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Abstract: This paper deals with a combinatorial problem concerning sparse hypergraphs with high
chromatic number. Let H be a hypergraph and let A(H) denote the maximum vertex degree of H.
We study the quantity A(n, r, s), which is the minimum possible A(H), where H is an n-uniform
non-r-colorable hypergraph with girth at least s + 1. With the help of the method of random
recoloring we prove that for large n and for all r

A(n,7,3) > r"71n74[ ‘“(lzn—‘:‘l")Jil.
This bound improves asymptotically all previously known results if In7 = 0(77,2"73 ).
Keywords: sparse hypergraphs, hypergraph colorings, random recoloring method
AMS Subject classification: 05C15, 05C65, 05D40
Received: 28.10.2010; revised: 09.06.2011

1. Introduction and history of the problem

The current paper deals with a combinatorial problem concerning sparse hypergraphs
with high chromatic number. First of all, we recall the main definitions.

Let H = (V, E) be a hypergraph. A cycle of length k in H is a sequence
ey, Vo, €1, V1, -+, €1, Uk—1,€r = e€g of distinct edges ey, ..., ex_; and vertices
Vo, - - - , Ug—1 such that v; € e;Ne;;q forall¢ =0, ..., k—1. The length of the shortest
cycle in a hypergraph is called the girth of the hypergraph. We shall use girth(H) to
denote the girth of H. If girth(H) > 2, then the hypergraph H = (V, E) is called
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simple. In this case every two of its edges have at most one common vertex, i. e.
Ve f€EE f#e:lenf] <.

Let A(H) denote the maximum vertex degree and let x(H) denote the chro-
matic number of a hypergraph H. For every n,7 > 2, s > 1 let A(n, 7, s) denote
the minimum D such that there exists an n-uniform non-r-colorable hypergraph H
with girth at least s + 1 and maximum vertex degree D. In other words,

A(n,r,s) = min{A(H) : H is n-uniform, x(H) > r, girth(H) > s}.

First results concerning A(n, 7, s) were obtained by P. ErdGs and L. Lovész in
1972. In their famous seminal paper |3] they proved (see Theorem 2 in [3]) that for
all n,r>2

1
A(n,r, 1) > anlrnfl. (1)

Moreover, in Theorem 1’ (see [3]) Erdds and Lovész showed that for all sufficiently
large nandall r > 2, s > 2,

A(n,r, s) <20n*r"t. (2)
The lower bound (1) was asymptotically improved first in the case r = 2.

In 1990 Z. Szabé (see [10]) proved the following theorem.

THEOREM 1 (Z.Szabd, [10]). For every € > 0, there exists an integer ng = ny(€) such

that for every n > ngy, any n-uniform simple hypergraph, which is not 2-colorable, has

a vertex with degree at least 2"n °.

This theorem implies the inequality
A(n,2,2) >2"n °. (3)

An alternative proof of Theorem 1 was obtained by J. Radhakrishnan and A. Srini-
vasan in [7]. They also proved that for large n

0,17
vnlnn

This bound asymptotically improves (1) in the case r = 2.

271

A(n,2,1) >
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In 2009 A. V. Kostochka and M. Kumbhat proved (see [5]) the following theorem.
THEOREM 2 (A. V. Kostochka, M. Kumbhat, [5]). For every € > 0, 7 > 2 there exists

an integer ny = ny(r, €) such that for every n > ny, any n-uniform simple hypergraph
with maximum edge-degree v"n' ¢ is r-colorable.

This theorem gives a lower bound for A(n, 7, 2) in the case of fixed r and large n:
forall 7 > 2 and € > 0, there exists an integer ng = ny(r, €) such that for all n > ny

A(n,r,2) >r"'n"" (4)

This result generalizes Szabd’s bound (3) to the case of an arbitrary fixed value
of parameter r.

The last known nontrivial lower bound for A(n, 7, 2) was proved by A. Frieze
and D. Mubayi. In their paper [4] they established the following interesting result.

THEOREM 3 (A. Frieze, D. Mubayi, [4]). Let H be an n-uniform simple hypergraph

with A(H) = A. Then
AN
H) < — ,
) < e ()

where c(n) does not depend on H.

In particular, this theorem gives the following lower bound for A(n, r, 2):
A(n,7,2) = co(n) ™ ' Inr. ()

However, the order of the quantity cy(n) on the right-hand side of (5) is very small.
If follows from the proof of Theorem 3 that ¢y(n) = O(n*~>").

Another upper bound for A(n,r,s) was obtained by A. V. Kostochka and
V.Radl (see [6]): forall n,r>2 and s > 2

A(n,r,8) < [nr" 'nr). (6)

It is easy to see that this bound improves the preceding result of Erdés and Lovész
(2) for all n, r and s. Together with (5) this inequality shows that the quantity
A(n,r, s) is of order © (r"*1 In r) if n is fixed, r — oo and s > 2.

Finally, the author of this paper showed in [8] that for all n,r > 3

1
A(n,7,1) > m T2, (7)
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Obviously, the estimate (7) is asymptotically better than the classical result of ErdGs
and Lovész (1) for all r > 3.

