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1. Introduction

Let {F,},>o be the Fibonacci sequence, i.e.,
F():O, F] :1, Fn—H :Fn—l—Fn_] fOI"I'LZ 1.
For example, F, = 1, F5 =2, F, = 3, F5 = 5, etc. It is well-known that
PIF-)
where p is an arbitrary prime, and (%) is the Legendre symbol. We know that

0, if p=>5,
p .

(-) = I, ifp=+1 (mod5),

-1, ifp=42 (mod 5).
For example, we have that 2 | F5,3 | F, and 5 | F5. In 1960 Wall [10] posed the
problem of whether there exists a prime p such that

2
P (1):

Up to now this is still open.
An idea related to Wall’s problem is to consider the Fibonacci quotient

R0
—

In 1982 Williams [11] obtained this quotient as

(=D*
p k=1 k

(mod p),

p

where p # 5 is an odd prime, and [g] is the integral part of %, i.e., the largest

integer < %.
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We know that the Fibonacci sequence is a special Lucas sequence. In general,
let A, B € Z, the Lucas sequence {uy},>¢ is defined as

uy=0,u; =1, Upy; = Bu, — Au,_; forn > 1.

Thus, when A = —1 and B = 1, we get the Fibonacci sequence. Let D = B> — 44
and let p{ A be an odd prime. It is well-known that

Pty (2)
So, similarly, we can consider the Lucas quotient

“r=(3)

(mod p),

and we hope that we can obtain some expression as Williams’ for Fibonacci quotient.

Williams’ method is to consider the sum

k=r(mod 5) k

where r is an integer and (i) is the binomial coefficient with the convention (Z) =0
for k < 0 or k > p. Williams did not give any explicit formula for this sum, but he
used the properties of the sum to deduce his congruence. Along this line, Z.-H Sun
[4-6], Z.-W Sun [8,9] and Z.-H Sun and Z.-W Sun [7] studied the sum

n
%)
k=r(mod m)

where n, m and r are integers with n > 0 and m > 0. They gave the formulae
of the value of the sum for small m and obtained congruences for two new Lucas
sequences. One is the Pell sequence {Pn}ngo which is defined as

POZO,PIZI,Pn+1:2Pn+Pn_1 fornZ 1.
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Pell sequence is the Lucas sequence with A = —1 and B = 2. Z.-H Sun’s
congruence is

[—

Ea

P k
=(G) _ 5 (=1)
. (=1) P

(mod p),

[\>)

k=1

where p is an odd prime, see ( [5] Theorem 2.5). Z.-H Sun obtained this congruence
by studying the above sum with m = 8. Z.-W Sun [8] also studied the above sum
with m = 8 to deduce a congruence for primes. Z.-H Sun and Z.-W Sun [7]
obtained a new congruence for the Fibonacci quotient by studying the above sum
with m = 10.

The second new Lucas sequence is the sequence {S,},>o which is defined as
So=0,8=1,8,11 =4S, — S, forn > 1.

This sequence is the Lucas sequence with A = 1 and B = 4. Z.-W Sun [9] obtained

=D _ 6 (%) % —qp(2) (mod p),

=1

1 3k
k

N}

k=1 k=1

(3 :
where p > 3 is a prime, p = I# and ¢,(2) = z ;)’1 is the Fermat quotient of

2 with respect to p. See ( [9] Theorem 3). Z.-W Sun obtained this congruence by

studying the above sum with m = 12.

So far, except the above mentioned three Lucas sequences, there is no any
known congruence for new Lucas quotients. Noticed that, we do not consider the
case where D = B? — 4A is a perfect square. If D = B? — 44 is a perfect square,
then Lucas quotients degenerate to Fermat quotients. In this paper, we study the

> (Z) " (1)
k=r(mod m)

When a = 1, this sum is that considered by Williams, Z.-H Sun and Z.-W Sun.
By studying this sum, we obtain new congruences for Lucas quotients of two in-

more general sum

finite families of Lucas sequences, see Theorems 4.2 and 5.2. Using these general
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congruences, one can get some new concrete congruences modulo primes, for ex-

ample,
(51
(—8)* ¥ -3
y = (mod p),
k=1
(] k 5] k o
(—8) n (—8)* (/-3 2 —2 31 (mod p)
~ 12k-8 <= 6k—2  \»p P P moep),

where p > 3 is a prime. See Corollaries 4.2 and 4.3.

Another motivation of this paper is the result in [2]. Deng and Pan 2] connected
this combinatorial sum with integer factorization for the first time and they proved
that, when n is a composite number, for every integer a with ged(n, a) = 1, there
exists a pair (m, r) of integers such that the sum (1) has a nontrivial greatest common
divisor with n.

Integer factorization is a famous and very important computational problem,
and it is the security foundation of the famous public-key cryptosystem RSA [3].
So it is worthwhile to make a systematic research of the combinatorial sum for
a general a.

