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On the distribution of values
of Hardy’s Z-function in short intervals
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Abstract: Given a primitive Dirichlet character x of conductor ¢ > 1, Hardy’s Z-function
Z(t, x) is a real-valued function with the property that |Z(¢, x)| = |L(1/2 4 it, x)| for t € R, so
that the real zeros of Z(t, x) correspond to the zeros of the Dirichlet L-function L(s, x) on the
critical line Re s = 1/2. In this note, we study the distribution of positive and negative values of
Z(t, x). We show that Z(t, x) takes both positive and negative values for a positive proportion of
values of ¢ in [T, T+ H| where T34+ < H < T with 0 < € < 1/4. More precisely, we show that
w (I (T, H)) > H where p denotes the Lebesgue measure on the line and Iy (T, H) is the set of
t € [T, T+ H] such that Z(t, x) > 0 (resp. Z(t, x) < 0). This extends and improves upon a recent
result of Gonek and Ivi¢ for Hardy’s Z-function corresponding to the Riemann zeta-function {(s)
and the proof we give here, although closely following theirs, is different at a crucial point.
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1. Introduction and statement of results

Hardy’s Z-function Z(t, x) for a Dirichlet L-function L(s, x) corresponding to
a primitive Dirichlet character x of conductor ¢ is defined by

Z(t, x) := W(1/2 +it, x) " 2L(1/2 + it, x)
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where
I -s+a)/2)
I'((s+a)/2)

T

¥(s, x) = w(x) (—)

q

is the factor from the functional equation L(s,x) = ¥(s, x)L(1 — s,X). Recall
that a = (1 — x(—1))/2 measures the parity of the character x and that ro(x) =

T(x)/ (i%/q) with 7(x) = > x(a)e(a/q) is called the root number of .
a (mod q)

With this data, it is immediately seen that Z(t, x) is a real-valued function of
the real variable ¢ and that |Z(¢, x)| = |L(1/2 +it, )|, so that the real zeros of
Z(t, x) correspond to the zeros of L(s, x) on the critical line. One of the main
interests of Hardy’s Z-functions stems from this fact. For an introduction to the
theory of Hardy’s Z-function and a survey of open problems regarding it, see the
Cambridge Tract [6]. Besides its use as a tool for studying the zeros of the zeta and
L-functions, it has its own intrinsic interest as a number-theoretic function. Some

T
striking properties of the primitive [ Z(t) dt are proved for example in [7] (see

0
Theorem 1). Hardy’s function Z(t) for {(s) was employed by Hardy and Littlewood
to prove Hardy’s theorem (which was proved previously by Hardy [4]) that (s) has
infinitely many zeros on the critical line Re s = 1/2 in the following way: We have

2T
/ Z(tydt < T
T

whereas
2T
/ Z(#)] dt > T
T

for T big enough, showing that Z(t) is not ultimately of constant sign. This
method of proof of Hardy’s theorem was first carried out by Landau in [8] (see the
introductory remarks in [7], also Theorem 8 of Chapter II of [1] and the end-note to
that chapter). A natural question to ask then is: For what proportion of t € [T, 2T
is Z(t) positive? Somewhat more generally, given 2 < H < T, what is the Lebesgue
measure of the set {¢t € [T, T + H| : Z(t) > 0}? Call this set I, (T, H) and let
I (T, H) denote the corresponding set for which Z(t) is negative. Recently, Gonek
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and Ivi¢ [3] gave a short, elegant proof that
p(L(TT)>T  and  p((T,T)>T (1)

where p is the Lebesgue measure on the line.

In this paper, we propose to extend this result of Gonek and Ivi¢ to the case of
Hardy’s functions for Dirichlet L-functions. Throughout this note, we fix a primitive
character xy of conductor ¢ > 1. For 2 < H < T, we write

L H:Z(t,x) > 0},

I.(T,H;x) ={T <t <
<T+H:Z(t, x) <0}.

