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1. Introduction

Let X be a finite set and let P(X) denote the family of its subsets. Consider
a partition X; U X, U...U X of X into k pairwise disjoint subsets. A family
F C P(X) is called a k-part Sperner family on X with respect to the partition, if
there are no two distinct elements Fy, F, of F such that F; C F, and F>)\F, C X;

for some 1 < j<k.
k

Let |X;| = n; > 0,n = |X| = > n;. We denote the maximum size of a
i=1
k-part Sperner family on X by g(n{, n,, ..., ng). Let f(n, k) be the maximum of
g(ny, ny, ..., nyg) for all choices of n;’s. It is generally believed that the maximum
is attained when n mod k of the n; =[] and k — (n mod k) of the n; = | 7 ].

With this notation, Sperner’s theorem states that f(n, 1) = (LZ j)' Katona [7]
2

and Kleitman [9] proved the two-part Sperner theorem: g(ni,n,) = (LTILZZJ).
2
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An important tool in their proof is the symmetric chain partition. If X is a finite
set, then a sequence of subsets (A}, 4, ..., Ap) is a symmetric chain of length A if
A; C Ay, A \Ajl =1 forall 1 <4< h—1and |A|+|A| = |X]|. A symmetric
chain partition is a partition of P(X) into symmetric chains. Such a partition always
exists, see [2].

Symmetric chain partitions also give us a proof of Sperner’s theorem. Since

each chain can contain at most one element of a Sperner family, therefore the
1X]
5]
method to obtain an upper bound to 3-part Sperner families will be similar (see
Section 2).

number of chains, ( ), is an upper bound to the size of a Sperner family. Our

In the case of k-part Sperner families (k > 2) there are several results by
Furedi [5] and Griggs, Odlyzko, Shearer [6]. They proved that for fixed k the limit

dp == lim 2% exists. They also proved that dj, ~ —¥" . However, we do not
k n—00 ({%J) Y p k V4logk ’

know the exact value of dj, beyond d; = d, = 1. A good survey on this topic is [4]
and [1].

In this paper we prove that 1.05 < d3 < 1.0722, improving previous best bounds
of 1.036 and 1.131 in [4].

Griggs, Odlyzko, Shearer mentioned in their paper [6] that they managed to

prove that lim g(”;f’")

n—00 (Ll,SnJ)
they conjectured that this bound also holds for ds . Our results proves this conjecture.

< 1.0722, since this balanced case is believed to be extremal,

We will show stronger bounds if the ratios of n;’s are fixed.

In Section 2 we give upper bounds for 3-part Sperner families using monochro-
matic chain partitions. Similar arguments have already appeared before, €. g. in [5]
and [8]. However, to obtain the asymptotic value of these upper bounds we need
some calculations which are contained in Section 3.

In Section 4 we will present the results of Erdés, Katona [3] and Fiiredi,
Griggs, Odlyzko, Shearer [6], [4] about homogeneous families. We will see, as a
consequence, that finding the optimal k-part Sperner family is equivalent to finding
the solution of a certain integer program. Solving this with the aid of a computer
in the case of kK = 3,n; = n, = n3 = 15 we disprove the conjecture of Aydinian,
Czabarka, Erdds, Székely [1] on the maximum size of k-part Sperner families for
the case of equal parts of size 2¢ — 1. We also establish some connection with

monochromatic chain partitions.
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In Section 5, to obtain a better lower bound we will basically use the same
method as Flredi [5] and Griggs, Odlyzko, Shearer [6]. However where they used
a clever, explicit construction, we find a better one by the aid of a computer.

2. Monochromatic chain partitions

DEFINITION 1. Let X; U X, U ... U Xy be a partition of X into k pairwise disjoint
subsets. A sequence (A, Ay, ..., Ay) of subsets of X is called a monochromatic chain
of X if Ay CAjyy for i =1,2,...,h— 1 and there exist j such that 1 < j < k and
Aiv\A; C X for i =1,2,...,h — 1. Here h is the length of the chain, j is the
color of the chain.