Below, we briefly describe the achievements of the present paper. Because they
are quite large in number and technical in their hypotheses, we cannot mention all
of them. First, we obtain explicit recurrent relations for the sum (1), which have
order m — 1 for odd m and order m — 2 for even m. However, for m = 6, the
characteristic polynomial of the recurrent relation is a product of two polynomials
of degree two. Hence, for m = 3,4 and 6, we can obtain the recurrent relations
of order two for the sum (1). In these cases, we can give the formulae of the sum
(1) via relevant Lucas sequences. Second, using these formulae, we obtain new
congruences for Lucas quotients of two infinite families of Lucas sequences, i.e.,
A=a>—a+1,B=2—-aor A=a’+1,B =2, where a is an arbitrary integer.
By specifying the value of a, we can obtain numerous congruences for new concrete
Lucas quotients.

The paper is organized as follows. We give some necessary preliminaries in
Section 2. We deduce the recurrent relation for the combinatorial sum in Section
3. We consider the calculation of the combinatorial sum and give some applications
when m = 3,4, 6 in Sections 4,5,6, respectively.
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2. Preliminaries

Notational conventions: We denote by C, R, Z respectively the complex numbers,
the reals and the integers. For z € R, we denote by [z] the integral part of z, i.e.,
the largest integer < .

First we recall some well-known facts about Lucas sequences. Let A, B € Z.
We define Lucas sequences {uy }n>0 and {v, }n>0 as

ug =0,u; =1, U,y = Bu, — Au,—q forn > 1;

vy =2,v; = B, v,y = Bv, — Av,— forn > 1.

The proof of the following two lemmas can be found in [1].

LEMMA 2.1. Let D = B>—4A and «, 3 be the two complex roots of ©> — Bz +A = 0.
Then we have

a” _13” n n
Up=—"1, Up=a +0;
a-p
Up = Upy1 — AUp—1 = Buy, — 2Aup_ | = 2Up4 — Buy;

Du,, = v,y — Av,— = Bv, — 2Av,_| = 2u,4| — Buy;
_ 2 A 2,
Uyp = UpUn, Udp41 = Upy1 — AUy,

Vo = V2 — 24", vl — Dul = 44"
LEMMA 2.2. Lete = (%) and p 1 A be an odd prime. Then we have
Up—e =0 (mod p), wu,=e¢ (mod p).

DEfiNITION 2.1. Let n, m,r and a be integers with n > 0 and m > 0. We define

r k=0
m k=r(modm)

where (Z) is the binomial coefficient with the convention (Z) =0 for k<0 or
k > n. Let p be an odd prime and m, r and a be integers with m > 0. We define
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LEMMA 2.3.  With notation as above, we have:
m—1
>, (a) = (1+a)"

m

(2) (p_ 1) = (=1)" (mod p) for 0 <k <p—1;

(3) (a) = 6OEr(m) + 5p5r(m)ap - pr,m,r(a) (mOd p2)’

5 1, f0=r (mod m) holds,
0=r(m) —
0, otherwise,

and dy=r(m) has the similar meaning.

PRrOOF. (1) is obvious.

) Ifk=0, (*,') =(-1)° (mod p).

If1<k<p—1, (7)) = &020R = )k (mod p).
(3) By (2), we have

p
(a) = 6OEr(m) + 6pEr(m)a'p +
T

gl
o
2

—_—~T "@l
N
>3
N
)
_

ol
I
&

= 6OEr(m) + 6p£r(m)ap +

b1

M2
>3

N
> 3
[
—_ =

N~
=

k=1
k=r (mod m)
p—1 k
(—a)
= 505r(m) + 5p5r(m)ap —-p Lk ( d pz)
k=r If:(:d m)
= 605r(m) + épEr(m)a'p - pr,m,r(a) (mOd p2). O

Note that, in the above lemma, (2) is well-known and (3) is a generalization of
Lemma 1.1 in [4].
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DEfiNITION 2.2. Let p be an odd prime and z an integer with p { . Fermat

—1
quotient is defined as g,(z) := %. In the sequent, when we meet g,(z), we

always suppose that p is an odd prime and p { z.

LEMMA 2.4. We have:

) =2 () # (mod p):
(2) g(zy) = gp(z) + gp(y) (mod p);
(3) Z_ Kpmr(a) = agp(a) — (a+ 1)gy(a + 1) (mod p).

ProOFE. (1) From

we have ( )
(oG
ap(z) =2 (;) , (mod p)
(2) From
(@)~ —1=a'( = )+ (& - 1),
we have

a(zy) = gp(z) + gp(y) (mod p).

(3) From Lemma 2.3, we have

m—1

p
(l+a) =) (a)
r=0 | T
m—1
= [6057‘(771) + 5p5r(m)ap - pr,m,r(a)] (mod pz)
r=0

m—1

=1+d —p Z Kypmr(a) (mod p).

r=0
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Thus we obtain

m—1

Z Kpmr(a) Lrd? —p(a + 1) =agy(a) — (a+1)gp(a+1) (modp). O

r=0
Note that, in the above lemma, (1) is the Lemma 1.2 in [4].

LEMMA 2.5. With notation as in Lemmas 2.1 and 2.2. Let p be an odd prime with
p1 DA. We have:

(D) if e =1, then == = g,(A) (mod p);

) ife = -1, then * =22 = Ag,(4) (mod p).