T
I(T,H;x)={T<t<T

Our result is the following:

THEOREM 1. Fix 0 < & < 1/4. Let T*+¢ < H < T. Then we have
p (T, H;x)) > H and  p(I-(T,H;x))> H. 2)

Our method of proof, which follows, but differs at one major point from, the
proof of (1) in [3], does not seem to allow us to prove a result much stronger than
(2), although it does more easily allow us to replace the >> symbols by a constant.
Indeed, we have

where c¢ is an upper bound for the coefficient of H in (12) with 0 < 8 < 1/8, as
in the statement of Lemma 8. In particular, it seems unlikely that this method will
lead to a considerable reduction of the length H of the interval. Also, it does not
distinguish between the two sets I, (T, H; x) and I (T, H; x), in the sense that it
gives the same lower bound for them. In any case, the two sets are conjectured to
be roughly equal in size, at least for the case of {(s) (see Table 1 and Table 2 in [3]
and the remarks prior to the Theorem 1 there).

We remark that for the purpose of the current note, we fix the conductor ¢ > 1
and also the character x, so that what happens in the current setting can be adapted
to the case of {(s) and vice versa, except that H/4c in (3) will have to be replaced
by H/12c¢ (see the remark following (11) below). The “g-aspect” will be the subject
of our subsequent investigation.
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2. Proof of the theorem

The idea for proving Theorem 1 consists in the following. We will define a mollifying
Dirichlet polynomial Bx(s, x) which is roughly equal to the Dirichlet series for
L(s, X)*l/ 2 truncated at length X. We then study the average sizes of the functions
2(t,x)|Bx(1/2+it,x)*, | Z(t,X)| | Bx(1/2+it,x)|* and Z(t,x)*| Bx(1/2+it,x)[*
over the interval [T, T + H]|. Since Bx(s, x) is roughly equal to the Dirichlet series
for L(s, x)~!/? truncated at length X and since Z(t,x) is equal to L(1/2 + it, x)
in absolute value, it is reasonable to expect that these three functions are close to 1
and that their respective integrals over [T, T + H| are ~ H. Indeed, we have the
following three inequalities:

1. The asymptotic inequality

T+H

[ #6.301Bx072+ it 0F 6t = o)

holds for X =T, H=T" with 0 < § < 1/4 and 3/4+0 < ¥ < 1.
2. We have

T+H
/ 12(t, 30| 1Bx(1/2 + it, )P dt > H + oH)
T

for X=T, H=T" with0 <0 < 1/2and 1/2+60 <9 < 1.
3. Finally,

T+H

/ Z(t, %)’ 1Bx(1/2 + it, I dt < H
T

for X =T% H=T" with 0< 6 < 1/8 and 3/4 +20 <9 < 1.

We remark that for the third inequality above, Gonek and Ivi¢ [3] require 0 < 6 <
1/100. We have a better condition and our argument for proving it is different and

independent of theirs.
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Given the above three asymptotic inequalities, the proof of Theorem 1 runs as
follows. Write for short I, = I (T, H; x). Then clearly

T+H

/ Z(t, x) |Bx(1/2 + it, )()|2 dt = % ( / Z(t, x) |Bx(1/2 + it, X)|2 dt
T

Iy

T+H

+ [ 126011802+ it 0 at)
T
1
= EH + o(H)
by the first two inequalities above. Using Cauchy-Schwarz inequality and the third
inequality above, we therefore have
T+H

1

1/2
SH + o(H) < u(I+)‘/2( / Z(t, x)* |Bx(1/2 + it, x)|* dt) < w(Ip)*H"?

so that u(Iy) > H This proves the first estimate in Theorem 1. The second is
proved similarly.

The three inequalities above are derived easily from Lemmas 6, 7 and 8
respectively in the next section.

3. Lemmas

In this section, we give several lemmas essential for proving the main theorem. The
three key inequalities stated in the preceding section are also restated and proved as
lemmas.