DEFINITION 2. Let X, U X, U ... U Xy be a partition of X into k pairwise disjoint
subsets. A set C of monochromatic chains of X is called a monochromatic chain partition
if every subset of X is contained in exactly one monochromatic chain in C.

If F is a k-part Sperner family on X with respect to the partition X;UX,U. . .UXg,
then every monochromatic chain can contain at most one element of J, so the
lemma below clearly follows.

LEMMA 1. If F is a k-part Sperner family on X = X 1U...UX}, C is a monochromatic
chain partition of X, then |F| < |C].

Let X=X,U...UX;and Y =Y, U...UY,, be disjoint sets with monochro-
matic chain partitions C; and C,. Our aim is to construct a monochromatic chain
partition C;[(JC; on Z = X, U...UXz UY  U...UY,,. Let (4, 4,,...,A4)
and (By, By, ..., Bg) be chains in C; and C,, respectively. We will show there are
min(h, g) monochromatic chains with length max(h, g), such that they cover exactly
those g - h subsets of Z which have the form A; U B;. If h > g, take the following
monochromatic chains for 1 < i < g: (A;UB;, AUB;, ..., AyUB;). If h < g, take
the following monochromatic chains for 1 <4 < h: (A;UB;, A;UB,, ..., A;UB,).
By choosing these monochromatic chains for all possible |C;|-|C,| pairs of monochro-
matic chains, we obtain a monochromatic chain partition C,JC, of Z.

DEFINITION 3. Let C be a monochromatic chain partition. Its profile vector is defined
as p(C) = (ki, k2, k3, ...) where k; is the number of chains in C with length i. We

0 [}
will also use the following form: p(C) = 3_ k;b;, where b; = (0,0, ...,0,1,0,...).
i=1
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DEFINITION 4. Let A be an algebra over R with linearly independent generators
by, by, b3, .... We define the product X on the generators in the following way:
b; x b; = min(%, j)bmax(i,j). There is a unique way to extend this to an algebra.

0
For u = Y, k;b;, we will sometimes use the notation (u); = k;. It is easy to see
i=1
that A will be a commutative, associative algebra. Moreover the following statement

holds.
LEMMA 2. [fCy and C, are monochromatic chain partitions then p(C;[0C,)=p(C;) X p(C,).

DEFINITION 5. The linear map L : A — R is defined in the following way: for
x o0
i=1 i=1

Note that if u is a profile vector of a monochromatic chain partition, then it
gives us the number of chains.

Suppose that X is partitioned into 3 parts: X = X;UX,U X3. Take a symmetric
chain partition C; of P(X;). (See Section 1.) Then L(p(C;) x p(Cz) x p(C3)) gives
us an upper bound for the size of any 3-part Sperner family on X by Lemma 1.
Denote this upper bound by U(m;, m,, m3) for the sizes |X;| = m;. First we try to
determine U(2ny, 2n,, 2n;).

A symmetric chain partition on a 2n-element set has the following profile

B § 2n 2n b b B
bon = - ni nitl 2i+1 41 =

2n n 2n “ 2n
= b E byip1 —byy) = E .| dg,

1=1 =0

vector:

where dy = b; and d; = by;; —by;_;. Using the distributivity of x and the linearity
of L we obtain

U(2n17 2n25 2n3) - L(pZn] X p2n2 X p27’L3) —

95 5 51 Sl | Bl [ S ETRTRP
Lz — \ni+i)\na+j)\ns+k P20 7T
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Now we determine the value of L(d; x d; x d;). Due to symmetry we may
assume that ¢ > j > k. The following statements are easy consequences:

L(dy x dy x dy) =1,

L(d; xd; xd;)) =6—4i ifi>0,
L(d; xd; xdog) =2 ifi>0,
L(d; xd; xdg) =4 ifi>k>0,
L(d; x d; x di) = ifi>j>k.