PROOF. By Lemma 2.1, we have v2 — Du2 = 4A" for n > 0. Combining this
with Lemma 2.2, we have v, . = 447 ¢ (mod p?). Since it is impossible that
P | Upe + 2A% and p | Up—g — 24", we have
A —
vy = £2 (—) AT (mod p?).
p
If e = 1, by Lemmas 2.1 and 2.2 we have v,_; = 2u, — Bu, | =2 (mod p). Thus,

by Lemma 2.4 (1), we have

A Pt
Vpoy =2 (E) A7 =2+ pg(4) (mod p?).

Hence
Up-1 — 2

;= %) (modp),

we obtain (1).
If e = —1, by Lemmas 2.1 and 2.2 we have v, ; = Bu,q| — 2Au, = 2A
(mod p). Thus, by Lemma 2.4 (1), we have

A ! 2
Vptp1 =2 > A7 =24+ Apg,(A) (mod p).

Hence

we obtain (2). O
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3. The Recurrent Relation for A, (7, n)

In this section, we consider the calculation of the sum [n] (a). It is easy to see
r
that m

" (@) = (1 +a)", n (a):(1+a)"+(2—1)r(1_a)n.
0 T

However, for m > 3, the calculation is much more difficult.
Throughout the rest of this paper, we fix a # 0, £1. For any positive integer m,
let ¢,, = e2™™ ¢ C be the primitive m-th root of unity.

(a) when m is small.

The following lemma is useful to compute [n

m

LEMMA 3.1. We have

;Z( (1+ acl,)"

PRrOOE. Since

(a) = (k> Zd’“ "
:%ZMZ() (alm)" = Zc (14 ac)",
=0

the lemma follows. O

n 2n

PROPOSITION 3.1. Let Gy(z) = [[(z — 1 - all, )@ — 1 — a3l ) = > bea?
=1 s=0

Jor n > 0. Then G(z) € Z|z| and we have:

(1) by = L by, = 1and by — (a+ )by = (1) (1) for 1 < s < 2n—1;

(2) Go(z) =1 and Gy i(z) = (z — 1)*Gp(z) + a® ' (z +a — 1) for n > 0.
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PROOE. Since (z — 1 — a)Gy(z) = (z — 1) — a® ! we have

2n+1 2n

E by 1z° — E (1+ a)b,x®
s=0
2n + 1
2n+1 s+1,.8 2n+1
= +§ ~1 —1- .
x ( s )( ) a

s=1

By comparing coefficients of both sides of the above expression, we obtain (1).
Since (z—1—a)Gp(z) = (z— 1)t —a?>*+! then (z— 1 —a)Gpyi(z) +a*" 3
=(z—1)""B=(z—1)>[(z— 1-a)Gnp(z)+a**']. Hence Gp11(z) = (z—1)*Gy(z)
+a®™t(z + a — 1), thus we obtain (2). The assertion G,(z) € Z|z] follows
from (2). O

The polynomial G,(x) depends on a and should be denoted as G, ,(x), for
the notational simplification, we omit a. The first few values of G,(z) are:
Go(z) = 1, Gi(z) = 2+ (a—2)z+a*—a+1, Gy(z) = z*+(a—4) x> +(a® - 3a+6)z?
+(@®—-2a*+3a—-4)z+a*—a’+a*—a+1.

n 2n
PROPOSITION 3.2.  Let Qu(z) = [[(z — 1 — alb, o) (@ — 1 — al5l.,) == 3 ¢,z
=1 5=0
Jor n > 0. Then Q,(x) € Z|z| and we have:
(1) ¢ = “2;:_21_1 ,2¢c0 +(a? = 1)e; =2n+2,¢con 1 = =21, Cop = | and
Cs—2 = 2¢s-1 + (1= a?)es = (") (=1)* for 2 < s < 2n — 2

(2) Qo(z) =1 and Qni1(z) = (z — 1)°Qn(z) + a® 2 for n > 0.

PROOF. Since (z — 1 —a)(z — 1 + a)Q,(7) = (z — 1)>T2 — a2, we have

2n+-2 2n+1

Ecszx—22cslx+g l—a )esx
2n+1
2n + 2
2n+2 s s 2n+2
=z —1)'z l1—a .
+§ ( . )( )'z® +

s=1
By comparing coefficients of both sides of the above expression, we obtain (1).
Since (z—1-a)(z—1+a)Qn(z) = (z—1)"2—a®"*2 then (z—1—a)(z—1+a)
XQui1()+a T =(x-1)"M=(x-1)2(z—1-a)(z—1+a)Qu(z) +a*>"*?).
Hence Qni1(z) = (z — 1)°Qu(z) + a**2, thus we obtain (2). The assertion
Qn(z) € Z|z] follows from (2). O
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The first few values of Q,(z) are: Qo(z) = 1,Q(z) = z*> — 2z + 1 + a?,
Q:(z) = z* -4z +(a® +6)z> — 2a’ +4)z+a* +a*+1 = (2’ +(a—2)z+a’—a+1)
x(z> — (a+2)x +a*+a+1).