First, we quote [11, 12] (see also [2]) for the following form of the approximate
functional equation for L(s, x).

LEMMA 2. Let H and K be positive constants. Let us write 2nxy = q |t|. Then the
Jfollowing approximate functional equation holds uniformly for —H < o < H,x > K,
y> K:

n ™\ T ((1 - s+a)2 X(n
L(s,x) = % +10(x) (5) (r(((s ;g;; ! Z: Xl_s)

nLe

+O@E)+0 (y”—‘ |t|l/2*") .
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Using this, the following lemma is immediate (take z = y).

LEMMA 3. We have the following approximate functional equation for Z(t, x):

Z(t, x) = O(t, £, x) + O(t, t, x) + O(|t| )

where
i (miaay—miss) [\ x(n)
O(t, u, X) = ro(x) ™2/ (; >, g @
n<4/ qlul/(2m)
In particular, for T <t < 2T, we have
Z(t, x) = O(t, x) + 6(t, x) + O(T~"*) (5)

where O(t, x) = O(t, T, x).
We shall also need the following simple approximate equation.

LEMMA 4. We have

L) = |Xr(:)| B soflq) 196_‘; L O0@™)

nLe

1

uniformly for o > 3, |t| < z. Also, as s — 1, we have

+ O(|s — 1]).

_ ¢l
(s = DL(s: Ixl) = =

Following [9] and using the notation of [3], we write
o0
L(s,x)""* = Z a,(x)n”® (Res>1).

n=1

Making use of the Euler product representation for L(s, x), we obtain

@) = (1) (f) (sz) x(n) (©
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where n = p}' ---p;* is the factorisation of n. We see that a,, = a,(x) is mul-
tiplicative, that is, o, = ana, provided (m,n) = 1, and that |a,| < 1 for all
n>1. Forl<n<X let

1
B = ) = a0 (1- (o)

it is clear that |3,| < 1. Define the mollifying function

BX(S’ X) = Z ﬂnn_s

n<X

which corresponds to the sum 7(t) used by Selberg [9] (see also [10], pp. 85—141).
Write

Bx(s,x)’ = > ba(x)n”* (7)

n<X?
where b,(x) = > Ba(X)Bnsa(x) with the sum running through those d < X, d|n
dln

such that n/d < X; note that |b,(x)| < d(n) where d(n) is the usual divisor
function.

The following lemma gives an estimate for a weighted Dirichlet polynomial
involving a,(|x|) as coefficients.

LEMMA 5. Let 1 <d < X, 0<v< 1/y/log X and o be a positive integer. Then, for
r=2,3,

an(lx|) X\ IRV x\"!
> oy (loe - ZCTH(I—IX(IJ)IP 7) V7 | log
n<X/d ple
(n,0)=1

+0 [ T+ Ix(e) p*)(log X)"2

plo

where c, is a constant. Here and in the following, (m,n) denotes the gcd of two
integers m and n.

This lemma is analogous to Lemma 12 in [9] and can be proved in the same way.
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The following three lemmas are at the heart of the proof of the main theorem.

LEMMA 6. Let X = T? with 8 > 0 and H = T? with 0 <9 < 1. Then
T+H
. 2 . 3/4-+6 2
/ Z(t, x) |Bx(1/2 +it, x)|” dt = o(T logT) (T — ).
T

PROOF. By the definition of Z(t, x), this integral can be rewritten as

1/2+i(T+H)
1 _ _
A / L(s, x)¥(s, x) 1/2BX(3, X)Bx(1 — s,%) ds.
1/2+4T
Cauchy’s theorem allows us to replace the path of integration by the rectangular
path going from § -+ 47T to ¢+ 4T, then to ¢+ 4(T + H) and then to  +i(T + H),
where ¢ = 1 + 1/log T. We first estimate the contribution of the integrals along the

two horizontal paths. Now, for ¢ > —1, we have
Bx(s, x) < max{X'™7, log X} and Bx(l—s,%) < X°. (8)

Also, by Stirling’s formula, we have

. AN it+mi(1-2a)/4
V(o +1it, x) = w(x) (E) e (1+0(01/t) (t=t). (9

As for the L(s, x) factor, we have the convexity bound
Lo +1it, x) <€ (t‘(]_(’)/3 logt + 1) logt (0> A, t>t).