2. New lower bound for A(n, r, 3)

Let us sum up what is known about estimating the maximum vertex degree in
the class of hypergraphs with girth at least 4, i.e. the hypergraphs without 2- and
3-cycles. We have good upper bounds (2) and (6) for the quantity A(n, r, 3). Since
A(n,r, s+ 1) = A(n,r, s), the inequalities (3) and (4) also provide lower bounds
for A(n,r, 3), but they hold only for small values of 7 (fixed in asymptotics). On
the other hand, the result of Frieze and Mubayi (5) gives a nontrivial lower bound
for A(n, r, 3) only if r is very large as compared with n, namely, if Inr > n'—",
So, we do not have any nontrivial lower estimate for A(n, 7, 3) in the «medium»
area, we have to use the result (7), which holds for all n-uniform hypergraphs.

The main result of this paper is a new lower bound for A(n, 7, 3). Besides
improving the result (4) of Kostochka and Kumbhat, we give an estimate that holds
for all values of r. The exact statement is formulated in the following theorem.

THEOREM 4. There exists an integer n such that for all n > ny and r > 2

-1
_ Inn
A(n,r,3) > " n 4L ‘““‘“’”J . (8)

Let us compare the obtained bound (8) with those previously known. It is
clear that (8) asymptotically improves the lower bound (1) by Erdés and Lovész,
as well as the result (7) (recall that (1) and (7) provide bounds for A(n, r, 3) since
A(n,r, s+ 1) = A(n, r, s)).

Our bound (8) also slightly improves the estimate (4) of Kostochka and Kumb-
hat (as well as Szabd’s result (3), which is a particular case of (4)) for the quantity
A(n, 7, 3). Indeed, from (4) we get a lower bound for A(n, r, 3) of the type P
for fixed r, where e(n) = o(1). But the order of the quantity e(n) remains unclear.

In their final comment, Kostochka and Kumbhat said that the parameter € in

Inlnlnn

(4) could be considered as a function of n and chosen to be equal to Tninm
ninn

Our bound (8) gives a clear order of this infinitesimal quantity: 4/(InInn)/(Inn).

So, our bound is asymptotically better. Moreover, the inequality (8) holds for all

possible r.



104 Dmitry Shabanov (Moscow) [184

Furthermore, our lower bound (8) is better than the result (5) of Frieze and

Mubayi when r is not very large as compared with n:

_ Inn -
Inr < (co(n)) 'n 3|/t
This relation holds, for instance, when Inr = O(nzn_ze_o('ln”ln Inn) ) (recall that
co(n) = O(n*™™)).
Thus, we have obtained a new lower bound for A(n, 7, 3), which asymptotically

improves all previously known results if In r = O(n2"73). Note that the upper bound

4o 1 1 times greater than (8).

(6) is only n
Theorem 4 is a simple corollary of the following multiparametric theorem,
which, in fact, provides a new lower bound for the maximum edge-degree in a non-

r-colorable hypergraph of large girth.

THEOREM 5. Let n > 3, r > 2 be integers, let k, o be positive numbers. Let us denote

. Inn _alnn (9)
B In(alnn) |’ =

Let H = (V, E) be an n-uniform simple hypergraph without 3-cycles (i. e.
girth(H) > 3) such that every edge of H intersects at most d other edges of H, where

d<r'nt M. (10)
If the following inequalities hold
kE<t<n, (11)
2 1
n’ - t+1)2 5 ~ 1
?—F(t—Fl)nl aea(lnn)t/n (alnn)t+( - ) n2 k—i—(t+1)tet ln1+a k < Z, (13)

then x(H) < r.

The proof of Theorem 5 is based on the method of random recoloring. This
method in the case of two colors was developed in the papers by J. Beck [2],
J. Spencer [9], Radhakrishnan and Srinivasan [7]. In this paper we generalize their
techniques to the case of arbitrary number of colors r.
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3. Proofs

3.1. Proof of Theorem 4

We shall use Theorem 5. Let us choose the parameters k and «:

By this choice of k£ and «, there exists an integer m; such that for all n > n;
the inequalities (11) and (12) hold. Let us consider the left-hand side of (13). We

have t = O (\/ln n/Inln n) (see (9)), so

(t + 1)nlfaea(lnn)t/n _ eO(lnlnn)nfleo(l) _ 0(1), n— oo,

t+1)°
( t; ) nz_k:O(n_2) =o(l), n— oo,

(t + Dte!'n! T = VI =1 o(1), n— 0.

These relations imply the existence of an integer n, such that the inequality (13)
holds for all n > n,.
Let H = (V, E) be an n-uniform hypergraph with girth(H) > 3 and x(H) > r.
In the case n > ny = max(n;, ny) the hypergraph H satisfies all the conditions
of Theorem 5, except (10). But H is not r-colorable, and so there exists an edge
e € F with edge-degree at least [r"ilnlfk/ tJ . So, e contains a vertex with degree
at least
Lrn—lnl—k/tJ - (,,.n—l,nl—k/t _ 1) _ rn—ln—k/t 1 l
n+1 - n+1 n

Thus, we have established the inequality A(H) > P ik and, consequently,

-1
A(na r, 3) 2 Tn_ln_k/t = Tn_ln_4[ In(lzn—I:n)J .
Theorem 4 is proved.