DEefiNITION 3.3. We define

-
m|" (@) = (1+a)", if m is odd,
T
- 4m
Ap(r,n) == <
m|" (@) —(1+a)" = (-1)"(1—a)", ifmiseven.
r
. L dm

Remark 3.1. [t is obvious that
Ay(r,n) = Ay(r,n) = 0.

By Lemma 2.3(1), it is easy to see that

m—1
Z Ap(r,n) =0.
r=0
m—1
THEOREM 3.1. Let m be an odd positive integer, and let G n_1 (x) = D bsx® be the
=0
m—1 ’
same as in Proposition 3.1. Then we have Y, byAn(r,n +s) =0.
=0

PrOOF. By Lemma 3.1, we have

An(rm)=m || (&)= (1+a)"

T
m

m—1

G+ ach) :Z[ (1 + alh)" +Cﬁ(1+ac‘;f)"]-

=1
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Thus
mz m(r,n+s) = stfj[ (1+agm)" ™"+ (Ha@f)"“]
= =0 1=
:mzl "(14acl,)" Zb 1+ach,) +Z< 1+ac,:f)"mz_lbs(l+ac7#)s
= =0
:mT] ' (140G)" Gt (14 aGn) i m(1+aG,)" Gt (1+aGyy)

THEOREM 3.2. Let m be an even positive integer, and let Qn _(z) = > csz° be

m—2
the same as in Proposition 3.2. Then we have ), c;Ap(r,n + s) = 0.
s=0

PrOOF. By Lemma 3.1, we have

Anrn)=m || (@) =(1+a)" = (=1)"(1-a)"

T
m
m—1 %*1
=Y G+ ach)" = Y0 [+ a)" + a1+ ag)]
=1 =1
£
Thus

m—2 m—2 %*l
chAm(r,nJrS):chZ[ (1+aGm)" + (1 +a<77~f)"+8]
s=0 5=0 =1

7_] 7—1 m—2
_Zg 1+a§m"ch 1+a(y,) +Z§ (1+aé)" Y es(1+a6,)’°
s=0

Lo | 7—1

—Zc (1+a)" Q= 1(1+aG,) + > (n(1+al)" Q=1 (1+a¢y)

=1
=0+0=0. O
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4. Aj(r, n) and Related Lucas Quotients

In this section, we consider the calculation of As(r, n).
4.1. General Properties
THEOREM 4.1.  Let {uy}n>0 be the Lucas sequence defined as
u =0, uy =1, Upy; =2 - a)u, — (a2 —a+ lu, | forn> 1.
Then we have, for n > 1,

As3(0,n) = (2 — a)up — 2(a> — a4 Dp_; = 2upi1 — (2 — a)uy,
A3(17 n) = (20/ - l)un + (a2 —a+ l)un—l = —Upy1 + (a + l)unz
A3(2,n) = (—a = Dun + (@° = a + 1upeg = Uy — (20— 1,

PrOOF. By Lemma 2.1, we have, forn > 1,

(2= a)u, —2(a* — a+ Dty = 2pp1 — (2 — a)uy,
(2a — Dy + (6° — a+ Dup | = —tnyy + (@ + Du,,
(=a = Dup + (0> = a+ Dttpey = Uiy — 2a — 1)u,.

Since uy; = 2 — a, one can verify the following simple facts:

= —a+2=(2-a)u —2(a’*— a+ 1)uy,
2 — a)u; — 2(a” — a + )uy,

™~
[l
|
o
|
[\]
)
_|_
)
Il
—_—

U + (a2 —a + 1)uy,

Il
[\
s
|
—
Il
—_
[\
s}
|
—_—
~

By Theorem 3.1, we have
As(r,n+2) = (2—a)As(r,n+ 1) — (a> — a+ 1)As(r, n) forn > 1.

Then we can prove the theorem by induction on n.
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Remark 4.1. Let {v, }n>0 be the Lucas sequence defined as
vw=2,v=2-a, v =2—-a, - (a2 —a+ 1)v, | forn> 1.
Then, by the above theorem and Lemma 2.1, we have, for n > 1,

A5(0,n) = vy,

1 a’—a+1
A3(1, ’I’L) = —Evn + Tvnfh

a—1 a’—a+1
A3(2,n) = - " Up — .

VUp-1-

THEOREM 4.2. Let p{3a(a® + 1) be an odd prime, {uy,},>0 as in Theorem 4.1, and
K, 3(a) as in Definition 2.1. Then we have:

(1) for p=1 (mod 3),

up-1 _ (2a—1)Kp30(a) + (@ —2)Kp3,1(a)
D a(a*> —a+1)
a—?2 a’—1

_—_— a' —_—_—m
a2—a+1qp( )+a(a2—a+l)

gp(a+1) (mod p);

(2) for p=2 (mod 3),

Upr1 (a - 2)K ,3,1(a) - (CL + 1)K ,3,0((1,) a+1
’;) = u - 2 - gp(a+1) (mod p).

PROOF. Since (2 —a)? —4(a> — a + 1) = —3a?, by Lemma 2.2, we have
Pluy-(5)
By Theorem 4.1, we have
(2a — 1)A3(0, p) + (a — 2)As(1, p) = —3a(a’ — a + )y, 1, )

and

(@ + 1)As(0,p) — (@ — 2)As(1, p) = 3aup;;. (3)
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If p=1 (mod 3), by Lemma 2.3 (3), we have

A5(0,p) =3 - 3pK,30(a) — (1 +a)” (mod p’),
As(1,p) = 3d” - 3pK,3,(a) — (1 +a)’ (mod p?).