It follows from these estimates that the overall contribution of the integral along the
horizontal segments is

C
< / (T(‘*")/310gT+1) T VD2 ax{ X' log X} X° log T do < XT*log T.

1

On the vertical segment, the Dirichlet series for L(s, x) converges absolutely; using
this fact together with (8) and (9), we see that the integral along the vertical segment
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is

T+H
()" / S xS g0k | | S0 et
o n>1 k<X <X
gt (ctit-1/2)/2
% (2_> e—z(t+7r(1—2a)/4)/2(1 +O(1/t)) dt,
vy

of which the O-term has a contribution

T+H
< / (log2 T)Xl—(l/logT)t(c—1/2)/2—1 dt < XT1/4 10g2 T.
T

Omitting the constant coefficients, the remaining expression can be rewritten as

T+H

YT X(n)ﬁk%])jj(i)lc“ T/ (%)(C_]/z)/zexp (%tlog <%Tl;k2)) N

n>1 k<X I<X

As in the proof of Lemma 2 in 3], using the fact that |x(n)| < 1, 8] < 1, we
conclude that this last expression is < T%*X log? T This completes the proof of
the lemma. ]

Next, we have the following lemma.

LEMMA 7. Let X =T% with 0 < 0 < 1/2 and H = T? with 1/2+6 < ¥ < 1. Then
we have

T+H
/ 1Z(t, x)| |Bx(1/2 +it, x)|” dt > H+ O(VTXlogX) (T — ).
T

PROOE. We have

T+H T+H
/ 12(t, %)) |Bx(1/2 + it, )I? dt = / IL(1/2 + it, ) 1Bx(1/2 + it, x)|* dt
T T

T+H

> /L(1/2+it,x)Bx(1/2+it,x)2dt-
T
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Using the approximate formula

LO12+it,x) =D x(mn >+ 0T ) (T <t<2D),

n<T

(which is easily derived from the method of proof of Theorem 1.8 in [5] or from
Lemma 2 above), we have

T+H T+H
/ L(1/2+it,x) Bx(1/2+it,x)’ / ZX —1/2-it Z ba(x)n~ >t
T m<T n<X2
2
‘I’O T1/2/ Zﬂn 71/2 it dt

T n<X

Using the mean-value theorem for Dirichlet polynomials (see Theorem 5.2 of [5]),

the integral inside the O-term is easily seen to be

HY = Iﬂn o 3" 18,0012 | = O (Hlog X) + O(X) = O(H log X)

n<X n<X

so that the contribution of the O-term is O (T~"2H log X).
It is easy to see that

T+H b T+
) x(m
/ ZX /2t Z ba(x)1 —1/2— it gt — H+ Z ) /
m<T n<X? m<T,n<X> T
mn>1
d(n)
=H+O0
2 Vos(n)
mn>l
:H+0(«/TX1ogX). 0

The result follows.
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Finally, we have the following lemma.

LEMMA 8. Let X = T% with 0 < 0 < 1/8 and H = TV with 3/4+20 < ¥ < 1. Then

T+H

/Z(t,x)2 Bx(12+it, )| dt < H (T = oo).
T

PROOF. Let us consider the integral

T+H
/ 2, %) Bx(1/2 + it, x)|* dt.
T

Using the approximate equation (5) of Lemma 3, we have
T+H
+H T+H

T
T+H

o T / 0(t, )| 1Bx(1/2 + it, x)* dt
T

T+H
+o [T / IBx(1/2 4 it, x)|* dt
T

Using the trivial bound

1
Bx(1/2 +it, )| < — < VX,
|Bx(1/2 +it, x)| §ﬁ<<

we see that the last O-term is O (T~ "/2HX?), and the first O-term is

T+H
o|lT'*x? / |O(t, x)| dt
T

T+H
/ Z(t, x)* |Bx(1/2 +it, x)|* dt = / O(t, x)* |Bx(1/2 +it, x)[* dt
T T
T

(10)