3.2. Proof of Theorem 5

The proof is based on the method of vertex random coloring. To prove Theorem
5 we have to show the existence of a proper vertex r-coloring for H. We shall construct
some random r-coloring and estimate the probability that this coloring is proper
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for H. If this probability is greater than 0, then we prove the existence of a required
coloring, and the theorem follows.

3.2.1. Algorithm of random recoloring

We follow the ideas of Radhakrishnan and Srinivasan from [7] concerning
random recoloring. Let V = {vy, ..., v,}. The algorithm consists of two phases.

Phase 1. We color all the vertices randomly and uniformly with r colors,
independently of one another. Let us denote the generated random coloring by xj.

The obtained coloring X, can contain monochromatic edges and <«almost
monochromatic» edges. An edge e € E is said to be almost monochromatic in x, if
there is a color w such that

n—t+2<|{vee: viscolored with w in xo}| < n,

where t is a parameter, whose value will be chosen later. In this case, the color u is
called dominating in e. Forevery v € V, u=1,...,r, let us denote

M(v) ={e € E:v € e, eis monochromatic in xo},
AM(v,u) = {e € E:v € e, e is almost monochromatic in X,

with dominating color u}.

Phase 2. At this phase we want to recolor some vertices in the edges that
are monochromatic in x,. We consider the vertices according to an arbitrary fixed
order vy, ..., v,. Let {n,...,n,} be mutually independent equally distributed
random variables taking the values 1, ..., r with the same probability p (the value
of the parameter p will be chosen later) and the value 0 with probability 1 — rp.
The recoloring procedure consists of w steps.

Step 1. Assume that M(v,) # & and, moreover, that there isno u=1,...,r
and e € AM(v;, u) such that
L. m =u,
2. vy is the only vertex in e not colored by u in Xp.
Then we try to recolor v; according to the value of the random variable 7, :
e if n; =0, then we do not recolor v,

e if 9 # 0, then we recolor v; with the color 7.
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In all the other situations, we do not change the color of v;. Let x; be
the coloring after v; is considered.
Suppose now that the vertices vy, ..., v;_; are considered, and the coloring

X;_1 is obtained.

Step i. Assume that some f € M(v;) is still monochromatic in x; ; and,
moreover, there isno u =1, ..., 7 and e € AM(v;, u) such that

L. n =u,
2. v; is the only vertex in e not colored with w in x;_1.
Then we try to recolor v; according to the value of the random variable 7);:

e if n; = 0, then we do not recolor v;,

e if n; # 0, then we recolor v; with the color ;.

In all the other situations, we do not change the color of v;. Let the resulting
coloring be ;.

Let X be the coloring obtained after considering all the vertices.

Let us describe the structure of the proof. We give a more formal construction
of ¥ using the technique of random variables. This is useful for the further proof.
We analyze the event F that X is not a proper coloring of H. We divide F into some
«local» events and estimate their probabilities. Finally, we use the Local Lemma to
show that all these events do not occur simultaneously with positive probability. This
implies that ¥ is a proper coloring of H with positive probability, whence we get
that H is r-colorable.

3.2.2. Formal construction of the random coloring from section 3.2.1

Without loss of generality we may assume that V = {1,2,3,..., w}. Let us
also fix an arbitrary ordering of the edges of H. Consider on some probability space
the following set of mutually independent random elements:

1) equally distributed random variables &, ..., &, taking the values 1,2,...,7
with equal probability 1/r;

2) equally distributed random variables 7, ..., 7, taking the values 1,2,...,7
with equal probability p and the value 0 with probability 1 — rp. We take p
equal to p = g/(r — 1). By (12) such choice of p is correct, i.e. for every r > 2
we have rp < r/(2(r—1)) < 1;
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Y
3) random subsets ©(e, Y) with uniform distribution on the set (t | ) , where
e € F is an edge of the hypergraph, and Y C e is a subset of e satisfying
Y| >t—1.

Note that the random sets O(e, Y) are correctly defined, since t —1 < n (see (11)).
Let e € E be an edge of H. Forevery u = 1, ..., 7, let M(e, u) and AM(e, u)
denote the following events:

Mleu) =& =u}, AM(e,v) = {0<2I{£s7éu} 2}. (14)

We shall introduce successively random variables ¢;, ¢ = 1, ..., w. Let D; and A,
denote the following events:

U U M(e, u),

ecE:lce u=1
U U({arun-u ¥ re-u-n-1fnamiso),
feEE:1ef u=1 sEf:s>1

and let
G=&I{Du{m =0UA}+mn I{D n{m # 0} N A}.

For every i > 1, let D; and A; denote the events

U O{Meu n {Cszu}},

ecEice u=1 sce:s<i
r
A= U U ({&#u, m=u Y, HG=u}+
feE:icf u=1 SEf: s<i

+ > I{és:u}zn—1}mAM(f,u)>.

sefs>i

We define (; in the following way:

G =& H{D;U{n =0}y U A} +n I{D; N {n # 0} N A}
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It is easy to see that the random variables (; take values only from {1, 2,...,r}.
So, we may interpret the random vector E = ({1, ..., Cw) as a random r-coloring
of the vertex set V' (we assign the color (; to the vertex 7). Let F denote the event
that f is not a proper coloring of H, i.e.