Then, by Eq.(2),

a(@® = a+ uy_1 = p [(2a — 1)K, 50(a) + (@ — 2)K,3,1(a)]
—(@-20)@ " =)+ @ =1) [@+ 1 = 1] (mod p?).

Thus
up_1 _ (20, — 1)Kp)3,0(a) + (a — 2)Kp,3)1(a)
p a(@®>—a+1)
a—2 a? —
- _ 1 d p).
az_a+lqp(a)+a(az_a+1)qp(a’+ ) (mo p)

If p=2 (mod 3), by Lemma 2.3 (3), we have

A5(0,p) =3 - 3pK,30(a) — (1 +a)” (mod p’),
As(1,p) = —3pK,31(a) — (1 +a)?  (mod p’).

Then, by Eq.(3),

QUpy1 =P [(a —2)Ky3.(a) — (a+ 1>Kp,3,0(a)]
—[(a+1)”=(a+1)] (mod p).

Thus
Up+1 1 a+1
7: = [(a—2)K,51(a) — (a+ 1)K,30(a)] — . @pla+1) (modp). O

Given a value of a, by Theorem 4.2, we can obtain a concrete congruence for
a specific Lucas quotient. We provide one such example.
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COROLLARY 4.1. Let {un}n>0 be the Lucas sequence defined by
uy =0, uy =1, Upy) = 44Uy — Tup_ forn > 1,

and p # 3,7 be an odd prime. Then we have

Upe 5 =8 1 < & 4 .
pTEE AR 3k_2+7Qp(2) (mod p), ifp=1 (mod 3);
k=1 k=1
L-;l k % k
Upr 1 8 1<~ 8 ,
= - - - — (mod p), ifp=2 (mod 3).
D 2 — 3k—2 6 — k
PrROOF. Set a = —2 in Theorem 4.2. O

4.2. The Case a=2

If a = 2, by Theorem 3.1, we have As(r,n +2) = —3A;(r,n) for n > 1.
Thus we have a refinement of Theorem 4.1.

n
THEOREM 4.3. Set a = 2. Let Az(r,n) =3 (2) — 3" for n > 1. Then we

3
have: if n is odd,

ntl 1
A;(0,n) =0, As(1,n) =—(=3) 7, A3;(2,n) =(-3) 7 ;
if n is even,

A3(0,n) =2-(=3)%, Ay(1,n) = A3(2, ) = —(-3)7.

PROOF. Since a = 2, by Theorem 3.1, we have A;(r,n + 2) = —3A;5(r,n) for
n > 1. One can verify that

A;3(0,1) =0, Az(1,1) =3, A3(2,1) = =3;
A5(0,2) = —6, A3(1,2) =3, A3(2,2) = 3.

Then we can prove the theorem by induction on n. O
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Remark 4.2. Using the above theorem and without the use of the Quadratic Reciprocity
Law, for an odd prime p > 3, we can get the Legendre symbol

p

(_3) LLifp=1 (mod 3),
-1, ifp=2 (mod 3).

p+1

ProOF. If p=1 (mod 3), by Theorem 4.3, we have As(1,p) = —(-3) = . Since

p
p Py .k
Az(1,p) =3 2) -3 =3 28 3
3(1,p) | (2) ?:0: (k)
3 k=1(mod 3)

=3-2?-3=3.2-3=3 (mod p),

we have (—3)% =1 (mod p). Hence (_73) =1.
If p=2 (mod 3), by Theorem 4.3, we have A;(2, p) = (—3)"> . Similarly, we
can obtain (’73) =-1. O

COROLLARY 4.2. Let p > 3 be an odd prime. Then we have

| 9=
0
3
By Lemma 2.3 (3), we have
. -7 @
3 _8 k
( k) =3K,30(2) =3 :
k=1 p
1 — 301
=3 = —3¢y(3) (mod p). O
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COROLLARY 4.3. Let p > 3 be an odd prime. Then we have

[+ 2]
3 (_8)k 3 (_S)k 3 3
k-8 " 2<6k—2 \p (2¢5(2) — ¢,(3)) (mod p).
k=1 k=1 p
ProOF. By Theorem 4.3
o=+ 37 |7 @=9"-(37
3 2 3
Then
p p i
(2) - (2)=2-(-3)>
3 3

By Lemmas 2.3 and 2.4, we have

.

w\‘B

(5]

S)k —8)k
ST o5 = K -~ Kpaa(?)
1

k=
2P~(73) 2-(-3)%
P

() 2 e )

p

N

- (‘73) (26,(2) — ,(~3)) (mod p). 0

4.3. Further Results

LEMMA 4.1.  Let p be an odd prime with p 1 3a(2 — a)(a* — a + 1), and let {v,}n>0
be the Lucas sequence defined as

Vo =2,V =2 —a, Upy :(Z—a)'un—(az—a—i-l)'un,lfornz 1.