- / O(t, x)? IBx(1/2 +it, x)|* dt 42 / 0(t, x)I” [Bx(1/2 + it, x)|* dt
T
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By the Cauchy-Schwartz inequality and the mean-value theorem for Dirichlet series,
the expression (5) gives

T+H T+H () 2 172
x(n
T T |n<VdT/2w
12
[x(n)]
=vH | H Z - +0 Z Ix(n)]
n<V/qT/2m n<V/qI/2m
=0 ( log T) .

Hence, the first O-term in (3) is O (T~*HX?\/logT).
Since the first two integrals in (3) are bounded in absolute value by the third
integral, it is enough to look at the third integral, namely

T+H

7= [ 166 0F Bx(1/2 +it. 9l at. (11)
T

(One may in fact prove that the other two integrals are o(H) when g > 1, using
the Polya-Vinogradov inequality, but not for the case of {(s).) Write 7 = +/¢T/2m.
Using the expressions (7) and (5), we have

X ObuCOb) [ (Fn )"
X\R)X m\X)On\ X n
J = — dt
k; Vklmn / (lm)
ST T
m,nng

B X (k)X ()b (x) b (X)
=4 Z vklmn (12)

kl<mmn<X?
kn=Im

X (k)X ()b (x)bn (X) i(T+H) _ (o 1T
- Z iv klmn log(kn/lm) ((lm/lm) (fn/tm) ) .

kl<mmn<X>?
kn#Ilm

Using the fact that |b,,(x)| < d(n), |b,(X)| < d(n), we see that the second sum
above is O (T3/ 4 X2 log? T). We will now estimate the first sum. We have to show
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that it is < 1. Note first that

klmn mn
kI<mman<X? m,n<X? k<o

kn=Im

where 79 = g7/max(m,n) and g = (m, n) in each term. From the expression (6)
for a,(x), we see that a,(x)x(n) = a,(]x|) and that the sum in (12) is real.
Expanding the b,,, we define, for v > 0,

S(v)zRe{ 3 O ) DB (DB (bed) g g+

niNIN3M nin3z)*"’
ny <X 1MaN3NY (13)

Ix(k)|
3 )

k<T1

where we have written 7 = g7/ max(n;n,,n3n,) with g now standing for (n,n,,n3n4).
Note that the right side of (13) is equal to S(0). We will show that S(y) = O(1)
for 0 < v < 1/1logT; it will follow by continuity that S(0) = O(1) as well. The
proof is essentially contained in Selberg’s proof that K(y) = O(1) in [9, pp. 27-31].
However, there are major differences in our treatment of the sums. First of all, we
have
(k
>, l;z(m)wl > |k1+w (log T)

k<’7’| k<7‘2

with 7, = g7/nin,. So

S(7) = Re {Tm 3 Br (1XD) By (1X) B (1X) Bre (Ix1) g™+ Ix(k)l} (14)

N NIN3N. nyn;)" kl+iv
nX 1MaM3NY (n1n3) e

+0O | (logT)

14iy
> B, (1%1) Br, (1X1) Brs (1% 1) By (IX]) 9

N1NRN3MNy4 (nyn3)™

nng

Let us call the first term above S(7y). Using Lemma 4, we can write

$1(7) = Re {T“Lu IEANIDD

n; gX

B (XD By (IX D B (IXD B (IX ) g' 7 }

ninyn3ng (n]7l3)i7
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+Re{z‘¢(t1) > ngnl(|X|)ﬁn2(|X|)ﬁn3(|X|)ﬂn4(|X|) (Z_D”}