F=UUN=u- (15)

ecFE u=1 sce

Our task is to prove that P(F) < 1 under the hypothesis of Theorem 5.
We shall divide the event m{Cs = u} into three parts depending on the behavior

sce

of the random variables {&; : s € e}. Let Cy(e, u), Cy(e, u), Cy(e, u) be the following
events:

U ﬂ{CSZUa &s: } eu) ﬂ{Cs— u, s— },

a=1, a#u s€e s€e

»(e,u) = m{Cs =u}N ﬂ M(e, a). (16)

s€e

We shall consider these events separately. But first we establish a simple inequality
we shall use later. It follows from (12) that

alnn=gn > 2. (17)

Note that the latter inequality implies that the parameter ¢ in (9) is correctly defined
(there is no negative number under the square root).

3.2.3. First part of F: event Cy(e, u)

If the event Cy(e, u) occurs, then for every s € e, one has (5 = 7, since
(s # &. We get the relation

UcoeucU U (s = u & = a} = Qu(e). (18)
u=1 a=1, a#u s€e
The probability of the event Qy(e) can be easily calculated:

-3 Y Mroe=w&=a=rr-n(2). 9

u=1 a=1, aFu s€e
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3.2.4. Second part of F: event C,(e, u)

Suppose that the event Ci(e,u) occurs. This event, obviously, implies all
the events D, s € e. Then the equality & = (; = u for a vertex s € e can happen
in two cases: either ns € {0, u}, or s ¢ {0, u} and the event .As occurs. Consider
the following partition of C;(e, u):

Ci(e, u) = Sy(e, u) US(e, u), (20)

where

So(e,u):Cl(e,u)ﬁ{ZI{ns {0,u}} < t—l}

s€e

Si(e,u) = Ci(e, u) {ZI{USQ{O u}} >t—1}

s€e

Consider the event Sy(e, u). By the definition (16) of C;(e, u) the following relation
holds:

Siecw) € (V& =uyn { T r{n ¢ 0.up} <=1},

sce s€e

Let Qi(e) denote the union of the latter events:
Uso 1) C U {ﬂ{gs—u}m{zf{nsg{o ei-1fh=e0. @
s€e sce

For the probability of Q;(e) we have the following estimate:

P " Mg g < - gt S gy <
<: :> j=0 <: :) ;é;;
<r' (1 -¢)"(ng)" (22)

The latter inequality follows from the bound (17): ng = alnn > 2.

Consider now the event Si(e, u). Let us fix v € e satisfying 7, ¢ {0, u}. As
it was noted above, the event 4, should happen for every such vertex. This event
implies that for some edge f, v € f, and some color a # u, the following event has
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to occur:

W(v,f,u,a):{&,:u, mw = a, Z H{(s = a} +

s€f: s<v

+ > I{fsza}:n_l}mAM(f,a).

sef:s>v

It is easy to show that f # e. Indeed, for all s € e we have & = (; = u, but for all
s € f\{v} we have either (; = a, or & = a.

The event Si(e, u) implies that the number of vertices v € e satisfying 7, ¢
{0, u} is at least t. Let us denote E(e) = {f € E\{e}: enf # @}. Then [enf| =1
for every f € E(e), since girth(H) > 3. By the above argument we get

r t
Sie,wy c (& =uwn U U (\W(en fi. fi,u, @), (23)
sce ap,. .., 0:=1 Ele i=1
aiFu {fl,...,ft}e( E )>
fine#£ fiNe
where the set of edges {fi, ..., f;} is assumed to be ordered according to the origi-

nally selected ordering of E, i.e. the number of the edge f; is less than the number
of the edge f;, if ¢ < j. Let us denote ﬁ =fil\eand v, = enfi, i =1,...,t.
Since H is a simple hypergraph without 3-cycles, the sets ﬁ, 1=1,...,t, do not
have common vertices, i.e. ﬁ N E = &, if ¢ # j. Furthermore, |ﬁ| =n-1.

If the event W(e N f;, fi, u, a;) happens, then by AM(f;, a;) the edge f;
contains at most ¢ — 2 vertices s satisfying & # a;. Moreover, for all such vertices
(s = a;, and so (; = ns = a;. The set ﬁ contains at most ¢ — 3 such vertices,
since v; does not belong to ﬁ and &, = u # a;. Thus, we obtain the relation

ﬂ{gs—u}nﬂw enfi, firu,a; cﬂ{ﬁs—u}mﬂ{nm—az}m

sce sce

nﬂ{m (6 # 0 m=a}uge=a) b

- Sefz

ﬂﬂ{ZI{{s;&a,}<t 3} (24)

= sEf;
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Let Q,(e, F) denote the union of the latter events, where F' = {f, ..., fi} is

E(e) o
an element of ) satisfying |e N Ugep f| = t:

oern-1J | {m{ss—u}nﬂ{ml_a@}n

u=1ay,...,ax=1 s€e
ai;éu
t
ﬂn{ﬂ ({557&% Us—ai}U{fs—ai})}ﬂ
i=1 seﬁ

t

mQ{ZI{gﬁéaz} t—3}} (25)

s€f;