Now the following notations are introduced:

min(n;,ny) min(ns,i) on 2n 2n
I 2 3
Ny, My, M — . . )
( 1 2 3) Z Z (nl + Z) (nz + Z) <n3 +.])

3=0
min(n;,n,,n3)
2n, 2n; 2n;3 .
B b bl - . . . b

2n 2n 2n
E(ny, ny, n3) = 11( 1) ( 2) < 3>+
| ny ns3
min(n;,n,,n3)
2n 2n 2n
+6 Y. y g o)
P ny+1 ny +1 n3 +1
min(n;,n;)
2n1 2'fl2 277/3
2
min(n,n;)
277,1 2’”2 2”3
2
* Z (n1+i><n2)<n3+i>+
min TLZ TL;
2n1 2n, 2n;3
2 .

Using these notations we obtain

U(2n1,2n2,2n3) :4A(n1,n2,n3)+4A(n2,n3,n1)+4A(n3,n1,n2)— ( )
2.1

— 4B(n1, ny, n3) — E(nl, ny, ’I’L3).
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To obtain a common upper bound we prove the following theorem.
THEOREM. If 3n = n; + ny + n3 then U(2ny, 2n,, 2n3) < U(2n, 2n, 2n).
We need further lemmas to prove this theorem.

DEFINITION 6. The linear map v : A — A is defined first on the generators: v(b;) = b,
and v(b;) =b;_| + by for i > 1, and then linearly extended.

LEMMA 3. v(v(py)) = Ponta-

PROOF. Recall how we constructed the symmetric chain partition of P(X U {t})
from the symmetric chain partition of P(X). See [7]. O

x o0
LEMMA 4. For u =Y k;b; and w = £;b; we have
i=1 i=1

oo

L(v(u) x w) = 2L(u x w) = Y kil;.

1=1

PrOOF. Observe that L(v(b;) x b;) = 2L(b; xb;) — 1 and L(v(b;) xb;) = 2L(b; x b;)
if ¢ # j. Now the statement can be obtained using distributivity and linearity.  [J

To simplify the calculations, define (mﬁl) to be 0.
LEMMA 5. For fixed 0 < j < k the following function is monotone decreasing in m
2 2
(mT]) - (mzk)
2 2 :
(m-Tk) - (m+7l?+1)

ProoOF. For fixed a > 0 the function below is monotone decreasing in m if m > a:

where m > k:

(miect) = (o) Qa—1)(m+a+1)

() - (,2m)  Qa+Dim—a+1)

(Note that the equality above also holds in the degenerate case of a = m.)
Multiplying functions of this form we obtain that for fixed 0 < j < k the
following function is monotone decreasing in m, (m > j):

() = Guiin)

() = Guieed)
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Summing these kinds of functions we obtain the statement of the lemma. O

LEMMA 6. If n; < my, then U(2n; + 2, 2n,y, 2n3) > U(2ny, 2n, + 2, 2n3).

PRrOOF.
We denote p,,, by g;. By Lemma 3 we need to compare L(v(v(q;)) X g2 X ¢3)
and L(v(v(q2)) X q1 X g3). Further ¢, X g3 has 0’s in all its even coordinates, and v(q;)
has 0’s in all its odd coordinates, so L(v(v(q;)) X ¢» X ¢3) = 2L(v(q1) X g2 X @3).
Similarly, L(v(v(q2)) X g3 X ¢3) = 2L(v(qz) X q; X ¢3). So we have to compare
o0

L(v(q1) X @2 X q3) = 2L(q1 X ¢2 X q3) — ;(QI) i(q2 X g3); and L(v(q1) X ¢» X @3) =

=2L(q1 X @ X @3) — 2 (02)i(@1 X @3)i-

i=1

It is sufficient to prove that (q1);(¢2 X ¢); < (q2)i(q1 X g¢3); for
every ¢. Expanding the two sides of the inequality the following formulas are
obtained:

—_

(01)i(@2 % ¢3)i = i(q1)i(02)i(@3)i + (@1)i(@2)i D _ 5(a3); + (@1)i(g3): 3 i(@);,

i—

.
Il

—1 i—1

(@)i(@1 % ¢3)i = i(q1)i(@2)i(@3): )i > i(@s); + (@)i@s)i D i)

i=1 7=1

s

.