Then we have

—(a+1)gp(a+1) (mod p).
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PrOOF. Let {uy,}n>o be the Lucas sequence defined as
uw=0,u =1, u,11 =2 - a)u, — (a2 —a+ )u,_ forn > 1.

By Lemmas 2.1 and 2.2, we have v, = (2—a)u,—2(a’—a+1)u, | = 2uy. 1 —(2—a)u,
= 2 — a (mod p). By Remark 4.1 and Lemma 2.3, we have v, = A;(0,p)

=3 [g] (a) — (1 +a)? =3 -3pK,;0(a) — (1 +a)? (mod p*). Thus
[5] (—a)*

p k=1 k

—(a+1)gy(a+1) (mod p). O

In Theorem 4.2, when we express the Lucas quotient, it involves two K'’s, i.c.,
two sums. The following theorem can reduce the Lucas quotient to one sum.

THEOREM 4.4. Let p be an odd prime with p { 3a(2 — a)(a® + 1), and let {u,}n>0
be the Lucas sequence defined as

U =0,u =1, Uny; = (2= a)up, — (&> — a+ Du,_; forn > 1.

Then we have, if p=1 (mod 3),

Up—1 2 - (—a)*
P 3a? po k
1 ) ]
+ Eve ((2 —a)g(a” —a+1)+2a+1)gy(a+ 1)) (mod p);

if p=2 (mod 3),

p—2

Upp1 _ 2@’ —a+1) K (-a)F
= 2
P 3a — k
a’?—a+1

32 ((2 —a)gy(a’ —a+1) +2(a+ Dgla+ 1)) (mod p).

PROOF. Let {v,},>0 be the sequence as in Lemma 4.1. If p = 1 (mod 3), by
Lemma 2.1, we have u, | = 75 ((2 — a)v,| — 2vp). Thus

uper 1 ((2—a)(vp_1 ) _2vp—(2—a)> |

p  3a p p
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If p=2 (mod 3), by Lemma 2.1, we have w11 = 57 (2(a®—a+1)v,— (2= a)vp1).

a2
Thus

p  3a?

Upt1 1 (2((12 —a+1)(v,—-2-a) @Q-a)(vp1—2@’*-a+ 1)))
p p '
Thus by Lemmas 2.5 and 4.1, we can prove this theorem. O

Given a value of a, by Theorem 4.4, we can obtain a concrete congruence for
a specific Lucas quotient. We provide one such example.

COROLLARY 4.4. Let p # 3,7 be an odd prime, and {un}n>o be the Lucas sequence
defined as

ug=0,u; =1, upq =4u, — 7Tu,_ forn > 1.

Then we have, if p=1 (mod 3),

"ﬁ

|
T ok
% = é 2 %—l— %qp(7) (mod p);
if p=2 (mod 3),
UZ;H = —% 2 % - gqp(7) (mod p)
PROOE. Set @ = —2 in Theorem 4.4. U

5. A4(r, n) and Related Lucas Quotients
In this section, we consider the calculation of Ay(r, n).

5.1. General Properties

THEOREM 5.1.  Let {up}n>0 be the Lucas sequence defined as

uw =0, uy =1, uyy =2u, — (a2 + Duy_y forn > 1.
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Then we have, for n > 1,

A4(0, ) = 2up — 2(a® + Dun_1 = 2t gy — 2up,
A4(1,n) = 2au,,

Ay(2,n) = 2u, + 2(a2 + Dup_y = —2Up 1 + 2uy,,
A4(3,n) = —2au,.

PROOF. Since upi; = 2u, — (a®> + )u,_; for n > 1, we have 2u,,| — 2u,
= 2u, —2(a’+1)u,_;. Itis easy to see that Ay(r, n)+A4(r+2,n) = 2A5(r,n) =0

for n > 1. So we need only consider A4(0, n) and Ay(1, n).
Since u, = 2, one can verify the following simple facts:

A40,1) =2 = 2uy — 2(a” + 1)ug,
A40,2) = —2a° +2 = 2uy — 2(a® + Dy,
A4(1,1) = 2a = 2au,,

A4(1,2) = 4a = 2au,.

By Theorem 3.2, for n > 1,
Ag(ryn+2) = 204(r, n + 1) — (a* + 1) Ag(r, n).

Then we can prove the theorem by induction on n.

0

THEOREM 5.2. Let pta(a* — 1) be an odd prime, {u,}n>o as in Theorem 5.1, and

Kp4,(a) as in Definition 2.1. Then we have

Up-1 _ 2
p  ala®+1)
a?—1

* 2a(a® + 1)

(aKpa0(a) — Kpai(a)) + ap(a)

a?+1

(a+1)°

Bpla+1)

gp(a—1) (modp), fp=3 (mod 4).

(gp(a+1)—gy(a—1)) (modp), fp=1 (mod 4);



80 Jiangshuai Yang, Yingpu Deng (Beijing)

[348

PROOF. Since 22 — 4(a? + 1) = —4a?, by Lemma 2.2, we have
Pl-(3)
By Theorem 5.1, we have
Ay(1,p) — aAy(0, p) = 2a(a2 + Dup—i,

and

A4(1,p) + aly(0, p) = 2aupyy .