The relations (23) and (24) imply

U Si(e,u) C U (e, F). (26)
u=l Fe (Ege)):

|en {Ugerf}|=t

Let us estimate the probability of Q;(e, F):

een -5 £ vIs (7)) -

u=l a,..., ;=1 i=1 j=

aﬁ&u

=r(r— Dt "p'r 2t HZ (lf’|>q7 —

i=1 j=0 J

t

= r(r — 1)ty "plr - I)HZ (n_ 1)?’

i=1 j= J

t

t—3
< T*(t-i-l)(nfl)qt H Z n]q] < r*(t-}—l)(nfl)qt(nq)t(t72). (27)

i=1 j=0
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3.2.5. Third part of F: event C,(e, u)
We shall show that if the event C,(e, u) happens, then the sum Z I{& # u}

s€e

cannot be too small. We shall establish the equality

Cz(e,u):Cz(e,u)ﬂ{ZI{ﬁs;&u}>t—l}. (28)

s€e

Indeed, let us consider the intersection of three events (see the definition of the event

Cy(e, uw) in (16)):

c’z<e,u)m{ZI{§s¢u}<t—z}=

sce

:m{gszu}ﬂn,/\/l(e,a)ﬂ{ZI{fS#u}ét—Z}.

sce s€e

The second and the third events imply the event AM (e, u) (see (14)). The first

one implies that for every s € e satisfying £ # u we have (; = 1, = u. Moreover,

since the event AM (e, u) holds, the set of such vertices in not empty. Consider

a vertex v € e satisfying &, # u and & = u for every s € e, s > v. It is clear that

the event A, holds. So, (, = &, # u, and we get a contradiction with the first event

in the intersection. Thus, these three events are inconsistent, which proves (28).
Let us estimate the probability of C,(e, u). Consider the random set

T={sce: & +# u}.

The event C,(e,u) implies that all v € T satisfy (, = 7, = u, and also that
IT| >t —1 (see (28)). If {, # &, for some vertex v, then at least two events should
happen: the event D, and the event

B(es fva v, U, av) = {M(fm av) N m {Cs = av} N {Cu =M= u}}9 (29)

SE fyis<v

where f, is some edge satisfying v = eN f,, and a, # u is some color. Since
girth(H) > 3, the edges f, are different for different v.

Let Y be an arbitrary subset of the edge e, satisfying |Y| > ¢t — 1. Then for
every

Scy, S={v,...,vu_ 1},
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we have the inclusion

Cae,u) N{T =Y} C m {&=utn m {&s #u, ns=u}pn
s€e\Y SEY\S

t—1
n U U N8 fiviua) (30)

ap,. a1 =1 fi,. . fi1€E(e) i=1
ai#u Uy = f,ﬂe

Y
The relation (30) is true for all S € (t 1) , so the following inclusion holds:

Ce,u)N{T =Y} C U {{@(e, Y)=8}n ﬂ {&=uln
se(2) A
S={vi,..., v

t—1
n m {657&’11/, ﬂs:U}ﬂ U U ﬂB(e,fi,'ui,u, al)} (3])

SEY\S ar,...,q1=1 fi,... .fi_ €E i=1
a;Fu v = fiNe

Let Sy = {vy,..., 11} be an arbitrary subset of the edge e. Recall that we

E(e
denote E(e) = {f € E\{e} : |fNel = 1}. We say that F € (t ( z) defines
the set Sy, if for every vertex v; € Sy there exists an edge f; € F such that

E(e)

{v;} = fi N e. We shall denote the set of all F € <t 1) defining Sy by F\(So).

t-1
Note that if m B(e, fi, vi, u, a;) holds, then the set of edges F = {fi, ..., fi-1}

i=1
defines the set S = {v,...,v1}. So, the union on the right-hand side of (31)
is taken only over the sets F' = {f,..., f;_1} from ﬁ(S) Then the event from
the right-hand side of (31) can be written in the following way:

ClewniT=v}c | U {{@(e,Y):S}ﬂ M t&=utn
se(,Y,),  FEF®), see\Y
S:{Ul,...,vt,l}F:{fl,---,ft—]}
T t—1
N ﬂ {&#u, ns=u}N U ﬂB(e,fi,w,u,ai)}. (32)

SEY\S a,. .., a1 =1i=1
a; U
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In view of (29) it is obvious that B(e, f;, v;, u, a;) is contained in m{fs = a; N

s€fi
N{ny, = u}. Hence, by (32), we get the relation

Gewn{T=yic | U {{@(e,Y)=S}ﬂ () {&=u}n
Y FeF(9), sce\Y
S;iift“zgl}FE:{E,u~,ﬁ7d

"N runman U ANE=anNo-u )

SEY\S aj,..., -1 =1li=1s€f; s€S
a,;&u

Let us take the union of both sides over u and Y:

UCzeuCU U U O{{@(e,Y):S}ﬂﬂ{fszu}ﬂ

YCe F u=1 ce\Y
Se( ) FeF(S), s
S— {vlt lut ]}F:{f1=~~-=ft—l}

ALY nn{gs_al}nm{ns_u}} 5. (33)

s€Y\S Lo =li=1s€f; seS
aﬁéu

Rewrite the right-hand side of (33) in the following way:

S(e) = U U O{{@(e,y)zs}n M {&=uln

re(B), F defines se(,,) ¥ 5 = seely
F={fi,..., fi1}
T t—1
IR R LI U a1 TGRS Tl (TR R Er
SEY\S al,...,;a&tf]:l i=1 Sefi s€S
a; F=u

Let us explain this equality. The triple union over Y, S and F' € ﬁ(S) in the definition

. E(e)
of S(e) (see (33)) can be replaced by the external union over all F € f 1

e
defining some S € (t 1) , and the internal union over all Y C e containing S.
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Let us introduce the following event:

U Ufteen=sin N ie=ur

YCe: SCY u=1 s€e\Y
r t—1
1N EAun-nn U NNE-ann-u] 69
SGY\S Ay, ap1=11=1 sefi sES
a; U
: Ele)
where e is an edge of H, and F € 1 (F ={fi,--., ft-1}, the edges are
written according to the original ordering) defines some S € y ¢ | By (33) and
(34) we get the relation
T
U Ca(e, u) C U Qs(e, F). (36)
u=l re(B9), F defines se(,*)
F={fi,.... fi}

We shall estimate the probability of Q3(e, F'). Since H does not have 3-cycles,
the sets f; \ e and f;\ e have empty intersection for different edges f;, f; € F. Thus,
the following equality holds:

P({@(e,Y):S}ﬂm{§SZU}ﬂﬂ{fs;&u,ns:u}ﬂ U NN{&=aln

see\Y s€Y\S ap,...,a-1=li=1s€f;
a; F=U
q [Y]|—t+1
ﬂn{ns U}) Y] |Y|_n<;) (r_l)t_l"'_n(t_l)pt_l- (37)
se€S (t 1

From (37) and (35) we get a bound for the probability of Qs(e, F):

[Y]—t+1
(RS Db S O I

u=1 YCe: SCY

n—t+1) 1 y_n(lI)y_tH =1 —n(t—1) t-1
=7 r - r—1 T . 38
Z ( —t+1) (%) T =1 P 9

y=t—1
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Let us explain the transition to the sum over y. The sum over Y containing S (recall,
that F' defines S) can be replaced by a double sum: the first one is over y = |Y],
and the second one is over Y containing S and having the cardinality y. It is clear
n—t+1

y—t+1
We shall reorganize the sum on the right-hand side of (38) with the help

) n n—t+1 n Y ) .
of the equality = . The following relations
t—1 y—t+1 y)\t—1

hold

that the number of such sets is ( when S is fixed (|S|=1t—1).

"fn—t+1\ 1, g\ I
P(Q3 e, F <r Z ( —t—i—l)mry (;> (r—l)t 1y (t 1)pt 1 _
1 z

y=t—
q y—t+1
ry—n <;) ('f' o 1)t_l7"_n(t_l)pt_l _

1 " n
_ rfn—l—tfn(tfl) ( ) qyft—i—lqtfl _
(tfl) ygl Y

IRV | " IRV | .
" ‘“(n) >3 (Z)qy<r (n ”tmmq). (39)
t—1 y=t—1 t—1

The bound (39) completes the estimation of different parts of F. Now we shall prove
that the probability of F is less than 1 under the hypothesis of Theorem 5.

3.2.6. Application of the Local Lemma to estimate the probability of F

Recall that by the definitions (15) and (16) of the events F and C;(e, u),
1=1,2,3,ee E, u=1,...,r, we have the equality

Fo UU (e, u) U C(e, w) U Cs(e, w)).

ecFE u=1

It follows from the obtained relations (18), (20), (21), (26) and (36) that

FclJfa@uaEivly U aernuld U aEr). (4

ecE ecE Fe (Ege)) ecE Fe(t:’l))
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Later on we shall use a classical claim called the Local Lemma. This statement
was first proved in the paper [3] by P. Erdés and L. Lovész. Here we formulate it in
a special case.

THEOREM 6. Given events By, ..., By on some probability space, suppose Sy, ..., Sy
are subsets of Ry = {1,..., N} such that for each i = 1,..., N the event B; is
independent of the algebra generated by the events {B;, j € Ry\S;}. Suppose also that
foreach i =1, ..., N the following inequalities hold.

) P(B:) <1/2, 2) > P(By) < 1/4 (41)

Jes\{i}

N
Then P( E) > 1| (1-2P(B))) >o0.
- -

Jj= J=1

The proof of the Local Lemma can be found in the book [1]. Consider
the system of events ¥ consisting of all the events Q;(e), i = 0,1, e € E,

E(e)
the events Q,(e, F), e € E, F € ; , and also of the events Qs(e, F), e € E,

Fe (E(e) > . By (40) we have

t—1

P(f)gP(UB):l—P(ﬂE). (42)

Bew Bew

We shall show that the probability of ﬂ B is greater than zero. Due to the Local

Bew
Lemma (see Theorem 6), it suffices to find for every B € ¥ a system of events

Ui C W such that B and the algebra generated by {Q € U\WUz} are independent,
and moreover, such that the following inequality holds:

D" P(Q) < 1/4. (43)

QeVg

The event B € W can be of three types. We shall consider them successively.

