d, = k. Since the function ]72 is symmetric, Lemma 2 follows
from the case 1.

Case 3. Let d; > k, d, > k. The expression for ]72 is a linear combination

d]fn
of the functions Lﬁ. The coefficients depend only on n and k. We have
dldzc’d]lerz

di— di—1-
Civdin  di+dy Cyliigom di-1
d1d20§f+d2 2kt +2m+1  (d, - l)dQCj]]:ll+d2 2kt +2m+ 1

d—

_ Cd11+:i7127172n d2 - 1 —

di(dy - 1)C, _, 2kt +2m+1
Gy Ta(di+ o) (1  d-n d-n ) Y

didrCY 2kt +2m+ 1)\ di+d—-2n di+d-2n)

Lemma 2 follows in this case due to linearity. O
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PrOOF OF LEMMA 3. The left-hand side of the formula in Lemma 3 is equal to

k+1 k+1 1 k—1
[d1 :k}] 7d +[d2:k] <m+ > X
2

(ot 1) d(d+1)  2kr2m 2%
k-+1 k-+1
A=k dy =k ) (dy+dy) -
X<<[1 @ e ]dl(d1+l))(1 ?)

k+1 k+1
—(di =) | [di—1=k, dy>k+1]-———+[d >k+2, dy=k] ——— | -
(1 )([1 2 ]d2(d2+1) [1 2 ](dl—l)d1>

k+1 k+1
(=) | [di=k, dy=k+2] ————+[di Zk+1, dy—1=k|——— | | =
(2 )([ 1 2 ](dz—l)dz [ 1 2 ]dl(d1+1)>)

k+1 k+1 1 k—1
=[d,=k| ————+[dr=k
ld ]dz(d2+1)+[ 2 ]dl(d1—|—1)+2k,’t+2m+l <m+ 2k )X

x ([dlzk]%ﬂdlzk, d2=k+1]+[d2=k]%+

k(k+1)
+ldi=k+1, dy=k|-[di=k+1, &y > k+1]-—7—~—
d =k~ [d 2kl

1(di+1)

k+1 k+1 1 k—1
Z[dlzk]di—ﬂdz:k] + (m+ )X
)

k(k+1

(dr+1) di(dy+1)  2kt+2m+1 2k
(k—1)(k+1) (k—1)(k+1) k(k+1)
di=k|———+|dy=k| ———=—|d| =k+ 1| ————
X([ 1 ] dz(d2+1) +[ 2 ] dl(dl‘l’l) [ 1 + ]dz(d2+1)
k(k+1)
—|dy=k+1|——=+2|d =k, dy=k-+1|+2|di=k+1, dy=k| ].
[d; +]d1(d1+1)+[] y=k+1]4+2[di=k+1, d; ])
Lemma 3 is proved. [l
Let

8(dy, dy, t,m) = f(dy, da, t, m) — (fi(dy, doy t, m) — fo(dy, dy) — f3(dy, do, £, m)).
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It follows from (1) and from Lemmas 1, 2, 3, that

a(dl,dz,t,mﬂ)—é(dl—l,dz,t,m)#—5(d1’d2—1’t’m)#_
(1) st
where
a(dl,dz,m):[d1=k](%4‘[512:]“‘1]]&2—;1) T
+ub:m<%£%%534[m=k+u€;1>+<m+ﬁﬁ})x
X ([dlzk]%+[d2:k]%_[d‘ :’H—l]%_

k(k+1)

=k

1 2[di =k, dy=k+1]+2[di=k+1, d2:k]>.

It follows from (2), (20) and from the definitions of the functions f; that

5(d17d2’t+150)_6(dl’d2atak):[d2>k+1]><

k(k+1) k(k—1) K2
8 <[d1:k]d2(d2+1) (1_ 2(2kt+2k—1)) “ldi=k =kl

(b 1)2h(k—1) pe
=k D 1) +O’“(t_22>) Fldi =k 1]

— 2
o I R T—

(di 1) 2kt + 2k 1) k-1

(k+1)2k(k—1) &
Flh=k+ 1]2(2kt+2k— 1)dy(dy+1) +Ok<t_2>) -

_k([dl:k] k41 k+1 )

PP R L PN P
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It suffices to prove the bound § = O 4, 4,(1/t). We use induction on d; + d,.