Some terms cancel out and we can divide by (g3);, so we only have to prove
the following inequality:

1—1 i—1

0)i > (@) < (@) Y dlar);

J=1 J=1

If ¢ is even, both sides are zero, assume that ¢ = 2k + 1. If kK > n; then the left
hand side is 0, because (q;); = 0, the other side is nonnegative thus we are done.
So we may assume that £ < n; < n,. Using the equations

i—1 k—1
;”2’”“ =2 @i+ 1) (<mz73:9> B (mf?ﬂ)) -

j=0
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our inequality reduces to
2n1 27’L1
- X
ny+k n+k+1
2n 2n bl 2n 2n
y 2\ 2 ) Z 2 - 2 <
ny n2+k i ny + 7 TL2+I€
< 2n2
- ny +k ny + k +1
2711 2n1 2n1 27?/1
X - + 2
n n+k ‘1 ny+J n+k
Therefore it is sufficient to show that
2n1 27’l1 277;2 2712 <
n +k n+k+1 ny, +J n,+k -
< 2n2 277/2 2n1 2'nl
- ny +k ny,+k+1 ni+j ny +k '
holds for every 0 < j < k— 1. However, this follows from rearranging Lemma 5 and

using the fact that n; < n,. O

PrOOE. (Theorem 2.) Lemma 6 can be written in the following form. If n; < n,
then U(2n; + 2,2n, — 2, 2n3) > U(2ny, 2n,, 2n3). Suppose n; < n and ny > n.
Then U(2ny, 2n,, 2n3) < U(2n; + 2, 2n, — 2, 2n3) and with this transformation we
can reach U(2n, 2n, 2n) which proves the statement. O
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3. Asymptotic calculations

. . . 2Pn,2qn,2Tn
We will determine the value of lim UCpn.26.2r) ZSq a)
n—oo (37
positive integers, s, = pn, + ¢, + T , lim $p =00, lim B2 =q, lim £ = 3 and
n—oo " n—oo Sn

lim B2 =« for fixed positive numbers a, [3 v such that a + 8+ =1.

n—oo Sn
From the de Moivre—Laplace theorem we have

2m 1 5om k?
m+k vTm xp m/’

, where p,,, ¢,, T, are sequences of

So

2pn 2q, 2r, 1 2 ( VR R & )
| | N e (- - D ) =
Dn +1 gn +1 Tn+) T24/PnqnTn Pn dn Tn
2250 Sp Sn Sn ( 1 )2 y
W% \/5 PnQn Tn m

oo (50 20 2 (H)-

2280 o 1, 1, 1,
~N exp(——:c - =z ——y)dyda:.
T Ea/aby ) / a B 7
= V=

Thus

min(pn,g,) min(ry,i) 2p 2q o
A , , r — n n n ~
(P G- 7) Z Z (pn + z> (qn + z> (rn +J

3=0

228 Lo 1o 1o\, .
~——— [exp | — —2*— =2’ — —y | dzdy,
w%ﬁ\/aﬂ'yl) e g v



62 Andras Mészaros (Budapest) [264

where D = {(z,y)|z > 0,z > y > 0}. With p(z,y) = (”\;iﬂﬁa:,%y) and
«

F(z,y) = exp(—x* — 3?), using integration with substitution we obtain

/F:/Fo<p|deth0|.

©(D) D

Therefore we have

/exp (— aoj_ﬂﬂxz — %yf) dzxdy = @ / exp(—z” — y*)dzdy.