1. B = Q;(e) for some e € E and i € {0, 1}. By (18) and (21) such B belongs
to the algebra generated by the random variables {&,7ns : s € e}. Then
this event is independent of the algebra generated by the random variables



199] On coloring uniform hypergraphs without 3-cycles 119

{&,1ns : s € V\e} and the random sets {O(f,Y): fne=o, Y C f}.
Let ¥ be the system consisting of all the events Qy(f) and Q;(f) such that
fNne# @, and of all the events Q)(f, F) and Qs(f, F) such that either
fne+# @,or gne# & for some g € F. Tt follows from the definitions
of the events Qy(f), Qi(f), Q:(f, F), Qs(f, F) (see (18), (21), (25), (35)),
that B is independent of the algebra generated by {Q € W\Wz}. We have to
check the inequalities (43). Our choice of Wy implies the relation

P D (P(Q) +P (i) +

QeVg fEE: fne£Q
_ Z (QLUEPN+D. D P(Q(f.F)+
fEB: fne#a pe(E) fEE  pe(PD):
dgeF: gne£o
Y DT P EN Y DD PO F). (44)
fEB: fe£a pe(E1)) fEE pe(f):
JgeF: gNe£D

By the hypothesis of the Theorem, there exist at most d other edges intersecting
an arbitrary f € E. So, the first sum contains at most d + 1 summands,

d
the first double sum — at most (d + 1) N the second double sum — at

d—1 . d
most (d+ 1)d N the third double sum — at most (d+ 1) i) and

d-1
the fourth double sum — at most (d + 1)d Y Thus, from the relation

(44) and the bounds (19), (22), (27), (39), we get the inequality

S P@ <@+ (rr=1 () +r -9 () +

QeVy

- ((d+ 1) (f) +(d+1)d (i::)) g'r I (g2
- ((d+ 1)(:1) +(d+ 1)d<(j:21)> r(”l)t(lT)(l +q)" =Wp. (4)



120 Dmitry Shabanov (Moscow) [200

E(e)
2. B=Q,(e, F) forsome e € E and F € R Let us denote Ule, F) = eU

U U f. By the definition (25) such Bbelongs to the algebra generated by the random

feF
variables {&,ns: s € U(e, F)}. Then this event is obviously independent

of the algebra generated by the random variables {&;, 75 : s € V\U(e, F)} and
the random sets {©(f,Y) : fn Ule, F) =@, Y C f}. Let ¥y be the system
consisting of all the events Qy(f) and Q;(f) such that f N U(e, F) # &, and
of all the events Q,(f, G) and Qs(f, G) such that either fNU(e, F) # &, or
gNU(e, F) # @ forsome g € G. It is clear that B is independent of the algebra
generated by {Q € W\ Wz}. We have to check the inequalities (43). Our choice
of Uy implies the relation

YP@< D (P(Q)+P(Qi(H)+

Qc¥y fEE: fnU(e,F)#2
+ X D P@Ue+d. > Pfe)+
JEB: fAU(e.F)£2 Ge(7)) JEE Ge(R),

Jg€G:gnU(e,F)# 2

Y Y rerarY Y Peo). @

fEE: fNU(e,F)# 2 GE( (f)) feE GE( )
Jg€G: gﬁU(e F)£o

By the hypothesis of the Theorem, there exist at most d other edges in-
tersecting an arbitrary f € FE. So, the first sum contains at most (¢ +

d
1)(d 4+ 1) summands, the first double sum — at most (¢ + 1)(d + 1) <t> ,

the second double sum — at most (¢t + 1)(d + 1)d (t 1) , the third double

d
sum — at most (¢ + 1)(d+ 1) (t 1) , and the fourth double sum — at most

(d+1)(t+ 1)d . Thus, from (46) and from the previously obtained

t—2
bounds (19), (22), (27), (39) we get the inequality

S P@ <+ 0@+ (=1 (2) #7019 ) +

Qely
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+(t+1) ((d—l—l)(i) +(d+1)d(f:ll>) g DD (=D |
+(t+1) ((d+ 1)(tii 1) +(d + l)d<i:2l>> T_(n_])t(l(t(;)n _

t—1
As in the previous case, let us denote U(e, F) = eU U f. By (35), such B

fer
belongs to the algebra generated by the random variables {&;, 75 : s € U(e, F)}

and the random subsets {O(e, Y) : Y C e}. Itis clear that this event is indepen-
dent of the algebra generated by the random variables {{s,ns : s € V\U(e, F)}
and the random sets {O(f,Y) : fn U(e, F) = @, Y C f}. Let Up be the sys-
tem consisting of all the events Qy(f) and Q;(f) such that fNU(e, F) # @,
and of all the events Q,(f, G) and Qs(f, G) such that either fNU(e, F) # &,
or gNU(e, F) # @ for some g € G. Then B is independent of the algebra
generated by {Q € W\Wgz}. Let us check the inequalities (43). Our choice
of Ui implies the relation

E(e
3. Tt remains to consider the case B = Q;(e, F) forsome e € E and F € ( (¢) ) .