The induction base. If d; + d, < 2k, then (dy, d,) ¢ S and 4(dy, d,, t, m) = 0.

The induction step. Further we suppose that the bound holds for (d; — 1, d;)
and (d;, d, — 1). We have

d +dy
1) — |- —— ) =
§(dy, dy, t,m+ 1) 5(d1,d2,t,m)( 2kt+2m+1)
Oé(d],dz,m) 1
- =7 10 —
et +omy1 kel )
s—1
d) + dp
o(dy,dy, t,8) — 6(d;,dy, t, 0 l—-— = )=
(d1, da ¢, ) = 8(dh, o );[0( 2kt—|—2m+1)
s—1
Z Oé(d],dz,m)
== +0 L (22)
2kt kidi 2]
m—1 m—1 m(m_ 1)
Note that 1 = m and s = ———— . This allows to calculate the sum

s
a(d;, dy, m). Now we substitute s = k in (22) and add the result to the second

0
recurrent equation for 8. The left-hand side is

3
I

k—1 d —|—d
8(dy, do,t+1,0) — 8(dy, o, £,0) [ (1 . #)
LI\ 2kt 25+ 1

1
The right-hand side is —— multiplied by some coefficient with an error of order

2kt

1
Ok d,.d, (t_z) . We investigate several cases to calculate the coefficient.
Case 1. Let d; = k and d, > k + 1. The coefficient is equal to

k(k+1) k(k—1)
LT 2 —[dy=k+1]k*+

(k+1)(k—1) KB+1 k=1 /[(k—1)(k+1)
+k<—2kd2(d2+l)+[d2:k+1] % + o ( (ot D) +[d2:k+1]))+




149] An estimate of the number of edges 69

Bk —1) [ (b= 1)(k+ 1)
-2 (dz(d2+1) +[d2:k+1])=
—%<—k2+1+(l~c—l)+k(k—l))+

KR+1 k-1 k(k—l)) o

dy =k+1][ -+
+ [d» +](+2+2+2

Case 2. Let d, = k. Since the function § is symmetric in d; and d,, the co-
efficient is zero, as in the previous case.

Case 3. Let d; > k, d, > k. The coefficient is equal to

(k+1)2k(k— 1) (b+1)2k(k—1) [k(k—1) k-1
=k @y = g @ +< ;T 2k>X
B k(k+1) B k(k+1) \

Finally, we obtain that

Al di +d |
5(d1,d2,t+1,0)—5(d1,d2,t, O)H 1 - m :Ok,dl’dz t_2 .
s=0

Let €(d;, dy, t) denote the left-hand side of this equality. Let us apply this
equality consecutively to 6(d;, dy, T, 0), §(d;, dr, T — 1,0), ..., 6(d;, da,2,0):

kT—1
d +d,

6(dy,dr, T,0) =6(d;, dr, 1,0 1 —

(15 275) (15 237)H( 2S+1>

T-1 kT—1 d1+d2
+2 e dnt,0) JT (1-57 ) (23)
t=1

s=k(t+1)

d, + d

The number of s such that 1 — < 0 depends only on d; and d,. Thus,
s
the part of the product corresponding to all such values of s is Oy 4, 4,(1). We already

obtained a bound for the part of the product corresponding to positive multipliers
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in (17):

’“ﬁl (1 d +d2) _ ( 259 + 1 >+
b 2s+1) = \2kT +1
if sp > (d; + d,)/2. First, let us consider the terms of (23) with the product starting
from (d; + d,)/2 or below. Each of these terms is Oy g4, 4,(T~ 4,4{@) = Ok d,.4,(1/T).
The number of all these terms is O 4, 4,(1), so the sum of all these terms is O(1/T).