D ©(D)

The transformation of D by ¢ can be seen on Figure 1. The integral of

N

2,2 . . o
exp(—x- — on the whole plane is 7, so the integral on ¢(D) is 5 arctan .

A A
¥
D ©(D)
arctan ﬂ
va+pB)
Fig.1

The well-known asymptotic formula
28n 228n
Sn /TSy

A(pns Gn, ) 1 Vap

lim = arctan —————

n—00 (2::) o + 8 /,),(a +ﬂ)

implies
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The same method leads to

llm B(pn’ Qn, rn) — V a57 and llm E(pm qna lrn) — 0
() B fytae) ot ()

From these equations and from equation 2.1 we obtain that lim %3"’2”‘) =

n—oo  (5r)

= u(a, B,7), where u(a, 3, ) is defined as:

/o8 Ncal VB
z arctan 7(a+ﬁ) . arctan \/m . arctan \/m - \/WY
T\ Ja+p oty VB+y  eBtpfrtye )

If we extend the definition of u to the case of afBy = 0 as u(a, 3,7) = 1 we have
the following theorem.

THEOREM. Let a,,, by, ¢, be sequences of nonnegative integers, m, = a,, + b, + c,,

li = lim & =q, lim & =4, lim & =~. Th
Jim o = 00, lim 3 = e lim i =0 fim 3 = Then
an, by, C
lim sup g(nm—:n) < wul(a, B,7).

PROOF. In the case of a, 3,7 > 0 the calculation above shows that the theorem
is true if all the numbers a,, b,, ¢, are even, but we can easily eliminate the odd
numbers using the following simple lemma.

LEMMA 7 (GRIGGS, ODLYZKO, SHEARER [6]). The following inequality holds for all
ny > 0:

g(ni, ma, m3) < 2g9(ny — 1, ny, n3).
The case of a8y = 0 can also be easily handled by this lemma. O

From Lemma 2 we obtain that the maximum of u is attained at (%, %, %) Thus
the following statement is proved.

THEOREM. The following bound holds for ds:

thatis d3 < 1,072...
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4. Homogeneous families and related integer programs

For sake of simplicity, all the theorems in this section will be stated for 3-part

Sperner families, but one can easily generalize them for k-parts.
DEFINITION 1. The set F has type (r1,75,73) if | X;NF|=1r; fori=1,2,3.

DEFINITION 2. A family F C P(X) is homogeneous if F € F implies that all sets of
the same type are in F.

A homogeneous family F will be a Sperner family, if there are no two sets
in F with two different types (ry,7,73) and (si, Sz, s3) such that there are
i#£j€{1,2,3}, r;=s; and ; = s;.

LEMMA 8 (GRIGGS, ODLYZKO, SHEARER [6] AND ERDGS, KATONA [3]).
If Fy is a maximally sized 3-part Sperner family then there is a homogeneous
Sperner family F with the same size.

Therefore, it is enough to search for the maximum among the homogeneous
families. It has been shown in previous work (Griggs, Odlyzko, Shearer [6]) that this
is equivalent to solving the following integer program: z(s, j, k) are binary variables
(0<i<n,0<5<ny,0<k<n;), z(i, j, k) = 1 if the sets of type (i, j, k) are
in F, 0 otherwise. The constraints are the following:

ny

Vik (0<j<ny,0<k<mny) > (4 k) <L,
=0
ny

Vi,k (0<i<n;,0<k<ns) D x(i g k) <1,
j=0
n3

Vi,j (0<i<n;,0<5<ny) x(i, §, k) < 1.
k=0

np Ny N3

Determine max >, > > (%) (") (), 4, k).
i=0 j=0 k=0 I
CONJECTURE 1 (AYDINIAN, CZABARKA, ERDGs, SZEKELY [1, Conjecture 7.1]). For
every k > 1 and every set of the form n; =n, = ... = ni = 2 — 1 for some £ € N,