Yq n<X nNIN3NY
4
L0 Tl/zxz(z |ﬂn(|X|)|>
n<X n

In the second sum, when n;, n,, n3, ny4 is permuted to n4, n3, ny, n; the sign of the
corresponding term is reversed (note that the terms corresponding to n, = n3 do not
matter, as there is a factor ¢ and we take the real part). Hence the second term must
vanish identically. Since |3, < 1, we see that the O-term is O (T*V 2X2 Jog* T),
o)

B, (1X1) By (1% 1) Bns (1X1) B,y e
3 (X By (Ix1) Bns (IXD B, (Ix1) 9 }

Si(7) = Re § T7L(1 + in, :
(0) = Re {21+ i ) i —_—

nj SX

+O0(T "2 X% 10g* T).

Note that the sum in the first term above is the same as the sum inside the O-term
in (14); let us call it S»(y). Admit for the moment the truth of

Sa(7) <. (15)

Then, using the fact that L(1 + v, |x|) = ¢(q)/(giv) + O(1) (see Lemma 4), it will
follow that S(y) < 1 and that the O-term in (14) is also < 1 for 0 <y < 1/log T,
which will imply that we indeed have S(y) < 1 for 0 < v < 1/log T It therefore
remains to prove (15).

As in [9, (4.25)], for any positive integer n, write

_ I—H'y _ l+i'y —1—iy
SO” Z dl-‘rz'y H (1 -bp ) :

din pln

This is a generalisation of Euler’s totient ¢(n) and analogously to the identity

n =Y ¢(d), we have n'™ = 3" ¢, (d). Using this fact, S»(7) may be written as
dln d|n

B, (1X1) By (1X1) By (1x1) B ([ X1)

7’7/2’/7,4(77,17’?;3)H_l’y

SH(y) = Z iy (d)

anX
d|nin,,dlnsng
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_ Z Soify(d) Z ﬂnl(|X|)ﬂnz(|X|)ﬂn3(|X|)ﬂn4(|X|)

1+iy

nyng(nn

d<X? n;<X 2 4( 1 3)
dlniny,dlnsng

B (1x)Ballx]) \*
- Z @iv(d)( Z (l:,?mibd)) :

a<x? m,n<X
dlmn

In the following, d; and d, will always denote positive integers only divisible
by primes which divide d. Since G,(|x|) = an(|x|) log(X/n)/log X and «,, is
multiplicative, we can write

Z Brn(X)Ballxl) _ 1 3 Oédl(l><|)04d'z(|x|){ Z an(T|LX|)logdl£n}

141y 2 1+idy
ma<x log'X e D14 n<X/d,
dlmn d|did (n.d)=1
X{ Z an(|X|) log X }
1437y :
wits, ™ dn
(n,d)=1

Using Lemma 5, we have

Z om(|X|) logﬁ -0 /—logXH (1 i |X(p)|p73/4) ’

n<X/dy din pld
(n,d)=1
Oén(|X|) X —3/4
> log -~ =0 VAog X) TT (1+ Ix(p) p~*)
n<X/d, pld
(n,d)=1
Therefore,
Z B (Ix1) ﬂn(|X|) ‘adl |X|>0‘dz Ix) ‘H 1+| ®p 3/4)
I+i \/
ex M vy longl P did,
dlmn d|dd,
1 3/4 2
,/k)g < 2 3 H +Ix()p ")
1d2<X2
d|d,d,

3/4 _171
,/ H1+| )(1 5
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since
1 1 1 |
2 i S 2 ad, d [110- 5) ‘
dy,d,<X? dy,d, p|d
d|d,d, dld,d,

Now, (1 —1/p)~!' < (1 +p~**), and

(@] =d ] [1-p""

<] (1+5)

pld pld
so we finally get
s < S Ty
& cl<X2 pld
But we have
> I+ <« X S T1G
d<X2 pld d<X2 pld
1
< Z Z Z n3/2 d
d<X2 n< X2 d<X/n
< log X.
This completes the proof of (15). O
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