Then, by Lemma 2.3(3), if p =1 (mod 4)), we have

Ay(0,p) =4 — 4pK, 40(a) — (1 4+a)’ — (1 —a)’ (mod p°),
Ay(1,p) = 4a” — 4pK,41(a) — (1 +a)’ + (1 —a)’ (mod p°).

Thus, by Eq.(4), we have

2a(a2 + Dup—y =4p(aKp40(a) — Kpai(a)) + 4a(ap_l -1

+(a* = 1) [(a + 1) —(a— l)pfl] (mod p?).

Hence
Up—1 _ 2 (@K 10(0) — Ko 1(@)) + "
= a a) — a a
P a(a2 + 1) p,4,0 4,1 —a2 n lqp
a’—1
(@ @@t ) - gla= 1) (modp).

If p=3 (mod 4), by Lemma 2.3(3), we have
A4(0,p) =4 —4pK,40(a) — (1 +a)’ — (1 —a)’ (mod p’),
Ay(1,p) = ~4pKya.1(a) = (1 +a)" + (1= a)”  (mod p).
Thus, by Eq.(5), we have

2aups1 = — 4p(akKpa0(a) + Kpan(@) — (a+ D*((a+ D' 1)
+(@=1D)*((@=1D"" = 1) (mod p?).
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Hence
(a+ 1)
2a

Up4-1 2
P = a(aKpA,o(a) + Kp41(a)) — gpla+1)

p
(a—1)
2a

Given a value of a, by Theorem 5.2, we can obtain a concrete congruence for
a specific Lucas quotient. We provide one such example.

_l’_

gp(a—1) (mod p). O

COROLLARY 5.5. Let p > 5 be an odd prime, and {u,}n>o be the Lucas sequence
defined as

up =0, uy =1, upy| =2uy — Sup_; forn > 1.
Then, if p=1 (mod 4),

p=1 p=1
4

upy 1 168 1 <~ 16k 2 3
2l N Z¢,(2) + —¢,(3 d p);
p 104k T L 5%(2) + 25%(3)  (mod p)
if p=3 (mod 4),
B B
Uprr 1 16 1 16F 9
=_ =N — 20,03 d p).
P 82 ah—3 22 ~ 4% (modp)
k=1 k=1
PRrROOF. Set a = —2 in Theorem 5.2. O

5.2. Further Results
In Theorem 5.2, when we express the Lucas quotient, it involves two K'’s, i.e.,

two sums. The following theorem can reduce the Lucas quotient to one sum.

THEOREM 5.3.  With notation as in Theorem 5.2. Let p t a(a* — 1) be an odd prime.
We have: if p=1 (mod 4), then

Up_1 1 RN
— S5 | 2 14060+ + (- a)g(1 - a) +g,(a”+ 1)
k=1
1 174;] a4k—1
=— [ -4 1 1+a)—(1-a)g(l-
2a L 4k—1+( +a)gp(l +a) — (1 —a)gy(1 — a)
1 2
— —gp(a”+1) (mod p);
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if p=3 (mod 4), then

p=3
2 T4k
Upr1  a +1 a
B o [ (1 g1+ 0+ (1- g (1 - 0) + e’ + 1)
k=1
a’+1 o a3
= 4 — (1 1 1-— 1-
20 L 4k — 3 (1+a)gy(1 +a) + (1 —a)gy(1 — a)
a’+1
5 qp(a2 +1) (mod p).

PROOF. Let {vy,},>0 be the Lucas sequence defined as
vy =2, =2,y = 20U, — (a2 + 1)v,_ forn > 1.

By Lemmas 2.1 and 2.2, we have v, = 2u, — 2(a® + 1)up_; = 2upiy — 2u, = 2
(mod p). By Theorem 5.1 and Lemma 2.1, we have A4(0, p) = 2u,y — 2u, = v,.
By Lemma 2.3, we have

A4(0,p) =4 [ f)’] (@) —(1+a)" - (1-a)
4
=4 —4pK,40(a) — (14 a)’ — (1 —a)’ (mod p).

Thus

[£]
=2 N (1 ta)g(ta)- (- agl-a) (medp). (6

p k=1 k

4k

If p =1 (mod 4), by Theorem 5.1 and Lemma 2.3 we have —2au, = A4(3, p)

4| (@ - (1+ap+(1-a) = —4pK,45(a) — (1 +a)P + (1 — a)? (mod p?).

3
4

So we have

“pp_ Lo i (4K, a5(a)+ (1 + a)g,(1 +a) — (1 - a)gy(1 — ) (mod p). (7)
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By Lemma 2.1, we have u, | = —=(2v, — 2v,-1) = 5:(vp1 — vp) and u, |

= u, — v, ;. By Lemma 2.5 and Eq.(6), we have

+(I+a)g(l+a)+ (1 —a)g(l —a)+ qp(a2 +1) (mod p).

P P 2 p
p—1
| KR
E% - 1 4k — 1 + (1 +a)gy(1 +a) — (1 —a)gy(l —a)
|
_ Eqp(a +1) (mod p).