JF is a maximally sized homogeneous k-part Sperner family if and only if F € Sék),
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where a family F is in S(()k) if and only if it can be constructed in the following
way. Take a permutation 7 of {0, 1,...,2¢ — 1} such that the sequence (2;(_1)1) is
monotone decreasing. Then the family F which consists of those sets whose type is
from the set {(z1, T, ..., zp)|m (z)) D7 (z2) B ... &7 '(z5) = 0} is a k-part
Sperner family. (Here @ means bitwise exclusive or, also known as nim sum.)

In the case of kK = 3 and n; = n, = n3; = 15 the solution of the integer
program shows that the conjecture is not true, since we can find a family of larger
size than the size of the families in Sgk). See [10] for details. (The authors of
the conjecture verified it in the cases of k = 3, £ = 1, 2, 3 with checking all the
homogeneous families, but in the case of £ = 4 this is too slow, however the integer
program can be solved in a few minutes.)

One of the reasons we can solve this integer program this quickly is that the
optimum value of the objective function of the integer program and the LP relaxation
happen to be the same. And the same happens in all the cases we have seen. Although
we checked it in all the cases of ny, n,, n; < 15 and they were equal, we belicve
that there must be a counter example for larger n;’s.

We may formulate Lemma 1 in the following way:

max{|F| : F is a 3-part Sperner family} <

< min{|C| : C is a monochromatic chain partition}. (4.1)

It is a natural question whether the inequality can be replaced by equality. We
will show that if the LP and integer optimum are not the same, the inequality strictly
holds.

Consider the LP relaxation of the integer program above, its optimum value is
at least the optimum value of the integer program. But the LP optimum is equal to
the optimum of the dual problem:

Vi,jk (0<i<nm;, 0<j<n, 0<

k<
y(x, 4, k) + y(i, *, k) + y(i, J, *) > (m)( )( ) z(i, j, k),

y(*,5,k) >0, y(i,* k) >0, y(i,j,%) >
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ny n

mmZZZy* j,k)—i-zlzz y(i, *, k) + y(, 7, *).

j=0 k=0 1=0 k=0 i=0 j=0

Therefore if we have a feasible solution to the dual problem we obtain an upper
bound for the size of the three-part Sperner families. Now we show a method
for obtaining a feasible solution to the dual problem from a monochromatic chain
partition.

LEMMA 9. If C is a monochromatic chain partition, there is a feasible solution to the
dual problem where the value of the objective function is |C|.

PROOF. A monochromatic chain C = (Fy, F>, ..., Fy,) has type (x,j,k) if its
color is 1, |Fy N X,| = j and |F; N X3| = k. (Note that F;, N X, are the same
for h = 1,2,...,m.) A monochromatic chain C = (F, F, ..., F,) has type
(¢, %, k) if its color is 2, |F; N X| = ¢ and |F; N X;3| = k. A monochromatic
chain C = (F|, F, ..., F,,) has type (i, j, %) if its color is 3, |Fy N X;| = ¢ and
|F1 N X,| = j. (If C = (F)) then it has type (x, |[F} N X;|, |F| N X3])).

Let y(*, j, k), y(i, *, k) and y(3, 7, *) be the number of chains in C with type
(%, 7, k), (i, %, k) and (3, j, *) respectively. Consider an F which has type (3, j, k).
This F' must be covered by a chain from C, but it can only be covered with chains
that have type (x, 7, k), (i, *, k) or (3, j, *). There are ('Z‘) " i ?) ("3) sets with type
(i, 4 K), 50 y(x, 5, k) + (i, %, k) + 9@, 3,0 > (7) (7) (7)) O

Remark 4.1. This means that if the LP and integer optimum is not the same
somewhere, then we have strict inequality in (4.1). If this is the case, we can not
get the best bound by partitioning into monochromatic chains.