Now, let us consider the other terms of (23):

T—1 kT—1 T—1 4+d

d1+d2 2k(t+1)+1 2
> edndint0) ] (1—28+1)<Zs<d1’d25t’(’>(m -

t=ty s=h(t+1) t=ty

+dy

-1 i T s
= O 4,4, Zt_z T =0raa0,\ T ? Zt 2 .
t=ty

t=ty

. ditdy 5 . . . .
The function ¢ 2 is either monotonically increasing or monotonically decreas-

ing. In the first case, the value at the point ¢ does not exceed the integral over
[t,t + 1]. In the second case, the same value does not exceed the integral over
[t — 1, t]. The sum of the values at the consecutive integer points does not exceed
an integral with the upper bound T — 1 or T. Note that d; +d, > 2k + 1 > 3 and
(dy + dy)/2 — 2 # —1. Thus, the indefinite integral is proportional to the power
function with the exponent equal to (d; 4+ d,)/2 — 1. Finally, we obtain the following
bound for &(d;, d», T, 0):

_dtd dtd
T 2

Oy, (T ) = Oka.0,(T).

The case s # 0 follows from this bound and from (22).
Statement 4 is proved. ]

3.6. Proof of tight concentration for X

We follow the proof of the analogous statement for the number of nodes of fixed
degree from the paper [6].
We use the inequality of Azuma— Hoeffding.
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STATEMENT 5. ([1], [8]) Let (X;)s—o be a martingale such that | X, — X,| < &
for s=0,...,n— 1. Let x > 0. Then

22
P(| X, — Xo| = ) < 2exp <—m> .

Let dy, d,, k, t be fixed. Let us investigate the random sequence X; = F(X |G(s)),
s =20, ..., kt. Obviously, Xy = EX, Xy; = X The sequence X, is a martingale
due to the definition of Gy;. We now prove a bound for the difference of adjacent

terms.

Fix a value of s, 0 < s < kt— 1. Let v be the conglomerate in the graph el

connected to the last node of this graph. Thus, v is a random quantity depending
on G. By definition

Xop1 = E(X|G(s), v — U(G(s+l))),
where «y runs over all conglomerates of G(SH). Therefore,
min B(X|GY, v=1) <X, X, < max B(X|GY, v=1),

X, — Xy41| < maxE(X|G(8),v—'y)—minE(X|G(s),v:fy). (24)
Y

Let vy, € arg minE(X|G(s), v=1) and v, € arg maXE(X|G(S), v="). Itis
y B!
sufficient to obtain a bound for

E(X|IGY, v=") - E(X|G?, v=").

Note that

Mﬁ

=33

a=1

[deg a = d;, deg 8 = dr|N(e, B). (25)

Q —~

)

Let us replace the condition v = =, with the condition v = ~,. This changes
the distributions of the degrees of the nodes +;. This also changes the distributions
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of N(v;, *) = N(%, ;). The probability of a node to be one of the ends of a new
edge depends only on the degree of this node. Thus, the distributions of the other
values of N do not change. Therefore, the distributions of most terms in the sum
(25) are the same for v = 7, and v = 7,. The exceptions are the terms with
{v.min{a, B} # 2. Let

t

X=3 > ldga=d, degf=dINp).
a=1 B=1
B#a

{a.B{m.m}#2
Then
E(X-X|GY, v=my) =E(X - X|G?, v=",). (26)
Obviously, X' > 0. Let us deduce an upper bound:

X' <

t t
a=

[dega=d;, degyi =y N(a, 1)+ > [dega=d;, degy,=dp|N(0, 1) +

1 a=1
t t

—i—Z[deg'y] =d, degﬁ:dz]N(fy],ﬂ)+Z[degfyz :dl,degﬁ:dz]N(fyz,ﬂ) <
B=1 B=1

t t
<[degm =] Y N(a,m)+[degr=do] Y N(a,7) +

a=1 a=l1
t t
+ [degi :dl]ZN(%,ﬁ)—i-[deg'yg:dl]ZN(%,ﬂ):
B=1 =1
= [degi = dy]d; +[degy, = dy|dy + [degyy = dy|d + [degy, = di]d) <
<2(di +dy).
Therefore,
0< B(X1G®, v=7), B(X|GY, v=",) <2(d\ + dy),
‘E(X'|G(s), v=") — E(X'|G(8), v= 72)‘ < 2(dy + dy).

Combining this inequality with (24) and (26), we get

| X, — Xop1| <2(di + o).
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Thus, the sequence (X;) satisfies the conditions of Statement 5 with n = kt

and § = 2(d, 4 d,). Theorem 3 follows from Statement 5 with z = ¢(d; + dy)V'kt.
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