If p = 3 (mod 4), by Theorem 5.1 and Lemma 2.3 we have 2au, = A4(1,p)

4P| @-(+ap+(1-ap=—4pK,., ()~ (1+a) +(1—a)® (mod p?).

1
4

So we have

up+1_ 1

) T (—4Kp4.1(a) — (1+a)gp(1+a) +(1-a)g(1—a)) (mod p).  (8)
By Lemma 2.1, we have upy| = —— (2v,11 — 2(a® + 1)v,) = 555 ((a®+ 1)v, — vp41)

and u,4; = (a® + 1)u, + 5Up11. By Lemma 2.5 and Eq.(6), we have

Uppr | 5 vp =2 vy —2(a’ +1)
=33 (a + 1) —
P 2a° \ p P
p—>
a’®+ 1 ‘L a*
=— e 7+(1+a)qp(1+a)+(l —a)gy(l —a)
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Similarly, by Lemma 2.5 and Eq.(8), we have

up+1+lvp+1—2(a2+1)
2 p

—(I+a)g(l +a)+ (1 —a)g(l—a)

1
gp(a® +1) (mod p). O

Given a value of a, by Theorem 5.3, we can obtain a concrete congruence for
a specific Lucas quotient. We provide one such example.

COROLLARY 5.6. Let p > 5 be an odd prime, and {u,}n>o be the Lucas sequence
defined as

uy=0,u; =1, upq = 2u, — Su,— forn > 1.

Then we have: if p=1 (mod 4),

up 1~ 168
—_—=- — 3 5
» 82~k +8QP()+8qp()
K5 k
1 <~ 16 3 1
=-= -qp(3) — =g,(5 d p);
2k:1 4k — 1 4QP() 2Qp() (mod p)
ifp=3 (mod 4),
p-3
Up i 5~ 16815 5
=—- — — —qy(3) - 5
R OIR e L OR T
i k
5~ 16 15
=— - —q,(3) + zg,(5 d p).
8k:1 ik 3 4(1p()+2%() (mod p)
PrOOF. Set @ = —2 in Theorem 5.3. n
6. Ag(T, n)

In this section, we consider the calculation of Ag(r, n).
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THEOREM 6.1.  Let {V,,},>0 be the Lucas sequences defined as

Vo=2 Vi=a+2, Vor1 = (@+2)V, — (&> + a+ )V, forn > 1.

Let {vy}n>0 be the Lucas sequences defined as

v9=2,v=2—-a, Ui :(2—a)vn—(az—a+1)vn_1forn2 1.

Then we have, for n > 1,

Ag(0,n) =V, + vy,

1 a?+a+1 1 a?—a+1
A()(l, ’I’L) - __Vn + —anl - —Up + ———VUp_y,
a a a a
a+1 a’>+a+1 a-1 a’>—a+1
A6(2, ’I’L) = - Vn + anl - Up —
a a a a
Ag(3,n) = =V, + v,
1 a*+a+1 1 at—a+1
a a a a
a+1 a2+a+1 a—1 a?—a+1
Ag(5,m) = v, — Vo1 — Uy — ——————VUp_].
a a a a

PRrOOE. Since Vo = —a?+2a+2,v; = —a?—2a+2,V; = —2a° — 3a> +3a + 2, vs
=2a*-3a>-3a+2,Vy = —a*—8a’—6a>+4a+2, v, = —a*+8a® — 6a> —4a+2,

one can verify the following simple facts:

As(0,4) = —2a* — 120> + 4 =V, + vy

1 a’+a+1 1 al—a+1
As(1,l)=4a=—-—-Vi+ ——V) — —v; + ——,
a a a a

1 a2+a+1 1 a’—a+1
Ag(1,2) =8a=—-—-Vo+ ——V] — —v + ——y,
a a a a

a’+a+1 1 a*—a+1

1
Ag(1,3) = =20’ + 12a = — Vit ——— V- —us+

a2+a+1 1 a?—a+1

1
Ag(1,4) = =84’ + 16a = — Vit V- v+
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By Theorem 3.2, we have, for n > 1,

Ag(r, n+4) =4Aq(r, n + 3) — (a® + 6)Ag(r, n +2)
+ (20> + 4)Ag(r,n+ 1) = (a* + a” + 1) Aq(r, n).

Thus we can prove the theorem by induction on n for r = 0,1.

It is easy to see that Ag(r, n) + Ag(r + 2, n) + Ag(r + 4, n) = 3A,(r,n) =0
and Ag(r, n) + Ag(r+3,n) = 2A3(r, n). Hence Ag(2, n) = —Ag(0, n) — Ag(4, n)
= —A¢(0,n) + Ag¢(1,n) — 2A;5(1,n). Thus, by Remark 4.1 and the formulae
for Ag(0,n) and Ag(l,n), we can obtain the formula for Ag¢(2, n). Finally, by
Remark 4.1 and the formulae for Ag(0, n), Ag(1,n) and Ag(2,n), we can obtain
the formulae for Ag(3, n), Ag(4, n) and Ag(5, n). O

Note that, for m = 6, since the Lucas sequences in Theorem 6.1 have already
appeared in Theorem 4.1, we can not obtain any new Lucas quotient.
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