YRS D (P(Q))+P(QiH))+

QeVp fEE: fnU(e,F)£<2
+ D STPQ(LE)+D. DT P(Qf.6)+
FEB: fU(e.F)#2 ge(P0) feE ce("V):

Jg€G:gnU(e,F)# 2

+ 3 TP+ D . D P(A(£.G). (48)

fEE: fﬁUeF);éQGE(H) feE GE(H).
3g€G: gnNU(e,F)# 2

It follows from the hypothesis of the Theorem concerning the edge intersections,
that the first sum contains at most ¢(d+ 1) summands, the first double sum —

d d—1
at most t(d + 1) e the second double sum — at most t(d + 1)d i1
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d
the third double sum — at most ¢(d + 1) (t |

>, and the fourth double

sum — at most ¢(d + 1)d (f 2) . From (48) and (19), (22), (27), (39) we

obtain the following upper bound for the sum of probabilities

S P@ <td+ 1) (rr=1) (2) 40— 9" ng)') +

r
Q€ly

(d+1)( ) (i:;)) g VD (py2)
(d—i—l)(t ) d+1)d<‘::21))r—(n—l)t(l) (1+q"

= tW, = (49)

Let us sum up the intermediate results. It follows from the estimates (45), (47),
(49) that to prove the inequality (43) it suffices to show that

Wi = (t+ )W, < (50)

=

We shall need some additional estimates contained in the next section.

3.2.7. Auxiliary analytics

The quantity W, (see (47)) consists of the four summands

(t+1)(d+Dr(r=1) (@/0)", ¢+ D@+ Dr"(1-g)" " (ng)',

(t+1) ((d+ 1)(?) +(d+ 1)d(‘tl:11>> g'r~ D ()2
(t+1) ((d+ ) (t i 1) T (d+1)d (‘Z:;)) e (til’l) 1+

Let us consider and estimate them separately.
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1. The first summand is (t + 1)(d + 1)r(r — 1) (p/r)". Using the restriction (10),
the conditions (11) and (12), we obtain an upper bound for the first summand:

(t+ 1)@+ Dr(r-1) (E)n < (t+ Do e = 1) ( a )n

T r—1
= (t+ Dn(r—1)""¢" <n’¢" <n’27" (51)
2. The second summand is (¢ + 1)(d + 1)r'~"(1

— )" *(ng)". Due to the choice
of ¢ in (9) we get the relations

t+1)(d+ Dr' ™1 - ¢)" " (ng)' < (t+ D" 7' 7"(1 = 9)" (ng)' =

(t+ Dn(l —¢)" " (alnn)’ < (t+ 1)ne® " (alnn)’ =

= (t+ )n' 72" (g In n)" . (52)

3. Let us consider the third summand

(t+1) ((d +1) (f) +(d+1)d (‘:: 11) ) gr " (pg) 2 (53)

We shall need some preliminary estimates.

First, the following inequalities hold:

(t+1) ((d+1)(f> +(d+1)d<‘::;>) = (t+ l)(f)(d+1)(t+l) <

< (t+ 1) (d+ 1)?—: <(t+1)° (dzl)t. (54)

Second, the choice of ¢ and ¢ (see (9)) implies the relations

qt(nq)t(t—Z) _ nft(n q)t(m) < nft(nq)ﬁ —ntexp { 21n (aln n)} <

<nlexp{lnn}=n'""

(55)
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Finally, from (54), (55) and from the original restriction (10), we obtain an
upper bound for the expression (53):

(t+1) ((d +1) (;l) +(d+1)d ((ti: 11>) qtr—(n—l)(t—i-l)(nq)t(t—z) <

- (t+ 1) (d+ 1) DE D 1t t+1)y D=, 1=t
S t! h

2 2 2
< (t‘;'l) -0 1t (t ‘:'1) 2 F ) (t 4;'1) n2 k. (56)

4. Tt remains to estimate the fourth summand

(t+1) ((d+1)(tfl> +(d+1)d(f:21>> rlnt(i)(l+q)". (57)

By an analogy with (54), we get

(t+1) ((d+1)(til1) +(d+1)d<‘::21)> —(t+l)(til1>(d+1)t<

< (t+ 1)t (td—el)“(dJrl) <(d+1)t< ¢ )tl(t+1)t. (58)

t—

—

Further, by (9) we have

A () e (2 e

Finally, from (58), (59) and (10) we obtain an upper bound for the expression
(57):

< (t+ 1)t (t_il)t (d+ 1)ty (%)t ne <

< (t+ l)tet_l’r'(n_l)tnt(l_k/t) —(n— l)t a+1-t (t+ l)tet 1 _1+a— k (60)
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The inequality (60) completes estimation of the parts of .

3.2.8. The completion of the proof of Theorem 5

Let us gather the obtained bounds for the summands in the expression (47)
for W,. The relations (51), (52), (56) and (60) imply the inequalities

t+1)2 ,_ _ _
( " ) n’ k+(t—|—1)tet Ipltek o

s

NG,

2
n _
W < 2—n+(t+ D!~ (o 1n n)f +

the latter of which holds due to the condition (13) of Theorem 5. Thus, the required
relation (50) is established. It implies the inequality (43), which is necessary for ap-
plication of the Local Lemma. It follows from the Local Lemma that the probability
of simultaneous happening of all the events B, where B € U, is greater than zero.
Taking (42) into account, we get

P(F) <.

We are ready to complete the proof. Indeed, we have proved that the probability
of the event that the random coloring f is not a proper coloring of H is less than
one. So, f is a proper coloring with positive probability, and x(H) < 7. Theorem 5
is proved.
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