5. Lower bounds

Our method is a refinement of that of Furedi [5] and Griggs, Odlyzko, Shearer [6].
In this section, we always assume that X = X, UX,UXj;, | X;| = n fori = {1, 2, 3}.

DEFINITION 1. The set

R, (a1, a3, a3,t) ={F € P(X)|a; < |X;NF|<a;+t, (1=1,2,3)}

is called a cube of side t.
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DEFINITION 2. The cubes Ry(ai,ay,as3,t) and R,(by, by, b3, w) are compatible if
there exist i # j € {1, 2, 3} such that |a;, a; +t) N [b;, b; +u) = & and [a;, a;+t)N
N [bj,bj +u) = .

The proof of the following lemma is straightforward.

LEMMA 10. If R, (ai(3), ay(i), as(@), t(3)), i = 1,2, ..., N are pairwise compatible
cubes and F; C Rp(ai(i), ax(i), as3(@), t(2)) are three-part Sperner families then
F = vazl]-'i is also a three-part Sperner family.

Now we give a general method for finding large three-part Sperner families.
Consider some Sperner families F; C R, (a1(%), a(2), a3(4), (7)), (i=1,2,...,N) and
construct a graph G on the vertices {1, 2, ..., N}. A pair of vertices (7, j) will be
an edge of G if R,(a(), ax(¢), a3(2), t(¢)) and R,(a;(j), a2(4), as(4), t(j)) are not
compatible. We assign vertex ¢ with the weight |F;|.. Let H be an independent
set in G. There will be a Sperner family with the size of the total weight of H.
Namely U;cgF; is a Sperner family with the size of »_ |F;|. So our aim is to find
an independent set of weight near the maximum. e

We will choose the cubes corresponding to the vertices of G in the following
way. Consider a large cube, L, defined as L := R, (| 5] —kt, | 5| —kt, | 5| —kt, 2kt).

Consider dividing the cube L into (2k)* smaller cubes S;, where each
n n n
S, = C(a, b, ¢) = RH(LEJ +at, (5] + bt 15 —i—ct,t)

where —k < a,b,c < k — 1. The triplet (a, b, ¢) will identify the corresponding
vertex of G. Two different cubes CY (ay, by, ¢1) and C% (ay, by, ¢;) are not compatible
if and only if at least two of the following equalities hold, a; = a,, by = bs,
¢; = ¢,. For a subset H of the vertices of GG its characteristic vector is the vector
(z(a, b, €)) _p<qpe<k1» Where z(a, b, c) = 1 if (a, b, c) € H and 0 otherwise.

It is eas37 to ;ee that the binary solutions of the following integer program I

are exactly the characteristic vectors of the independent sets of G.

k-1
Vbc (-k<b,c<k-1) Zx(a,b,c)gl,
a=—k
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k-1

Va,¢ (-k<a,c<k-1) Zx(a,b,c)gl,
b=—k
k-1

Va,b (-k<a,b<k-1) Zm(a,b,c)gl,
c=-k

Va,b,ec (-k<a,b,c<k-1) z(a, b, c) > 0.

LEMMA 11.  Suppose Fy(a,b,c) C Ct(a,b,c). Let the weight of the vertex (a, b, c)
be wt(a,b,c) = |Fu(a,b,c)|. The characteristic vector of the maximum weighted

independent set can be determined as the optimum solution of the integer program I
k=1 k=1 k-1

with the objective function max Y. Y. > wt(a,b,c)-z(a,b,c). If the value of
a=—k b=—k c=—k

the objective function is M, we have a Sperner family of size M.

What is the largest w?,(a, b, c) that can be chosen? The following simple lemma
gives us a good bound.

LEMMA 12. For a given cube R, (a1, ay, a3, t) there exist a three-part Sperner family
F such that F C Ry(a1, az, a3, t) and |F| > 1|Ru(ay, a2, as, t)|.

PROOF. Define F; = {F € R,(ay, ay,a3,t)| |F|=4 (mod t)} fori=1,2,...,¢
Clearly Fy, F, ..., F; are pairwise disjoint, their union is R,(a, as, a3, t) and all
of them are three-part Sperner families. So the largest of them will be proper. [

t
Therefore in Lemma 11 w! (a, b, ¢) can be chosen to be w
Fix k. Now for a given n and various choices of ¢ we obtain large Sperner

|Cn (a b,c)|

families by applying Lemma 11 with wf (a, b, c) = . But we want a bound

for dj, so we have to find some kind of limit of these mteger programs. Our aim is
to chose the parameter ¢ = t(n) such that the following limit exists:

wi™ t(n)
w(a, b, c) = lim M = lim w

— - (5.1)
nmee (Ll%SnJ) n=%0 t(n) (\_I?Snj)

LEMMA 13. Consider the optimum solution of I}, with respected fo the objective function
k-1 k-1 k—
max »., >, Z w(a, b, ¢)-x(a, b, c). This gives us an independent set H with total
a=—k b=—k c=—k
weight W. W is a lower bound for d;.
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PRrOOE. For each n we have a Sperner family with size

Z wt™(a, b, c) = Z (1+ o(1))w(a, b, c)([1 5 J)

(a,b,c)eH (a,b,c)eH
o, ) Y wlaba=a+omp( T |w
= 0 w(a, b, c) = ) ,
|1.5n] |1.5n]
(a,b,c)eH
which means that W is a lower bound for d3. ]

LEMMA 14. The limit w(a,, as, a3) in (5.1) exists if we choose t(n) to be [5+/n],
where s € R is constant, and then

2/—3

w(ay, ay, a3) = ®((a; + 1)s) — ®(a;s)).

||E

(Here ®(t) is the cumulative density function of standard normal distribution, that is
t P
o(t)y= [ ﬁe*de.)
—00
PrROOE. We have to find the following limit:

a3+ a3V (5 + a3V 15+ aslsval (VA
m

e (u}?n J)

From the de Moivre—Laplace theorem

[Z]+ail5vn]+5vn]-1 n
> ( ) — (1 4+ 0(1))(®((a; + 1)s) - D(azs))2"
7=15+ail 5 vn] g

()
is obtained. This equation and the fact that lim L;nj = 1 imply the statement. [
m—o0 \/ﬁ

The following lemma is an easy consequence of Lemma 13.
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LEMMA 15. For any s € RT,k € Z*, the optimum value of the integer program I}
with objective function

k-1 k-1

maXZZiwabc z(a, b, c)

a=—k b=—k c=—k
is a lower bound for dj. O

LEMMA 16. The optimum value of the previous integer program is at least 4 times the
optimum value of the following integer program:

k-1
Vbe (0<bec<k-1) > zabc)<],
a=0
k-1
Va,¢ (0<a,c<k-1) z(a, b,c) <1,
b=0
k-1
Va,b (0<a,b<k-1) > zabc) <1,
c=0
Maximize
k=1 k=1 k-1
w(a, b, ¢) - 2(a, b, ¢),
a=0 b=0 ¢=0

where z(a, b, c) are binary variables (0 < a,b,c <k —1).

PROOF. Let us define |z|* as z if x is nonnegative, and —z — 1 if z is negative.

If z a feasible binary solution , then a feasible binary solution x of I can
be defined in the following way: z(a,b,c) = 1 if and only if there are 0 or 2
negative numbers among a, b, ¢, and z(|al*, |b|*, |c|*) = 1. It is easy to check
that this is really a feasible solution and the lemma follows from the fact that
w(a, b, ¢) = w(lal*, [b], |c[*). O

Solving the integer program in Lemma 16 by the aid of a computer using the
parameters s = 0.1 and k£ = 32 we obtain a feasible solution with the value 0.262725
of the objective function. We have obtained that d; > 1.0509 [10].
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